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PREFACE

In these notes, we study basic contact processes, diffusive #-contact processes,
diffusive contact processes, one-sided contact process and discrete-time growth mod-
els. Unfortunately, the rigorous critical values and order parameters for these par-
ticle systems are not known. So these notes mainly restrict attention to upper and
lower bounds on the critical values and order parameters given by the Harris lemma.
In particular, we focus on two typical methods; the Katori-Konno method and the
Holley-Liggett one. In general, the Katori-Konno (resp. Holley-Liggett) method gives
lower (resp. upper) bounds on critical values and upper (resp. lower) bounds on order
parameters. Roughly speaking, the Katori-Konno method corresponds to mean-field
type approximation. On the other hand, the Holley-Liggett method corresponds to
Gibbsian type one. Most results in these notes already appeared in some journals and
books.

The basic contact process is a simple model of a disease with the infection rate \.
This process is a continuous-time Markov process on state space n € {0, l}zd, where
Z? is the d-dimensional integer lattice. The dynamics are specified by the following
transition rates: at site x € Z<,

1 — 0 at rate 1,
0 — 1 at rate A Z n(y),

y:ly—z|=1

where |z| = |x1]|+- - -+]|zq|. Define py as the density of infected individual at a site with
respect to a stationary measure. We take py as an order parameter of this process.
The basic contact process is attractive, so p) is a nondecreasing function of X\. Then the
critical value A. is characterized by py in the following way: A\, = inf{\A > 0: p) > 0}.
Concerning the processes treated in the rest of these notes, the critical values and
the order parameters can be defined in the similar way, since these processes are also
attractive. In Chapters 1 and 2, we mainly study the one-dimensional case. Chapter
1 is devoted to lower bounds on the critical value and upper bounds on the order
parameter of the basic contact process. In Section 1.3, we give bounds by using the
correlation identities and the Harris-FKG inequality. In Section 1.4, we present the
Harris lemma. By using it, better bounds are obtained by the Katori-Konno method.
In the end of this section, we discuss another derivation of Katori-Konno bounds by
assuming correlation inequalities. Chapter 2 deals with upper bounds on the critical



value and lower bounds on the order parameter of the basic contact process. In Section
2.2, we obtain bounds by the Holley-Liggett method which uses the Harris lemma.
In Section 2.3, we discuss another derivation of Holley-Liggett bounds by assuming
correlation inequalities. We should remark that these inequalities are different from
ones which appeared in Section 1.4.

The diffusive #-contact process is a generalization of the one-dimensional basic
contact process. Chapter 3 treats bounds on critical values and order parameters for
this process. In Section 3.2, we give bounds by using the Katori-Konno method.
Section 3.3 provides bounds by the Holley-Liggett method for non-diffusive case.
Moreover, in Section 3.4, we discuss another derivation of Holley-Liggett bounds by
assuming correlation inequalities as in the case of Section 2.3.

The diffusive contact process is the basic contact process with stirring mechanism.
In Chapter 4, we study bounds given by the Katori-Konno method.

Chapter 5 is devoted to basic contact processes on homogeneous trees. In this
chapter we obtain both upper and lower bounds on order parameters by the Katori-
Konno method. In particular, the result on the lower bound depends on the property
of trees.

In Chapter 6, we consider the one-sided contact process which is an asymmetric
basic contact process. Section 6.2 gives lower bounds on critical value. In Section 6.3,
we study upper bound.

Chapter 7 is devoted to discrete-time growth models on Z. In Section 7.2, we
present a discrete-time version of the Harris lemma. Section 6.3 is devoted to bounds
by the Katori-Konno method. In Section 6.4, we discuss briefly a derivation of bounds
by the Holley-Liggett method.

Finally, Chapter 8 treats 3-state cyclic particle systems. Section 8.2 is devoted
to master equations and correlation identities in the d-dimensional case. In Sections
8.3 and 8.4, we study the mean-field and pair approximations respectively. Section
8.5 is devoted to the 3-state cyclic particle system with an external field.

These notes developed as a result of an intensive course given at Kobe University,
July 1-5, 1996. They are based on Lecture Notes on Harris Lemma and Particle
Systems (Universidade de Sao Paulo, 1996). In these notes, I added two chapters on
one-sided contact process (Chapter 6) and 3-state cyclic particle systems (Chapter
8), and 43 exercises for students. Finally I acknowledge gratefully passive and active
assistance of Yasunari Higuchi and Katusi Fukuyama during this period.

N.K.
Yokohama
January 1997



CONTENTS

PREFACE

1.1.
1.2.
1.3.
1.4.

2.1.
2.2,
2.3.

3.1.
3.2.
3.3.
3.4.

4.1.
4.2.
4.3.

CHAPTER 1. BASIC CONTACT PROCESSES I

Introduction .

Correlation Identities

Harris-FKG Inequality Method

Harris Lemma and Katori-Konno Method .

CHAPTER 2. BASIC CONTACT PROCESSES II

Introduction .
Holley-Liggett Method .
Correlation Identities and Inequalltles .

CHAPTER 3. DIFFUSIVE -CONTACT PROCESSES

Introduction

Katori-Konno Method

Holley-Liggett Method ..
Correlation Identities and Inequahtles .

