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Chapter 1: ∽亥亜ャ≪ 1

1 ∽亥亜ャ≪

1.1 网荀

�宴若吾��篁ｆ井牙��ц蟹茯帥鴻�∽違 �筝祉�純�篁ｆ井牙���臂�篁ヤ ��莟＜荐膊с
�с鐚

• 2牙�困鴻�婚罔

• 合亥鴻�婚罔
• neighborhood graph鐚篋罨≦�ｃ�合亥鴻�� 茹ｃ茵� tree鐚

• ∝牙�┏
• 篌贋牙 (adjoint curves)

• 篋罨≧牙筝�
• 牙鐚腮�逸�牙鐚�＜�ゃ冴∽

�紊綣���違荐膊�ｃ��∽亥召���若吟若�ュ篁ｆ井牙�臂�綣� 遺筝� x,y,z 罨紊綣с
�違��

1.2 Notation

�吾х�荐激�ゃ�罨＜���

• [x,y,z] ��綵怨抗≪�鴻�罨≦婚罔 (x:y:z)潟鴻���違 z=0 с� �� z=1 ����荀�

• Q �遺 Q �撮亥医���篏潟

1.3 筝祉�∽

1.3.1 intersect

intersect(F,G)
:: 2牙 F=0,G=0 �困鴻�婚罔��鴻菴.

return �鴻

F G 紊 x,y,z �罨≦綣

• 2牙 F=0,G=0 �困 [x,y,z]� �鴻菴

• F,G�演絖ｃ����

[1] intersect(y^2-x*z,(x^2+y^2)^3-4*x^2*y^2*z^2);
[[0,0,1],[(#4),(#5),1]]
[2] defpoly(alg(4));
t#4^3+3*t#4^2+3*t#4-3
[3] defpoly(alg(5));
t#5^2-t#4
[4] intersect(x^2-y^2,x^3+y*x^2+(y^2-z^2)*x+y^3-z^2*y);
***two curve have common components***
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1.3.2 sing

sing(F) :: 牙 F=0 �合亥鴻�婚罔��鴻菴.

return �鴻

F 紊 x,y,z �罨≦綣
• 牙 F=0 �合亥 [x,y,z]鐚 Fx(x, y, z) = Fy(x, y, z) = Fz(x, y, z) = 0 羣刻��鴻 菴
• F �茲絖ｃ����鐚絎臂� 茲絖�句鴻�鴻�合亥鴻с鐚

[1] sing(16*x^6-24*z^2*x^4+9*z^4*x^2+4*z^2*y^4-4*z^4*y^2);
[[0,0,1],[(#4),0,1],[1/2,(#3),1],[-1/2,(#3),1],[0,1,0]]
[2] defpoly(alg(3));
2*t#3^2-1
[3] defpoly(alg(4));
4*t#4^2-3
[4] sing((x-y)*(y^2-x*z));
[[1,1,1],[0,0,1]]
[5] sing((x-y)^2*(y^2-x*z));
***Argument has multiple divisor***

Section 1.3.3 [nbh], page 2 Section 1.4.4 [multia], page 6

1.3.3 nbh

nbh(F) :: 牙 F=0 neighborhood graph 菴

return �鴻

F 紊 x,y,z �罨≦綣
• 牙 F=0 neigborhood graph 茵��鴻菴 neighborhood graph ��罨≦�ｃ�合亥鴻�� 茹
ｃ茵� treeс茹ｃ�ｃ�障鴻�� ｆョ鴻�若吟合亥鴻ｆョ鴻�宴�罨＜� ��ｃ�；

合亥 [ 鴻�, 鴻�婚罔, [茲綺, 絽悟合亥 (=1)с� (=-1)], [��合亥鴻冴�ｆョ鴻� (篁
ヤｆョ鴻障�翫”terminal”)] ]

ｆョ [ 鴻�, [茲綺, 絽悟合亥 (=1)с� (=-1)], [��ｆョ鴻冴�ｆョ鴻� (篁ヤｆョ鴻障
�翫”terminal”)] ]

