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1 ooooooo

1.1 oo

f_res 000000, 00000000000, dense 0000000 0O0O multipolynomial re-
sultant 00000 f_res.mres, sparse D000 00000 sparse resultant 00000 f_
res.sres, Dixon 000000 resultant 00000 f_res.dres 000, 0000000000
O00.0000,000000 resultant 00000000000000,00000000000
O0000000ooooo,0o0000Dooo00o0oDoo0ooooooooDoooooono.

00000000000, 00000,00, mixed volume 000000000000, 000
00000000000000 cddlib 000 MixedVol OOODOO. O0O0O0O OpenXM 00O
ox_sres 00000000 0OO. O0O0O,0000000000000000, 00000 make
00000, ‘OpenXM/src/ox_cdd’ 00 00O make, make install 0000000, asir 0000
000000000000 000000. 000000000000 resultant 00000 asir O
00, ‘OpenXM/src/asir-contrib/packages/f_res/f_res.rr’ O00O0O. 00O load OO0
ub,0bo0oboobooooboobooooboob. bo,b0boo00obo0obooboon,gmpon0g
000000000, 0000000o0000o000o0oD 20000000000, 000O0OOO
000,00000000000. 00000, f_res.gmp(), f_res.float() D0OD0OD0O
oo.

1.2 Notation

000000000000000, support O polytope 00000 O0OO00OO. 00O, O
(1,1) oooo [1,1] oooO, 0 {(0,0), (1,0), (0,1) 3 0000 polytope 00O OOOO0O
(fo,0],[1,0],[0,1] 1 0OO.

1.3 oooo

1.3.1 f_res.mres, f_res.mresM

f_res.mres(Equations, Vars )
:: Multipolynomial resultant 00000000

f_res.mresM(Equations, Vars )
2 0000 f_res.mres OO OOOOOOO0ODOOOO

return

f_res.mres
oogooooo o

f_res.mresM
00

Equaitons 0000000
Vars oooooo.
agoood

rsc oo
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rowidx go
colidx oo
P oo
sub goo

e Fquations 0000000000000 Vars OOO0OOOO0OOO0OOOOOOOOO £_
res.mres O resultant 000000, f_res.mresM O resultant 000000000000
ooooo.

e Fquations 0000O0O0O0O0OOOOOOOOOOOOOOOOOO,000O0OOOOOOO
go.

e Rank Submatrix Construction 00 000000000000 rscO 100000. 000
0,0000000000 f_res.submatrix 0000000000, 00000000000
gooooooao.

[0] FO = alxx + a2*y + a3$

[1] F1 = bl*x + b2*y + b3$

[2] F2 = c1*x™2 + c2%y~2 + c3 + cdxx*xy + cb*x + c6*y$

[3] f_res.mresM( [FO,F1,F2], [x,y] );

[ 000 a2 a3 a1 ]

[ 0a2 a3 0 a1 0 ]

[ @2 a3 0 a1 0 0 ]

[ 0b2 b3 0 b1 0 ]

[ b2 b3 0 b1 0 0 ]

[ c2 c6 c3 c4 c5 c1 ]

[4] R = f_res.mres( [FO,F1,F2], [x,y] );
(-c3%b272+c6%b3%b2-c2%b3"2) *al "3+ ( ((2%c3%b2-c6xb3) *b1-c5*b3*xb2+c4*xb3~2) *a2+ ((-c
6*b2+2*xc2%b3) *b1+c5*¥b2"2-c4d*b3*b2) *a3) *al 2+ ((-c3*b1"2+c5*b3*b1-c1*b372) *a2"2+(
c6*b172+(-c5%b2-cd*b3) *b1+2*c1*b3*b2) *a3*a2+ (-c2xbl1~2+cd*b2*xbl-c1*¥b272) *a3"2) *a
1

[6] fctr( R );

[[-1,1],[a1,1], [(c3*b2"2-c6*b3*b2+c2*b3"2) *al 2+ (((-2*c3*b2+c6%b3) *bl+c5xb3*b2-
c4xb3"2) *a2+ ((cb6xb2-2%c2%b3) ¥xb1-c5xb2"2+c4*b3*b2) *a3) *al+ (c3*b1~2-c5*b3*bl+cl%*b
372)*a2” 2+ (-c6*xb1 "2+ (c5*b2+c4*b3) *b1-2*xc1*¥b3*b2) *a3*a2+ (c2xb1~2-c4d*b2*xbl+c1*b2"
2)*a3°2,11]