CHAPTER 4. DIFFUSIVE CONTACT PROCESSES

Introduction .
Proof of Theorem 4. 1 3
Proof of Theorem 4.1.4

iii

© ot =

15

31
32
44

95
26
65
70

75
79
85



CHAPTER 5. BASIC CONTACT PROCESSES ON TREES

5.1. Introduction . . . R 4
5.2. Proof of Theorem 5. 1 1 P ¢ |
5.3. Proof of Theorem 5.1.3 . . . . . . . . . . . . . . . . 92

CHAPTER 6. ONE-SIDED CONTACT PROCESS

6.1. Introduction . . . . . . . . . . . . . . . . . . ... 9
6.2. Lower Bound . . . . . . . . . . . . . . . . . .. .. 9
6.3. UpperBound . . . . . . . . . . . . ... ... ... 98

CHAPTER 7. DISCRETE-TIME GROWTH MODELS

7.1. Introduction . . . . . . . . . . . . . . . . . ... .103
7.2. Harris Lemma . . O N
7.3. Katori-Konno Method e N 05
7.4. Holley-Liggett Method . . . . . . . . . . . . . . . .110

CHAPTER 8. 3-STATE CYCLIC PARTICLE SYSTEMS

8.1. Introduction . . . . . . . . . . . . . . .. . ... .113
8.2. Correlation Identities . . . . . . . . . . . . . . . . .114
8.3. Mean-Field Approximation . . . . . . . . . . . . . . 117
8.4. Pair-Approximation . . . .. . . . . 118
8.5. Cyclic Particle System Wlth External Fleld B B £

SUBJECT INDEX . . . . . . . . . . ... ... .....121



Basic Contact Processes I 1

CHAPTER 1

BASIC CONTACT PROCESSES I

1.1. Introduction

The basic contact process is a continuous-time Markov process on state space n €
{0, 1}Zd, where Z<¢ is the d-dimensional integer lattice. This process was introduced
by Harris! in 1974. There are two different types of definition of this process. One is
given by the following formal generator

Qf(n) =Y ele,n)f(n") = F()],

reZd

with flip rates
c(z,m) = L—n)xX Y 0y +n)
yily—z|=1
where n* denotes n*(y) = n(y) for y # x and n*(x) = 1—n(x) and |z| = |z1|+- - -+|z4l.
The details about this definition were discussed in Chapter I of Liggett.? In the case
of one dimension, the dynamics of the evolution is as follows:

001 — 011 at rate A,

100 — 110 at rate A,

101 — 111 at rate 2\,
1 — 0 at rate 1.

The other is given by the graphical representation. We consider the state of
process & C Z%,ie., & = {x € Z% : ny(x) = 1}. The points in & are thought of as
being occupied.

(i) If = ¢ &, then = becomes occupied at a rate equal to A times the number of
occupied neighbors.
(ii) If x € &, then = becomes vacant at rate 1.

To construct the basic contact process, we introduce the following two Poisson

processes. For each x and y with |x —y| = 1, let {Téx’y), n > 1} be a Poisson process

with rate A, and let {UZ?,n > 1} be a Poisson process with rate 1. At times TT({T’y),
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we draw an arrow from x to y to indicate that if x is occupied then y will become
occupied (if it is not already). At times U?, we put a § at x. The effect of a § is to
kill the particle at x (if it is present). We call there is a path from (z,0) to (y,t) if
there is sequence of times t) = 0 < t; < --- < t, < t,4+1 = t and spatial locations
To =2, X1, ..., Tp =Yy so that

(i) fori =1, 2, ..., n, there is an arrow from x;_1 to z; at time ¢;,

(ii) the vertical segments {z;} x (¢;,t;—1), i =0, 1, ..., n do not contain any J’s.
The basic contact process starting from A C Z¢ is defined by

¢ ={y e Z?: for some x € A there is a path from (z,0) to (y,t)}.

Concerning the graphical representation, see Durrett,>* for example. We should
remark that the first definition is equivalent to the second one.

Let g be the collection of all probability measure on {0, l}zd. For p € p, uS(t) €
o denotes the distribution at time ¢ of the basic contact process for initial distribution
p where S(t) is a semigroup corresponding to the formal generator Q. Let & be the
set of all stationary measure p € @ :

S={pu€p:uSt)=pforalt>0}.

The basic contact process is said to be ergodic if

(a) S = {v} is a singleton,
or
(b) tlim puS(t) = v for all p € p.

Let 09 and d; denote the pointmass on n = 0 and 1 = 1 respectively. By Theorem
2.14 in Chapter III of Liggett,? there is a critical value \. € [0,00] so that

if A < A;, then the basic contact process is ergodic: I = {dp},
and

if A > A., then the basic contact process is not ergodic.

So we have

Ae = sup{\ > 0 : the basic contact process is ergodic }

= inf{\ > 0 : the basic contact process is not ergodic }.
Bezuidenhout and Grimmett® showed

even if A = )., then the basic contact process is ergodic: & = {dp}.
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Exercise 1.1. Show that if we change the infection rate from A to a\ (o > 0) then
the critical value ). is changed to A./«a. For example, if A\ — A\/2d, then A\, — 2d\,,
where d is the dimensionality.

Let
vy = tlim 915(1),

which is called the upper invariant measure. The well-definedness of this measure is
guaranteed by the attractiveness of this process. In general, the process with rates
c(x,n) is called to be attractive if any n, ¢ with n(z) < {(z) for any z,

c(a,n) < elw,¢) i nx) = ((x) =0,
e(a,n) = e(e,¢) i n(x) = ((x) = 1.

On the other hand, trivial stationary measure in this model,

50 = lim (508(t),

t—o0

is called the lower invariant measure. Moreover Bezuidenhout and Grimmett® proved
that the stationary measure of the basic contact process is a convex combination of
09 and vy : for all p € g,

lim pS(t) = o + (1 —7)va

t—o0

where

1= [ Patr < 00t

and 7 is the hitting time of 7 = 0. Note that the work of Griffeath® pioneered the
above complete convergence theorem.

Exercise 1.2. Show that the upper invariant measure v, is translation invariant,
that is,
va{n :n(xy) =i1,...,n(x,) = in}
=ua{n:n(z: +u) =i1,...,n(x, +u) =iy},

for any n > 1, 21, ..., Tp, u € Z% and 41, ..., i, € {0,1}.
Exercise 1.3. Verify that the basic contact process is attractive.
Exercise 1.4. 47 is not the stationary measure of the basic contact process. Explain.

Define p) as the density of particle at a site x with respect to vy :

pr = Eu (n(x)) = va{n :n(z) =1}



4 Lecture Notes on Interacting Particle Systems

Note that p) is independent of x, since v, is translation invariant. We take p) as
an order parameter of the basic contact process. Then the critical value A, can be
characterized by py :

Ae =sup{A>0:p\=0} =inf{A>0:py\ > 0}.