筝��合亥鴻�婚罔�撮亥違���翫篁ｆ亥違怨醜�撮亥違х舟�鴻障合亥鴻���ц蟹���
違�合亥鴻筝綺��；腓冴�с合亥鴻����違鴻�違���；腓冴�ｃ�ゃ�合亥鴻茵��腓
冴�ｃ�合亥鴻鴻�違鴻�=1 сｆョ鴻����違с鴻�違�Κ���；鴻�違帥ゃ�ｆョ鴻冴
��潟

• neighborhood graph ����ャ絖��鴻�ｃ�；障�
[1] F=x^6+3*y^2*x^4+(3*y^4-4*z^2*y^2)*x^2+y^6;
x^6+3*y^2*x^4+(3*y^4-4*z^2*y^2)*x^2+y^6
[2] sing(F);
[[0,0,1],[(#0),1,0]]
[3] nbh(F);
[ 1 [0,0,1] [4,-1] [[ 1 [2,1] [terminal] ],[ 1 [2,1] [terminal] ]] ]
[ 2 [(#0),1,0] [2,-1] [[ 1 [1,1] [terminal] ]] ]

合亥 [0,0,1] �茲綺 4 �絽吾с�合亥鴻с 2ゃ�ｆョ鴻ゃ��＜�茲綺 2 �絽悟合亥 с合亥
[(#0),1,0]�ｆョ鴻�膣鴻с
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• F �茲絖ｃ����

Section 1.3.2 [sing], page 2

1.3.4 genus

genus(F) :: 牙 F=0 �合亥鴻�婚罔��鴻菴.

return 0篁ヤ�贋

F 紊 x,y,z �罨≦綣
• 牙 F=0 �┏違菴

• F Q[x, y, z] ��∝с�違���＞散�с罩ｇ∈�ゃ菴篆荐若� Q[x,y,z] ��∝сｃ��
Q[x, y, z] ф∝����ф絵荀ュ�＞散羣 ��с��
[1] genus(x^6+3*y^2*x^4+(3*y^4-4*z^2*y^2)*x^2+y^6);
0
[2] genus(y^2*z-x^3-z^3);
1
[3] genus(x^2+y^2+z^2-x*y-y*z-z*x);
-1
[4] fctr(x^2+y^2+z^2-x*y-y*z-z*x);
[[1,1],[x^2+(-y-z)*x+y^2-z*y+z^2,1]]
[5] irr_conic(x^2+y^2+z^2-x*y-y*z-z*x);
reducible

Section 1.4.5 [irr conic], page 6

1.3.5 adjoint1,adjoint2

adjoint1(F)
adjoint2(F)

:: 牙 F=0n-1罨,n-2罨＜�篌贋牙 (adjoint curve)菴 (n=deg(F))

return 膩綵≪��＜若帥若�紊 x,y,z �罨≦綣

F 紊 x,y,z �罨≦綣
• n-2 罨＜�牙G=0 牙 F=0 �茲綺 r �鴻絨��茲綺 r-1 �ゃ�牙G=0 牙 F=0 n-2 罨＜�篌
贋牙 (adjoint curve)�若吟 n-1 �篌贋牙 G0 = 0, G1 = 0, . . . , Gn−2 = 0 絖�� n-2 罨＜�
篌贋牙�臂�綣� c0G0 + c1G1 + . . . + cn−2Gn−2 (ci �遺�) �；adjoint2(F) � n-1 �
綵≪��＜若帥若�罨≦綣菴 n-1 罨＜�篌贋牙罕�臂� n-1 罨＜�篌贋牙�臂�綣�筝�罕�
2n-1 �綵≪�＜若帥若� n-1 罨＜�罨≦綣ц；adjoint1(F) ��綣菴

• ��＜若帥若��鴻��激茵�ず
• F �茲絖ｃ����

[1] adjoint2(x^6+3*y^2*x^4+(3*y^4-4*z^2*y^2)*x^2+y^6);
[c2,c3,c4,c6,c7] 5
(c2-c4)*x^4+c3*y*x^3+(c2*y^2+c6*z*y)*x^2+(c3*y^3+c7*z*y^2)*x+c4*y^4
[2] adjoint1(F);
[c1,c7,c11,c12,c13,c15,c16,c17,c18,c19,c20] 11
(c1*y+(c11-c15+c18-c20)*z)*x^4+(c13*y^2+c7*z*y+c11*z^2)*x^3+(c17*z*y^2+c12*z^2*y
+c15*z^3)*x^2+(c13*z^2*y^2+c16*z^3*y+c18*z^4)*x+c17*z^3*y^2+c19*z^4*y+c20*z^5

Section 1.4.7 [restriction], page 7
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1.3.6 intpt

intpt(F) :: 篋罨≧牙 F=0 筝�贋亥 [x,y,z] 蚊�よゃ�贋亥鴻絖��違絖 no integer
solution菴

return �鴻�絖 no integer solution.