1.3.2 f_res.indexof

f_res.indexof (Element, List )
s O00000o00o00oooooooooon

Element ooooooag

List goooooono
return List 0000000 FElement 0000O0OCODOO. Listd Element 0OD0OO0ODOO
ooo -1.
e List0DDUUOODO FElement 0000000 D0OO0OO0OO. ListO Element 00OO00ODOOO
-1oo0o.

e Flement 0000000000 0OOO.



Chapter 1: DOO0OODOOO 3

e 00 flist 00ODODDODOD,00000 Asir0000000DODOO.

[0] f_res.indexof( 2, [1,2,3] );

1

[1] f_res.indexof( 4, [1,2,3] );

-1

[2] f_res.indexof( "nd_det", flist() );
31

[3] f_res.indexof( "nd_Det", flist() );
-1

1.3.3 f_res.listadd

f_res.listadd(4, B )
s O00000bo0ooooooooono

A
B ooo
return ooad

e J0J0IODDOOOODODOD AODDODO BOOOOOO.
e 00 AODODO BOODOOOOODOODOODOD.
[0] f_res.listadd( [1,2,3], [4,5,6] );

[5,7,9]
[1] f_res.listadd( [a,b,c], [d,e,f] );
[a+d,b+e,c+f]

1.3.4 f_res.start

f_res.start(N)
mox_sres OO OO

N oo

return oo
e 0000 NO 1OODOOO GMPO,0000000O0O0DOOOOOOOO OpenXM OO
O ox_sres 0000, 00000000000D0O00DO0O0O.

o [IUODOOOOOOOODLOOODLOODOODODLDOOD.
e 0D ODODOODOODOODO .

1.3.5 f_res.float

f_res.float()
mox_sres OO

return oo
e J00ODUDDO OpenXM UOUODO ox_sres 0000000000 O, 00000000000
oooooao.
e 00O DODODUDODUOUDODODOODOOD.
e JI0IUI0UDODLOUDOUDUUOUDUODOUDODODOUODUODOODOODODO.

o IJ0ODOODODOODOODLDOODOO .
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1.3.6 f_res.gmp

f_res.gmp()
mox_sres OOOOOO

return oo

e GMP OO OpenXM 000 ox_sres 000000000000,000000000000

goooo.
e JOOOOODOOLOODODLDOOLOODODOOOODO.

e JOOOUOOODOOLOODODOOLOODODOOOODLDODOODDOODOOOODOODO.

e OOOOODOODOODOODOODO.

1.3.7 f_res.conv

f_res.conv(List)
: polytope DOODOOOOO

return goooood

List ODo0O000O0Ooo0od
e List 0000DOO polytope 00D DOODODO.
e OpenXM 00D ox_sres 100000000 DOOODOODOO.
e D0ODDOODODODDOOD.
[0] f_res.conv( [ [1,1],[0,0],[0,2],[2,0]1,[2,2] 1 );
[[0,0],[0,2],[2,0],[2,2]]

1.3.8 f_res.support

f_res.support(Equation, Vars)
0000 support DO0O

return ooooood
Equation 000
Vars ooooooo

e 000 VarsDOOUOODOOOOUO Equation O support 0000000000 ODOO.

[0] f_res.support( x"2 + x*xy + y~2, [x,y] );
[[0,2],[1,1],[2,0]]

[1] f_res.support( x"2 + x*y + y~2, [x,y,z] );
(ro,2,01,11,1,01,[2,0,0]]

1.3.9 f_res.np

f_res.np(Equation, Vars)
:: Newton polytope O 00O

return goooood
Equation 000
Vars ooooooag
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e 000 VarsUDOOOOOOOO Equation 0 Newton polytope 00000000000

gd.
e OpenXM 00D ox_sres JO0O00OODOOOODOOOOOOOOO.
[0] f_res.np( x"2 + xxy + y~2, [x,y] );
(f0,2],[2,0]]
[1] f_res.np( x"2 + x*xy + y~2, [x,y,z] );
(fo,2,0]1,[2,0,0]]
1.3.10 f_res.msum

f_res.msum(Polytopes)
:: polytope O 00O Minkowski sum 0O 00O

return googoood
Polytopes OOO0OO0OO0OOOOO
googono

conv oo.

e Polytopes 00 0000 polytope 000 Minkowski sum 000000 lattice points O O

ao.

e conv 10000 Minkowskisum 0000000, OpenXM 000 ox_sres 00000

goooooobooboon.