Unfortunately . and p) are not known rigorously !

From now on, we will restrict attention to the one-dimensional case. Here we
present several rigorous results on the critical values and the order parameters of the
basic contact process in one dimension.

Theorem 1.1.1.
(1) px=0for X< .
(2 px >0 for A > A..
(3)  px is a nondecreasing function of .
(4
(

5

p is continuous for A > 0.

)
)
)
) 1.539 < A, < 1.942.

Here we would like to give some comments about this theorem. Parts (1) and (2) come
from the definition of A\, immediately. Concerning parts (3) and (4), see Chapter VI of
Liggett.? The continuity of py at ). is given by Bezuidenhout and Grimmett.® In part
(5), the lower bound 1.539 on . is a numerical result by Ziezold and Grillenberger.” As
for upper bounds, Holley and Liggett® proved A\, < 2. Recently an improved upper
bound 1.942 was given by Liggett.” Some simulations or (non-rigorous) numerical
methods by using computer reported that the critical value is estimated as, A\, &~ 1.649.

(See, for example, Brower, Furman and Moshe,!? Konno and Katori.!!) The above
results (1)-(4) hold also for d > 2.

This chapter is mainly devoted to the lower bounds on critical value and upper
bounds on the order parameter of the one-dimensional basic contact process. In
general, there are some methods for getting the lower bounds on critical value and/or
upper bounds on the order parameter as follows;

(i) Harris-FKG inequality method.

(ii) Katori-Konno method.

(iii) Ziezold-Grillenberger method.
)

(iv) Griffeath method.

In this chapter we will study (i)-(ii). As for (iii) and (iv), see Konno,'? for
example. In Chapter 4, we will consider the case of higher dimensions as a special
case of diffusive contact processes.
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1.2. Correlation Identities

In this section we present the correlation identities on the one-dimensional contact
process. Let Y be the collection of all finite subsets of Z'. We define

or(A) =E,, (H n(x)) =uva{n:n(z)=1for all x € A},

€A

PA(A) = Ey, (H (1- 77(96))) =wva{n:n(z) =0forall z € A},

€A

for any A €Y.
First we consider the correlation identities for py(A). We begin by rewriting the
formal generator of the one-dimensional basic contact process as follows:

Qf(n) = 3 [Mn(a = 1) + @+ D} = n(@)) + ()| [Fn°) = F)].

The general arguments of the generator of a Markov semigroup give

0
57 2o (f(m)) = B, (2f (1e)). (1.1)
Let A = {x1,22,...,2n}, where z; € Z for 1 < i < n. Define n-points correlation

functions at time t as

peta(A) = pea(zime .. ) = E5 (e(@1)ne(22) - . e (@)

Then we have the following system of infinite correlation evolution equations.

Theorem 1.2.1. For any A €Y,
0

&Pt,/\(A):_{|A|+2)‘b( Noea(A)+2Y 0 > pa((A\{z}) u{y})
z€A yeAA:
ly—z|=1
+ A wa(@)pea(A\{z}) = A D waly)pea(AU {y}),
€A yeENA

where |A| denotes the number of elements in A, b(A) denotes the number of bonds
inside A, ANA = {y € Z \ A : there is an x € A so that |x — y| = 1} and for x € Z,
wa(z) = {y € A: |z —y| = 1} € {0,1,2}, i.e, denotes the number of nearest
neighbors of = inside A.

Note that this theorem is satisfied generally in the d-dimensional case by translation:
Z — Z°. By applying Theorem 1.2.1 to A = {0}, {0,1}, {0,2}, {0,1,2}, and the
translation-invariance of the initial configuration n = 1 and evolution of this process,
we obtain the following differential equations. Let

pra(®) = pea({0}),  pra(ee) =pia({0,1}), pra(exe)=p;({0,2}), etc.
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Corollary 1.2.2.

(1) 2 pua(e) = (23— Dpea(e) ~ 2vpia(e).

(2) %Pt,)\(oo) =2 pea(®) —2(A+ 1)pra(00) +2Xp, A (@ x @) —2Xp; A (000).

(3) %pw\(o X o) =2\p; \(e0) —2p; \(ex0)

—2X\pi r(00@) +2X\p; (e X X @) —2\p; \ (00 X @),

(4) %pt,/\(ooo) =2X\pi.r(ee) +2p; \(ex @)

—(AA+3)prr(e0e) +2Xp; s(00x @) —2)p; (0000,

Of course, the above corollary is also given by direct computations from the
formal generator. For example, in the case of f(n) = n(0), we see that

Qf(n) = |Mn(=1) +n(1)}(1 =n(0)) +n(0) |[1 = 21(0)]
= An(=1) + An(1) — n(0) — An(=1)n(0) — An(0)n(1),
since 1(0)? = 7(0). By using this fact and Eq.(1.1), we have

D By (1:(0)) = AEs, (me(—1)) + AEs, (me(1)) — AEs, (1:(0))

ot
— AEs, (m(=1)n:(0)) — AEs, (m:(0)me (1))
= (2A = 1)Es, (n:(0)) — 2AEs, (m:(0)me (1)).

The second equality comes from the translation invariance. Hence we prove part (1).
Similarly parts (2)-(4) are obtained.

Exercise 1.5. Prove Corollary 1.2.2 (2) by calculating Q(n(0)n(1)).

In the stationary state, that is, in the limit as t — oo, Theorem 1.2.1 gives

Theorem 1.2.3. For any A €Y,

r€EA |y€A|A
+AY wa@)pa(A\{z}) =X D waly)oa(AU{y}),
z€A yehA
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Let va(s) = pa({0}), va(we) = pa({0,1}), va(ex ) = pa({0,2}), ete. From
Theorem 1.2.3, we have

Corollary 1.2.4.

(1) 0= (2) — 1)us(e) — 2wy (o).

(2) 0= Aa(e) — (A+ 1)vy(ee) + Avy(exe) — Avy(ese).

(3) 0= Avy(oe) — vy (ox8) — Avy(o08) + \vy(ox x o) — \vy(eexe).