F 紊 x,y,z �罨＜�罨≦綣

• 篋罨≧牙 F=0 筝�贋亥 (affineс) 違�婚罔 [x,y,z]菴 x,y, z �鴻�贋違с贋亥鴻絖���
絖 no integer solution 菴

• 筝篋罨≦就綣�贋域В羆ゅ悟Legendre�号��泣�若潟т罨＜�合綣茹ｃ�綵羈���сF �
違紊с��絽吾�

[1] intpt(22*x^2-10*y^2+z^2+5*x*y+13*y*x-z*x);
[71,-121,473]
[2] intpt(22*x^2-10*y^2+z^2+5*x*y+12*y*x-z*x);
no integer solution

1.3.7 parametrize

parametrize(F)
:: 牙 F=0 �＜�ゃ冴紊綣�菴

return �鴻

F 牙�臂�綣鐚紊 x,y,z �罨≦綣鐚

• 牙 F=0 鐚腮�違 0 �牙鐚�紊 t �綣 P(t),Q(t),R(t) x,y,z �罨≦綣 S(x,y,z),T(x,y,z) �
(x:y:z)=(P(t):Q(t):R(t)), t=T(x,y,z)/S(x,y,z) ��＜若帥取；腓冴 parametrize(F) ��
綣��鴻 [P(t),Q(t),R(t),T(x,y,z)/S(x,y,z)] 菴鐚 GCD(P(t),Q(t),R(t))=1 с鐚
筝�� P(t),Q(t),R(t) �違�違�抗号鴻�紊綣��遺違�綣ф牙�＜�ゃ冴с翫�絽吾遺違�
綣�菴鐚箴井牙��違絅違�翫鐚

• F Q[x, y, z] ��∝сょ┏違 0с�違���＞散羣���с����

[1] parametrize(x^4+(2*y^2-z^2)*x^2+y^4+z^2*y^2);
[-t^3-t,t^3-t,t^4+1,(-x^2-y^2)/(z*x+z*y)]
[2] parametrize((x^2+y^2)^3-4*x^2*y^2*z^2);
heuristic2 failed...
heuristic3 succeed
[32256*t^6-133120*t^5-129024*t^4+1064960*t^3-516096*t^2
-2129920*t+2064384,-127008*t^6+1048320*t^5-2671232*t^4
+10684928*t^2-16773120*t+8128512,274625*t^6-3194100*t^5
+15678780*t^4-41555808*t^3+62715120*t^2-51105600*t+17576000,
(-126*x^4+1040*y*x^3-382*y^2*x^2+1040*y^3*x-256*y^4)
/(-65*x^4+520*y*x^3+(-65*y^2-32*z*y)*x^2+(520*y^3+256*z*y^2)*x)]
[3] parametrize(22*x^2-10*y^2+z^2+5*x*y+12*y*x-z*x);
[(220*#6-10)*t^2+(-22*#6+1),(374*#6-17)*t^2+(-22*#6-43)*t,
(220*#6+210)*t^2+(-374*#6+17)*t+22,(-y)/((22*#6-1)*x+z)]

Section 1.3.4 [genus], page 3
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1.4 ��∽

1.4.1 tdeg

tdeg(Poly)
:: 紊綣 Poly ���違菴

return 0篁ヤ�贋

Poly 紊綣

• 紊綣 Poly ���違菴

[1] tdeg(u^3+v^3-x*y*z*w);
4
[956] tdeg((x^3+y^2+z)*(a^2+b+1));
5

1.4.2 homzation

homzation(AF)
:: 紊 x,y�綣罨≦ x,y,z�罨≦綣�

return 紊 x,y,z�罨≦綣

F 紊 x,y�綣

• 紊 x,y�綣罨≦ x,y,z�罨≦綣�ュ紊綣�違 x,yс�違��

[1] homzation((x^2+4*x^3+6*x^4)-4*x^4*y
+(-2*x-4*x^2-2*x^3)*y^2+y^4);
(-4*y+6*z)*x^4+(-2*y^2+4*z^2)*x^3
+(-4*z*y^2+z^3)*x^2-2*z^2*y^2*x+z*y^4
[958] homzation(u*v+1);
Input must be polynomial of variable x,y