(0] Q1 = [[0,0],[1,0],[0,111%

[1] Q2 = [[0,0],[1,0],[0,1],[1,1]1]1$%
[2] f_res.msum( [Q1,Q1] );

(fo,o01, 0,11, [0,2],[1,0],[1,1],[2,0]]
[3] f_res.msum( [Q1,Q1] | conv=1 );
[[0,0],[0,2],[2,0]]

[4] f_res.msum( [Q1,Q1,Q1] | conv=1 );
[[0,0],[0,3],[3,01]

[6] f_res.msum( [Q1,Q2] );

tfo,o1, 0,11, [0,21,[1,0],[1,11,[1,2],[2,0],[2,1]]
[6] f_res.msum( [Q1,Q2] | conv=1 );
[[0,0],[0,2],[1,2],[2,0],[2,1]1]

1.3.11 f_res.mvol

f_res.mvol(Polytopes)
:: polytope OO0 0 mixed volume 00 00O

return gd

Polytopes OOO0O00OOD0OOOOO

e varPolytopes 000000 polytope 000 mixed volume 0000 .

e Mixed volume 00000 polytope 00D ODODO0OOOOOOO.

e OpenXM 00D ox_sres JOO00OODOOOOODOOOOODOOO.
0] Q1 = [[0,0],[1,0],[0,11]%
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(1] Q2 = [[0,0],[1,0],[0,1],[1,111$
[2] f_res.mvol( [Q1,Q1] );

1

[3] f_res.mvol( [Q1,Q2] );

2

[4] f_res.mvol( [Q2,Q2] );

2

1.3.12 f_res.sres

f_res.sres(Equations, Vars)
:: sparse resultant 00000000

return ooad

Equations 0000000

Vars ooooooo
goooa
v oo
p gd
sub ggd

Equations 00 000000000000 Vars0OOOO Incremental algorithm 0000
O resultant DOO0O00OOOO.

e 00000 vO v-distance 0000000,00000000000 [11,12,13,...]$000
oo.

e D00 rank 0000 GF(p) 000000, 0000000000000000 sub00O0ODO
ooboooooooboooooooooooobooo. oob po0obOO0OO0OO0 pOOoO0.dOp
000000000000 65521 0000,000 subO0O0OO0O00O0OOOOODO 53,59,...
goooooobao.

OpenXM 000 ox_sres 0000000000 DODOODODOO.

[0] FO = al*x + a2*y + a3$

[1] F1 = bl*x + b2*y + b3$

[2] F2 = c1*x”2 + c2*y"2 + c3 + cdxx*y + cb*x + c6*y$

[3] R = f_res.sres( [FO,F1,F2], [x,y] );
(c3*b273-c6*b3*b2"2+c2*b3"2%b2) *al 2+ (((-2%c3*b2~2+c6*b3*b2) ¥b1+c5xb3*b2"2-c4*b
372*xb2) *a2+ ((c6*b2"2-2*%c2*xb3*b2) *b1-c5*xb2"3+cd*b3*b2"2) *a3) *al+(c3*b2xb1~2-c5*b
3*xb2*b1+c1*b3"2*b2) *a2" 2+ (-c6xb2*b1 "2+ (c5xb2"2+c4*b3*b2) *b1-2*c1*b3*b2"2) *a3*a2
+(c2%b2xb1°2-c4*xb2"2xbl+c1*b2"3) *a3"2

[4] fctr( R );

[[1,1],[02,1], [(c3*b2"2-c6%b3*b2+c2*b3"2) *al~ 2+ (((-2*c3*b2+c6*b3) *b1+c5*b3*b2-c
4xb372) a2+ ((c6%b2-2*c2*b3) ¥b1-c5*b2"2+c4*b3*b2) *¥a3) *al+ (c3*bl~2-c5*b3*bl+c1*b3
~2)*a2” 2+ (-cb6xb1" 2+ (c5*b2+c4*b3) *b1-2%c1*b3*b2) *a3*a2+(c2*¥b1 " 2-c4*b2*bl+cl1*b272
Y*a3~2,1]]
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1.3.