(4)  0=2\vr(ee)+2u5(ex0) — (4X+ 3)vx(eee) + 2)us(sex 0) — 2)vy(e0ee).

Exercise 1.6. Assume that vy(ee) = v, (e)? in Corollary 1.2.4 (1), that is, events
{n :n(x) = 1} and {n : n(z + 1) = 1} are independent with respect to the upper
invariant measure vy. Under this assumption, show that if vy (e) > 0 then

This value is called mean-field value. Unfortunately this assumption is not valid.
Note that this value can be given as the first bounds both pg\H’l) by the Harris-FKG

inequality method and pE\KK’l) by the Katori-Konno method.

Exercise 1.7. Similarly in Exercise 1.6 above, we assume that vy(ee) = v (e xe) =
va(e)? and vy(eee) = vy (e)3 in Corollary 1.2.4 (2). Show that if vx(e) > 0 then

-1 2
_ + 1+ 4\ =\/1+ 11
2\

va(e) DE oy

Moreover, compare this result with that of Exercise 1.6.

Next we consider the correlation identities for p,(A). Let
H(n,A) = H (1 —=n(z)) foranyAeY,
€A

that is, H(n,A) = 1 if n(x) = 0 for any x € A, = 0 otherwise. Remark that the
product over empty set is 1. We compute 2 applied to H(n, A) as a function of 7.
We begin by computing

H(wa‘l) _H(U7A)
=(1-7") [[ C=n"@)=0=n@) [] (1-nw)

uc A\{z} u€A\{z}
= [1-(1— ﬁ(x))} [T a-nw)-a-n@) J[ O-nw)
u€A\{z} ucA\{z}

= (2n(z) = 1)H(n, A\ {z}),
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whenever x € A. By using this, we see that

QH(n,A) = > [L=n)xXx > nly) +n)| [H®n" A) - Hn,A)

T€EZ yily—z|=1
= Y (A=n@)nx)=1) xx > nly)H(n, A\ {z})
z€A yily—zx|=1
+ > n(@)(2n(x) — 1)H(n, A\ {z})
z€A
==Y A=n@)xx > [D-0-nw)] [[ @-n@)
€A yily—z|=1 u€A\{z}
+Y 0--n@) [ -nw)
Tr€EA ue A\{z}

=S [A S {HL AU ()~ Hip, A} + Hin, A\ {z}) — H(n,m] .

reA" yly—z|=1

Then we have

Theorem 1.2.5. For any A €Y,
AN Y AU )] + X [ AN (=) - Ba(4)] =0,
€A y:ly—z|=1 €A

where py(A) = va{n: n(x) =0 for any x € A}.

This theorem shows that the basic contact process is coalescing self-dual. See Section
5 in Chapter III of Liggett? for details.

Let va(o) = p,({0}), va(00) = 0, ({0,1}), va(ox0) =1,({0,2}), etc. From this
theorem, we have

Corollary 1.2.6.

(1) 1—(2X+ 1va(o) + 2Mvz(o0) = 0.

(2) va(0) — (A + 1) (00) + Ay (000) = 0.

(3) 203 (00) — (2 + 3)vx(000) + vy (0% 0) + 2Avx(0000) = 0.
(4) Ua(0) 4+ Aa(000) — (2X + 1)uy (0 x 0) + Avy (00 x 0) = 0.
(5) 3(000) — (A + 2)15(0000) + vy (00X 0) + Avy(00000) = 0.
© Ux(00) + va(ox0) — (4X + 3)wa(00 x 0) + vx(oX X 0)

+2Av)(0000) + Avy(coox o) 4+ Avy(coxo00) = 0.

(7) va(o) = (2A+ 1)va(ox x0) + Avy(cox o) + Avy(cox xo) = 0.
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For example, applying Theorem 1.2.5 to A = {0}, we get
A [0 U inh) = 50D + [7a(@) — ma({on)] =o.
y:lyl=1
The translation invariance of g, (A) and p,(¢) = 1 imply

22|72 ({0,11) =72 ({0h)] + [1 = pa({0D)] = 0.
This equation is equivalent to part (1) of Corollary 1.2.6.
Exercise 1.8. Applying Theorem 1.2.5 to A = {0, 1}, show that Corollary 1.2.6 (2).
Exercise 1.9. Assume that vy(oo) = v,(0)? in Corollary 1.2.6 (1), that is, events

{n :n(xz) = 0} and {n : n(x + 1) = 0} are independent with respect to the upper
invariant measure vy. Under this assumption, show that if vy (o) < 1 then

1
V)\(o) ﬁ?
and deduce that
(o) 22 —1 1 1
[ ] = = —_ —.
YA 2\ 2

Remark that this conclusion is the same as that of Exercise 1.6.

Exercise 1.10. Let
Pat = Es, (1 —n:(0)).

Show that p
_ﬁ)\, = 17
dt" M.,
d2
| =@ ),
R P

d3 9
dt3 =0

In general, the following result was proved by Belitsky'3: for n > 1,

an )
o e | =0

1.3. Harris-FKG Inequality Method

This section is devoted to lower bounds on the critical value and upper bounds on
the order parameter for the one-dimensional basic contact process given by the Harris-
FKG inequality. As for the Harris-FKG inequality, for example, see pages 70-83 in
Liggett.? Results in this section appeared in Konno and Katori.!* Let M+ and M~
be the collection of all increasing and decreasing functions on {0, 1}Z%, respectively.
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Theorem 1.3.1. (Harris-FKG inequality) For any f,g € M,
E,(f9) =2 Ev,(f)Eu,(9)-

By the definitions of increasing and decreasing functions, we have the following
corollary immediately.

Corollary 1.3.2. (Harris-FKG inequality)

(1) EVA(fg) 2 EVA(f)Ew\ (g> for aHYf7g eM™.
(2) E,, (f9) < Eu(f)Ev,(g) foranyf € MJrag eEM™.
(3) EVA(fg) < EVA(f)EVA (9) foranyfe M~ ,g¢€ M*.