1.4.3 random_line

random_line(Pt,B[,Seed])
:: Pt(=[x,y,z])雁蚊�ゃ�潟 菴

return 紊 x,y,z�罨≦

Pt 鴻茵��鴻

B �倶

Seed �倶

• Pt(=[x,y,z])雁�合綣 篆違�ゃ-B篁ヤ B���蚊�ゃ�潟�

• Seed�泣�若潟 random([Seed])��戎

[1] random_line([0,0,1],1);
x-8*y
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1.4.4 multia

multia(F,Pt)
:: 牙 F=0 � Pt(=[x,y,z])� 茲綺�菴

return 0篁ヤ��倶

F 紊 x,y,z �罨≦綣

Pt 鴻茵��鴻

• 牙 F=0 � Pt(=[x,y,z])� 茲綺�菴 FN 緇��紊綣� Pt 0����贋N牙 F=0 � Pt�
茲綺 �

[1] multia((4*y^2+4*z^2)*x^4+8*z^3*x^3+8*z^2*y^2*x^2-8*z^5*x+
4*z^4*y^2-4*z^6,[0,0,1]);
0
[2] multia((4*y^2+4*z^2)*x^4+8*z^3*x^3+8*z^2*y^2*x^2-8*z^5*x+
4*z^4*y^2-4*z^6,[0,1,0]);
4
[3] multia((4*y^2+4*z^2)*x^4+8*z^3*x^3+8*z^2*y^2*x^2-8*z^5*x+
4*z^4*y^2-4*z^6,[1,0,0]);
2

Section 1.3.2 [sing], page 2 Section 1.3.3 [nbh], page 2

1.4.5 irr_conic

irr_conic(F)
:: 筝篋罨≦就綣 F Q[x, y, z] ф∝�ゅ

return 絖

F 紊 x,y,z �罨＜�罨≦綣
• 筝篋罨≦就綣 F Q[x, y, z] ф∝� irreducible�� reducible 菴

[1] irr_conic(x^2+y^2+z^2-x*y-y*z-z*x);
reducible
[2] fctr(x^2+y^2+z^2-x*y-y*z-z*x);
[[1,1],[x^2+(-y-z)*x+y^2-z*y+z^2,1]]

1.4.6 lissajou

lissajou(M,N)
:: x = sin(Mθ), y = cos(Nθ) �ｃ�臂��泣若吾ユ牙�育∽域；腓

return 紊 x,y,z�罨≦綣

M N 篋���倶

• x = sin(Mθ), y = cos(Nθ) �ｃ�臂��泣若吾ユ牙�育∽域；腓削紊 x,y,z 罨≦綣鐚菴
[984] lissajou(3,4);
64*x^8-128*z^2*x^6+80*z^4*x^4-16*z^6*x^2+16*z^2*y^6
-24*z^4*y^4+9*z^6*y^2
[985] lissajou(2,7);
4096*x^14-14336*z^2*x^12+19712*z^4*x^10-13440*z^6*x^8
+4704*z^8*x^6-784*z^10*x^4+49*z^12*x^2+4*z^10*y^4-4*z^12*y^2
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1.4.7 restriction

restriction(A,List)
:: 劫�鴻篌贋牙�臂�綣荐膊���

return 膩綵≪��＜若帥若� x,y,z�罨≦綣

A adjoint1,adjoint2菴綵≪�罕�膩綵≪�＜若帥 ゃ� x,y,z�罨≦綣

List [x,y,z]��鴻

• adjoint1,adjoint2菴膩綵≪�＜若帥寂 罨≦綣List��障鴻句鴻�ゃ�� 膩綵≪�＜若帥若
��ゃ�Q筝�筝罨♂≫綣腴 違�＞散潟�違�綵≪�＜若帥寂�罨 紊綣篏

• List��障鴻� intersectsing 菴鴻篏帥�喝�

〈undefined〉 [adjoint1], page 〈undefined〉
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