f_re

13 f_res.dres, f_res.dresM

s.dres(Equations, Vars)
:: Dixon resultant 00O

f_res.dresM(Equations, Vars)

0000 Dixonresultant 000000000 ODO

return

f_res.dres
ooo

f_res.dresM
00

Equaitons 0000000

Vars ooooooo
agoood
norsc gd
rowidx 0od
colidx oo
p gd
sub ooo

Equations 0 0000000000000 VarsOOOOO Dixon 0000 f_res.dres O
resultant 000000, f_res.dresM 0 resultant 0000 0000000000000,

Rank Submatrix Construction 00000000 O0COO0O0DOODO norscO 100000.

O0O000Db0D00D0 f_res.submatrix 000000000, 0000000O000O0OO
goooooo.

[0] FO = al*x + a2*y + a3$
[1] F1 = bil*x + b2*y + b3$
[2] F2 = c1#x72 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$

[3] f_res.dresM( [FO,F1,F2], [x,y] );

[ c1#¥b3*a2-clxb2*a3 -c2*b3*al+cd*b3*a2+(c2xbl-cd*b2)*a3d (c3*b2-c6*b3)*al+(-c3*b
1+c5*b3) *a2+ (c6*¥bl-c5*b2) *a3 ]

[ 0 —c2%b2*al+c2xbl*a2 -c2*xb3*al+c2xbl*a3 ]

[ —c1*b2*al+cl*bl*xa2 -cd*b2xal+cd*bl*a2 -cd*b3*al+cl*b3*a2+(cd*bl-cl1*b2)*a3 ]
[4] R = dres( [FO,F1,F2], [x,y] );
(—c3*c2*c1*b273+c6*xc2*xcl1*b3*xb2"2-c272*%xc1*b3"2%b2) *al "3+ (((3*xc3*xc2*xcl*xb2"2-2%c6*
c2*c1*b3*b2+c2"2*xc1*b372) *b1-c5*c2*xc1*b3*b2"2+cd*c2*xc1*b3"2*xb2) *a2+ ((—c6*c2*clx*
b272+2%c272%c1*b3*b2) *bl+c5*c2*xcl1*xb2"3-cd*c2xc1*¥b3*b272) *a3) *al 2+ (((-3*c3*c2*c
1xb2+c6*c2*c1*b3) b1~ 2+ (2*xc5*c2*cl1*b3*b2-cd*c2*xc1*¥b372) *b1-c2%c1~2*xb3"2%b2) *a2”
2+ ((2*cB*c2*cl1*b2-2%c27 2% c1*b3) ¥b1~2-2*c5*c2*c1*b2"2%b1+2*%c2*xc1 " 2%b3*b272) *¥a3*a
2+ (—c272%c1*b2xb1 " 2+cd*c2*xcl1*b2 " 2%bl-c2*c1"2*xb2"3) *a3"2) *al+ (c3*c2*cl*bl~3-c5*c
2*xc1*b3*b172+c2*xc1"2%b372%b1) *a2 3+ (—c6*c2*xcl1*bl1” 3+ (c5*c2*cl*b2+cd*c2*xcl1*b3) *b1l
~2-2%c2%cl1”2%b3*b2%xb1l) *a3*a2 2+ (c2"2*cl*xbl~3-cd*c2*xcl*xb2*bl 2+c2*cl1~2%b2"2%b1) *
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a3~ 2*a?2

[56] fctr(R);
[[-1,1],[c2,1],[c1,1], [b2*al-bi*a2,1], [(c3*b2"2-cB*b3*b2+c2*b3"2) *al~ 2+ (((-2*c3
*b2+c6*xb3) ¥*b1+c5xb3*b2-c4*b372) *a2+ ((c6*b2-2%c2*b3) *b1-c5*b2"2+c4*b3*b2) *a3) *al
+(c3%b172-c5*b3*bl+c1*b372) *a2" 2+ (-c6%b1 "2+ (c5*xb2+c4*b3) *b1-2%c1*b3*b2) *a3*a2+ (
c2%b172-c4*b2*bl+c1*b2"2)*a3"2,1]]

1.3.14 f_res.dixonpolynomial

f_res.dixonpolynomial (Equations, Vars)
:» Dixon polynomial O 0O O

return oono
Equaitons 0000000
Vars ooooooo

Equations 0 0000000000000 Vars 00O0OOO0O Dixon polynomial 0000,
[ (Dixon polynomial), (J0DOO00O00)] 000000000, 00000000 uc
oooobooobooboobo. boobooboboboobooobooboooo.