Applying the Harris-FKG inequality to px(A) and p,(A), we obtain

Corollary 1.3.3. (Harris-FKG inequality) For any A, B €Y,
(1) Px(AU B) > px(A)pa(B)

(2) PA(AU B) > py(A)pA(B),

where px(A) = va{n : n(x) = Lfor anyx € A} and py(A) = va{n : n(z) = Ofor anyzx €
A}

Proof. For part (1), define
fa) =TI n@), gm)=]]n@).
€A T€EDB

Since f,g € M, the desired result follows from Theorem 1.3.1. For part (2), similarly
let

foy=1-T]Q-n@), g =1-T]0-n).
x€A z€EB
Then f,g € M™, so the proof is complete.
From Corollary 1.3.3 (1), we have the following result.

Corollary 1.3.4.

(1) va(ee) > vy(e)%

(2) vr(eee) > vy (e)ry(e0)
(3) vy(seee) > vy (o)u(ese).
(4) va(sex0) > vy(e)r(ee)
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In the same way, Corollary 1.3.3 (2) gives

Corollary 1.3.5.

(1) va(00) > vy (o).

(2) vA(000) > vy (0)ra(00)
(3) vA(0000) > 1y (0)ra(000)
(4) va(00x0) > vy (0)ra(00)
(5) 1A(00000) > vy (0)wx(0000)
(6) va(ox000) > vy (0)va(000)
(7) va(00 X 00) > 1y (0)x (00 x0)
(8) va(00 % x0) > vy (0)ra(00)

We should remark that the definitions of py, vx(e) and vy(o) give

Lemma 1.3.6.
pr =va(®) =1 —uvx(o).
1.3.1. First bound by the Harris-FKG inequality method
From Corollaries 1.2.6 (1) and 1.3.5 (1), we have
1 — (22X + 1)va(o) 42Xy (0)* < 0.

By Lemma 1.3.6, the last inequality can be rewritten as

_2)\—1 <0
Px | P 2\ < U

Combining the last inequality and p) > 0 gives

22 —1 22 —1
>
X for o >0,

pr <

and

2)\—1§0

=0 f
P or oX

So we obtain the following result.
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Theorem 1.3.7. Let A\{'"Y = 1/2. Define

| GA=1)/20 for A > AU
no {0 for A < A,
Then we have
(1) AU <
and
(2) oy < pg\H,l) for A0,

In this way we get a lower bound A&H’l) on critical value A\, and an upper bound

pE\H’l) on order parameter p) simultaneously. Note that Theorem 1.3.7 can be ob-
tained by a different way. That is, Corollaries 1.2.4 (1) and 1.3.4 (1) imply

(2)\ - 1)V)\(O) — 2)\1/)\(0)2 Z 0,

so we have the same conclusion. But, in this case, Corollary 1.2.6 is more suitable than
Corollary 1.2.4 as for using the Harris-FKG inequality, since the number of negative
terms in Corollary 1.2.6 is always one ! So we use Corollary 1.2.6 to improve bounds
instead of Corollary 1.2.4.

1.3.2. Second bound by the Harris-FKG inequality method
As the first bound, Corollaries 1.2.6 (1) (2) and 1.3.5 (2) imply
PAARA+ 1)py — (242 = 1)] < 0.

Using similar arguments, we obtain

Theorem 1.3.8. Let A" = 1/4/2 = 0.707. Define
(H,2) { (20 = 1)/A@A+1)  for A > AU,

Px
0 for A < )\EH’Q).

Then we have

(1) AED < NH2) <)
and
(2) oA < pE\H’Q) < pg\H’l) for X>0.

1.3.3. Third bound by the Harris-FKG inequality method

As the first and second bounds, Corollaries 1.2.6 (1)-(4) and 1.3.5 (3) (4) imply
PAINA + 1) (4N + 33X +2)px — (BA* +6X% —6A — 3)] < 0.

In a similar fashion as before, the next result is obtained.
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Theorem 1.3.9. Let

A3 —inf{\ > A2 8A* 4 603 — 61 — 3> 0}
~ 0.859.

Define

(H,3) { (8A% 4+ 6A3 — 6A — 3)/A2A+ 1)(AN2 + 33X +2) for A > AP,
Py =

for A < A3,

Then we have

(1) A2 < A3 <)

(2) pr < pg\H’B) < pg\H’z) for A >0.

Note that as in the case of Corollary 1.3.5 (4) we can get

va(ooxo) > vy(o)vy(oxo).

13

(1.2)

From Theorem 1.9 (c) in Chapter VI of Liggett? and the definition of p, (A), we have

Theorem 1.3.10. Suppose that, for eachn > 1, 11 < x93 < -+- < x, and y; < Yo <

v <Yy with ki —x; > yip1 —y; (1=1,2,...,n—1). Then

px\({xbx% .- ,:L‘n}) < ﬁ/\({ylyy% cee :yn})'

So we get
px({0,2}) <, ({0,1}),

that is,
va(oxo) <wy(oo).

Therefore we observe that estimation by Corollary 1.3.5 (4) is better than that by

Eq.(1.2). Similar arguments hold in the next bound.

1.3.4. Fourth bound by the Harris-FKG inequality method

As the previous bounds, Corollaries 1.2.6 and 1.3.5 (5)-(8) yield

pAlL (NP3 + 12(N)pa +13(A)] <0,
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where

Y1(A) = A2(2A + 1)(8A + 120% + 907 + 9\ + 3),
Y2(A) = A(32A% + 120)\° + 186A* + 182A3 + 148)\* + 75\ + 15),
Y3(A) = —2(2X + 1)(24A° + 365 + 20A* — 203 — 28X\ — 30\ — 9).

Since y1(A) > 0 for A > 0, the last inequality can be rewritten as

PA (PA - P(;r)) (PA - P(A_)> <0, (1.3)

where

@) —72(N) £ v/712(A)2 — 4y (M3 (V)
Pro= 271(A) '

Note that y2(\)? — 471 (A\)y3(A) > 0 for A > 0. Then Eq.(1.3) gives

<o for p{P >0,

and
pr=0 for pE\Jr) <0.

So we have the following result.

Theorem 1.3.11. Let

A = inf{A > A - 45() < 0}
~ 0.961.

Define
(H,4) pg\+) for A > )\EHA),
P =

0 for A < )\EHA).

Then we have

(1) A3 < A <
and
(2) px < pE\HA) < pg\H’g) for A >0.

As far as the Harris-FKG inequality used for A C {0,1,2,3} and B = {4}, a
similar discussion in the end of subsection 1.3.3 shows the above bound is the best
one.
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1.3.5. Summary

In this section we obtain the some bounds by using the Harris-FKG inequality:
ALY = 0.5 < \H2 ~0.707 < AE?) ~0.859 < \HEH ~0.961 < A,

and

oy < pg\H,4) < pE\H,S) < pg\H,2) < pg\H,l) for A 0.

We think this method is one of the simplest one. However, as you will see later,
when compared with the Katori-Konno method, this is not so good.

1.4. Harris Lemma and Katori-Konno Method

In this section we study lower bounds on critical value and upper bounds on
order parameter of the one-dimensional basic contact process by using the Harris
lemma. This method was first studied by Katori and Konno'® in 1991. So we call
it the Katori-Konno method in these notes. The results in this section appeared in
references 14-17. However we will give some new proofs here. For example, Proofs
B in Theorems 1.4.4 and 1.4.6. And this method is more powerful than the former
Harris-FKG inequality one in the case of the basic contact process.

1.4.1. Harris lemma

In this subsection we introduce the Harris lemma which gives lower (resp. upper)
bounds on the critical value and upper (resp. lower) bounds on the order parameter.
Recall that Y is the collection of all finite subsets in Z. For any A € Y, we let

oA(A)=1—-F,, (H (1-— n(x))) =va{n:n(z) =1 for some z € A},

zeA

or(A)=1—-E,, (H n(:c)) = vx{n: n(z) =0 for some = € A}.

zEA
Note that
ox(4) =1-7,5(4),
aA(A) =1-pa(4),
px = pA({0}) =1 —p,({0}) = 01 ({0}) = 1 —7A({0}),

where 0 is the origin. From the definition of 0)(A) and Theorem 1.2.5, we have the
same type of the correlation identities immediately:

Theorem 1.4.1. For any A €Y,

AT S AU ish - @] + X [oa AN {2}) - oa(4)| = o0.

rxEA y:|y—x|:1 rEA

Similarly the definition of 5 (A) and Theorem 1.2.3 give
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Theorem 1.4.2. For any A €Y,

0=—{JA[+2X(A)}TA(A) + A > > FA((A\{z}) u{y})

€A yeAA:
ly—z|=1

+)\ZwA Yoax(A\ {z}) )\ZwA Yarx(AU{y}).
z€A yeAA

For example, in order to obtain lower bounds on A, and upper bounds on p,, we have
to look for suitable upper bounds hy(A) on o (A). Because py = o ({0}) < hx({0})
implies that the critical value of hy({0}) gives a lower bound on A.. To do this we
use the following lemma by Harris'® in 1976, so we call it the Harris lemma.

Let Y* be the set of all [0, 1]-valued measurable functions on Y. For any h € Y*,
we let

=AY Y [MAulyh - m@)] + D [aAN ) - r(a)].

€A y:|ly—z|=1 €A

Note that Theorem 1.4.1 implies Q*oy(A) =0 for any A € Y.

Lemma 1.4.3. (Harris lemma) Let h; € Y* (i = 1,2) with

(2) 0<hi(A) <1 forany A€Y with A+# ¢,
3 lim hy(A) = 1,

@ i hi(4)

(4) Q"h1(A) <0< Q%hy(A) forany AeY.
Then

(5) ho(A) < oa(A) < hi(A) forany A€Y.

In particular,

(6) ha({0}) < px < h1({0}),

where 0 is the origin.

Proof. We need the following 4 steps.
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Step 1. For any A € Y and N > 1, we see that
ox(A) = lim P& # ¢)

A A (1.4)
= lim P(|&*| > N) + lim P(0 < [&'| < N).
The result in pp.168-169 of Liggett? implies that for fixed N > 1,
Jlim P(0 < €A < N) =0. (1.5)
Combining Eq.(1.4) with Eq.(1.5) gives
oA(4) = lim P(|&1 > N). (1.6)
Step 2. From the Markov property and the condition (1),
A
B(h(gh.)) = E(E(h(ED)))
&t A & A (1.7)
= B(B((EE) 161> N) + B(B((E) 10 < &' < ).
By using condition (2) and Eq.(1.5), we see that for fixed s > 0,
lim B(E(h(eE)): 0 < | < N) =0,
Using this result and Eq.(1.7), we have
A o A
liminf B(h(¢.,)) = hgninfE(E(h(fst ) ¢ [€A] > N). (1.8)

On the other hand, condition (3) implies that for any £ > 0 there exist N > 1 and
s > 0 such that for any A € Y with |A| > N,

E(h(¢) >1—e.

Therefore combination of Eqgs.(1.6), (1.8) and the above inequality implies that for
any € > 0, there is an N > 1 such that

£ lignian(|£tA| > N)
O\ (A)

Step 3. By using Eq.(1.9), conditions (1) and (2), i.e., h(¢) = 0, h(A) < 1 for
any A € Y and the definition of 0(A), we see that for any € > 0,

imin A
ltaoofE(h(gt—kS)) > ( (1.9)

1—
(1—¢

)
)

(1—¢e)or(A) < litminfE(h(féq))

— litrgiogle<h(£;4) L # ¢)
<timsup B(h(&") : & # )
< Jim P # ¢)

= o (A).
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Thus it follows that
ox(4) = lim E(h()). (1.10)

Step 4. It is enough to show for the condition (4):
Q*h(A) <0 forany A€,
since a similar argument holds for
Q*h(A) >0 forany AeY.

From this condition (4), we obtain
0

5 (&) = B h(gh) < 0.