[0] FO = al*x + a2+y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x”"2 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$

[3] f_res.dixonpolynomial( [FO,F1,F2], [x,y] );
[(-_O*c1%b2*al+(_O*cl*xbl+cl*b3)*a2-cl*b2*a3)*x+(((-_1*xc2-_0%*c4d)*b2-c2*b3)*xal+ ((
_1*c2+_0%c4)*bl+cd*b3) *a2+ (c2xbl-c4d*b2) *a3) *y+(c3*b2+(-_1*c2-_0*c4-c6) *b3) xal+(
-c3*b1+(_0*c1+c5)*b3) *a2+((_1*c2+_0%*cd+c6) *b1+(—_0*cl-c5)*b2)*a3,[ _0 _1 1]

1.3.15 f_res.matrixdecomp

f_res.matrixdecomp( Dpoly, UC, Vars )
> Dixon polynomial 00 0O000O0O.

return ooo
Dpoly ooo
ucC go

Vars ooo

e dixonpolynomial Dpoly 000 UC O monomial, 00 Vars 0 monomial 000000
goooboboobog.

e D000, [ (UC O monomial OO0O),(00),(Vars 0 monomial 0O O) ] O0OOODO,
0000 sigma_P=VD_PW0O V,D.P, WOOO.

[0] FO = al*x + a2*y + a3$

[1] F1 = blxx + b2*y + b3$

[2] F2 = c1#x"2 + c2*xy~2 + c3 + cédxx*y + cb*x + c6*y$
[3] D = f_res.dixonpolynomial( [FO,F1,F2], [x,y] )$

[4] M = f_res.matrixdecomp( D[0], D[1], [x,y] );
[[1 _1 _07],[ cl*b3*xa2-c1*b2*a3 -c2*b3*al+cd*b3*a2+(c2*xbl-c4*xb2)*a3 (c3*xb2-c6x*
b3)*al+(-c3*xbl+c5*b3) *a2+ (c6*bl-c5*b2) *a3 ]
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[ 0 —c2%b2*al+c2*xbl*a2 -c2%b3*al+c2xbl*a3 ]

[ —c1*b2*al+cl*bl*a2 -cd*xb2*al+cd*xbl*a2 -cd*b3*al+cl*b3*a2+(cd*bl-cl1*b2)*a3 ], [
xy11]

[6] V = M[O]*M[1]$

[6] D[0] == V[0]*M[2] [O]+V[1]*M[2] [1]1+V[2]*M[2] [2];

1

1.3.16 f_res.submatrix

f_res.submatrix( Matrix )
;00000000 rank 0DOOCDOOOOODOO.

return oo

Matrix oo

goooo
rowidx oo
colidx oo
p oo
sub ggd

e 00O Matrix 0 rank 00 O0O0OODODODO.

e 0D rank 000DDDDDDDODOODDOD sub0ODDOO0OODODOO GF(p) O
oooooO. 000 pOOobOOobooO poobooOo0Q.

e DU DODUODUODOULUDLDODODLUODLODLULUDLDO. DODbUOobUobowoo
0000000000 rowidx,ecolid«e 0O0O0O. ODODOOOO0 Matrix O (i,j) 00O
(rowidx[i],colidx[j]) 0 DDOODOOODOOODOO.

e 00 pO0O0D0OOOOODODODO 65521 0000, 000 sub00O000O0O0OOO0CODO
53,59, dots 00D O OOOO.

(0] M = newmat( 3, 3, [[1,0,0],[0,a,0],[0,b,0]1] );
[100]

[0ao0]

[0boO]

[1] f_res.submatrix( M );

[10]

[0al

[2] f_res.submatrix( M | rowidx=1ltov([0,2,1]) );
[10]

[ 0b]
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Index

(Index is nonexistent)

(Index is nonexistent)
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