So Eq.(1.10) and this inequality imply
ox(4) = lim B(h(&) < B(h(&)) = h(A),

for any A € Y. Thus the proof of the Harris lemma is complete.

Exercise 1.11. Let hy € Y* with hy(¢) = 0 and hy(A) = 1 for any non-empty set

A €Y. Show that
Q*h1(A) = -1 if |[A| =1,

Q*hi(A)=0 otherwise,
and deduce that this result gives the trivial upper bound on o (A), that is, ox(A4) <1

for any A €Y.
Exercise 1.12. Show that if Q*h(A) <0 for any A € Y then
EhEN)) < E(M(ED))  for  0<s<t.

From now on we consider bounds on py, and A.. To get bounds by using the
Harris lemma, we need the following 4 steps.

Step 1. First we choose a suitable form of h;(A).

Step 2. Next we decide h;(A) explicitly.

Step 3. Third we check conditions (1)—(3) in the Harris lemma.
Step 4. Finally we check condition (4) in the Harris lemma.

In this section we consider upper bounds on o (A) by using the Katori-Konno method.
On the other hand, the next chapter is devoted to lower bounds on o)(A) by the
Holley-Liggett method.

1.4.2. First bound by the Katori-Konno method

Let |A| be the cardinality of A. So we have
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AKE D)

Theorem 1.4.4. Let =1/2. Then for A\ > )\EKKJ)7

ox(A) < WV (A)  forall Acy,

where ]
hE\KK’l)(A) =1-a and a, = TR

Proof.
Step 1. We let h(A) =1 — al4l.
Step 2. Next we decide 0 < a,, < 1 as the unique solution of

Q*h({0}) =0,
that is,
—2Xa? + 2 A+ Da—1= (2 a—1)(1 —a) = 0.

So we take a, = 1/2\ and let h(A) =1 — ol for A > 1/2.

Step 3. We check conditions (1)-(3) as follows. For A > 1/2, we have 0 <
a, = 1/2)\ < 1. So conditions (1) and (3) are trivial. Condition (2) is equivalent to
0<al <1 for any A € Y with A # ¢. This comes from 0 < o, < 1.

Step 4. We will give two different proofs; Proof A and Proof B. They are the
same in essentials. However Proof B is more refined than Proof A. Therefore we can
see the structure of proof of Step 4 explicitly in Proof B.

Proof A. For k=0,1,2and A €Y, let

Ar={zeA:{yeA:|ly—z|=1} =k}
The definitions give A = Ay + A1 + As. Therefore

:iRk(A)
k=0
where
=AY > AUy - A + Y [AAN {2} - a(4)).
T€EAL y:ly—z|=1 Tr€EAL

If Rg(A) <0forany A€ Y and k=0, 1, 2, then Q*h(A) < 0 for any A € Y, that is,
condition (4) is satisfied. From h(A) =1 — ol we have

A=\ Z Z [aLA| _ QLAU{y}I] n Z [aLA\ _ aLA‘_l}

€A y:ly—z|=1 €A
= A Z (2—k) [aLfH — ozLAHl] + Z [aLA‘ - aLA‘_l}
TEAL rEAL

= ]Ak]{(Z — k))\[aw — ozLAHl} + [aLAl — aLAl_l}}
= [4gal (2 - )0 — 02 + [on — 1]}

— Al 1 - a*){(2 ~ B, — 1}.
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So, by using Ao, = 1/2, we obtain
|A|-1
Rp(A) = [Aglax™ (1 — a.)(=k/2),

where k =0, 1, 2. Then 0 < a,, <1 gives Rig(A) <0 for any A€ Y and k=0, 1, 2.
Therefore the proof for condition (4) is complete.
Proof B. First we let

Aveo ={z €Az —1,2+1¢ A},
Avee ={r€A:x—1¢ A x+1€ A},
Ageo ={z€A:x—1€ A x+1¢ A},
Agee ={z€ Az —1,2+1€ A}.

Remark that these definitions give
A= Aooo + Aooo + Aooo + A0007

and

AO:Aoooa AIZAOOO +A0007 AZZA...'
As in the case of Proof A, by h(4) =1 — ol we have

0 h(4) =al! | Aol h({0}) + |41 {2 A({0}) + Aaw(aw = 1)} + | As] (s — 1))
ol || Aouc 2" h({0})
F{Aoue] + Aueo H{QAHOD + Aas (o = D)} 4 |Auee] (o — 1)),
for any A € Y. Then Q*h({0}) = 0 gives
O h(A) = oA [{\AO..] + | AveoJAs (@ — 1) + [Agas](ts — 1)].

So a, € (0,1) gives Q*h(A) < 0 for any A € Y. Therefore we obtain the desired
conclusion.

Applying Theorem 1.4.4 to A = {0} gives

Corollary 1.4.5.

A, > ANEEKD 1
— C 2?
(KK,1) 1 20 —1 1
< =1—-(—=)= fi > —.
PA=PA (2)\) o or Azg

This corollary is equivalent to Theorem 1.3.7 which is the first bound by the Harris-
FKG inequality method.
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Exercise 1.13. If we decide a* € (0,1) as the unique solution of Q*h({0,1}) = 0
instead of Q*h({0}) = 0, then we take o* = 1/\. Show that in this choice, the
condition (4) in the Harris lemma does not hold.

1.4.3. Second bound by the Katori-Konno method

Let b(A) be the number of neighboring pairs of points in A, that is,
b(A)=|{z € Z:{x,x+ 1} C A}|. Then we have

Theorem 1.4.6. Let /\((;KK’Q) = 1. Then for \ > )\gKK»Q),

oa(A) < hg\KK’z)(A) for all A€,

where
P (A) = 1 = oMY,
and 1 2A — 1
=1 BTN
Proof.

Step 1. We let h(A) = 1 — alAIgbA),
Step 2. Next we decide 0 < a, < 1 and (3, > 1 as the unique solutions of
Q*h({0}) =0,
Q"h({0,1}) =0,
that is,
2 a?B+ (2 A+ 1)a —1=0,
2|-Aa’B2 + (A + 1B —al =0.

Let w = af. Then the above equations can be written as

2w —1)(w—1)=1- 24,
(Aw —1)(w—1) =0.

Let w, = 1/X and B, = (2A — 1)/ for A > 1. So w, and (3, satisfy the above
equations with 0 < w, < 1 and B, > 1. By the definition of w, we let a, = w,/fx.
This gives 0 < o, = 1/(2A — 1) < 1 for A > 1. Remark that a simple computation
gives 32 < 1 for A > 1. Therefore we decide

h(A) =1 — ol goY

with ) o) _ 1
=g wd Se=—5—

Oy
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Step 3. We check conditions (1)-(3) as follows. Assume that A > 1. Condition
(1) and R(A) < 1in Condltlon (2) are trivial. The positivity of h(A) for non-empty
set A €Y is equivalent to o382 < 1. On the other hand, we have b(A) < 2]A|
for any A € Y. By Bs > 1, a,.3% < 1 and b(A) < 2|A], we get

AW < (a2 < 1,
for non-empty A € Y. Similarly, concerning condition (3), we obtain
h(A)=1-— oAt > (o, BH)IA

Then h(A) goes to 1 as |A| goes to infinity, since o, 32 < 1 and h(4) < 1.
Step 4. We will also give two proofs; Proof A and Proof B.
Proof A. As in the Proof A of the first bound, for £ =0, 1, 2 and A € Y, we let

Ar={zeA:|{yeA:|ly—=z|=1} =k}

Remark that A = Ag + A; + As. Therefore

2
A) =) Ri(A)
k=0
where

=AY > AUy - A+ Y [AAN {2}) - h(4)).

€A y:|ly—az|=1 €A

To prove Q*h(A) < 0 for any A € Y, it suffices to show that Rx(A) <0 forany A €Y
and k = 0, 1, 2. Recall that h(A) = 1 — ol g%,
(i) Ro(A) : We see that

A) = A Z Z [ IAlﬁb(A) LA|+162(AU{y})]

€A y:ly—x|=1

+ Z [ \Alﬁb(A) LA|—1B$(A)]

$€AQ
A A A A A A Al— A
<3 Y 2faltlgh) — QA | S [alAlgh) _ gl )
IIJGAO (IJGAQ

= |A0|a‘*A|_1ﬁ$(A) [2)\(04* —a2B,) + (o — 1)]
= | Aol B2 Q* ({01,

The first equality comes from |[AU{y}| = |A|+1, |A\{z}| = |A| -1 and b(A\ {z}) =
b(A) for x € Ag and y € Z with |y — x| = 1. The second inequality is given by 3, > 1
and b(AU {y}) > b(A) + 1 in the same condition for z and y. By Q*h({0}) = 0, we
have that Ry(A) <0 for any A € Y.
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(ii) R1(A) : Similarly we have

Ri() €2 3 [alHg0 — ol o] | S~ [olaight) _ glai=gha]
TEA, 2EA;

= |41l 2B N (028, - a282) + (028, — )]
= |A; |l 72820 h ({0, 1}).

Therefore Q*h({0,1}) = 0 gives R1(A) <0 for any A € Y.

(iii) R2(A) : As in the previous cases, we see that

Ro(A) = A Z Z [&LAlﬁs(A) _ aLA|ﬁ$(A)] + Z [QLA|52(A) B OZLA|_152(A)_2]

€Az y:ly—z|=1 T€A2

— |Ag|alAI ,’:<A>—2<a*ﬁf . 1).

By using a.3% < 1, we obtain that Ry(A) < 0 for any A € Y.
Therefore we can check condition (4).

Remark. The above Proof A implies that

O h(A) <|Aola 1 82D 0 n({0})
+] Ao ({0, 1))
+ |A2|aLA'*15£<A>*2<a*ﬁf _ 1).

Proof B. As in the Proof B of the first bound, we divide A into the following 9 disjoint
subsets:

Avoeco ={x€A:x—2,x—1l,x+1,2+2¢ A},

Acvece ={x €Az —-2,2—1,x+1¢ A xz+2€ A},
Aeveco ={z €Az —-2cAjx—1l,z+1,z+2¢ A},
Agvece ={x €Az —2cAz—1,z+1¢ A, x+2c A},
Acoeex ={x €Az —2,2—1¢ Ajxz+1€ A},

Ageeco ={x €Az —1€Ax+1,x+2¢ A},

Agveex ={x €Az —2cAx—-1¢ A x+1€ A},
Avesce ={x€A:x—1€Ax+1¢ A x+2e A},
Aseeex ={xr€A:x—1€Az+1€ A}.
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A direct computation gives

Q"h(A) =|Asousolar T B R({0})
+ {\Aoo.o.y + IA.o.oO]}aLAl—lﬁgM) [Q*h({(}}) + A2 B, (1 — ﬁ*)}
+ Avouoalad A Q" R({0}) + 20028, (1 - 5.)]

_ ({0, 1
+{‘Aooocx|+‘Ax..oo‘}aLA| 2 S(A) 1#

Q*h({0,1})

+ {|Avceex| + [Axancel falI 727 220

[ Aenen a7 (052 1),
Therefore Q*h({0}) = Q*h({0,1}) = 0 implies that
Qh(A) = {[Acouoe] +[Aeoncsl Jal BTN - 8,)
+ [ Avoeoe]dT AT ON 1 — )
+ {|A.O..x |+ |Ax..o.|}oz‘;‘"+1 YA+ (1 - ,)
+ [Axeeex IaLA|_1ﬁf(A)_2<a*ﬁf — 1)
= {| o000l +14eoncel + 20Aucucel + [Auoeex| + [Axasoel}
« Al 2(A)—|—1)\(1 —B.)

R e N B

By B > 1 and .32 < 1, we have Q*h(A) < 0 for any A € Y, that is, condition (4)
is satisfied.

+ Al - 5.)]

Applying Theorem 1.4.6 to A = {0} gives

Corollary 1.4.7.
)\c Z )\((:KK,Q) — 17

(KK.2) 1 20\ — 1)
PA=PA ! (2/\—1) m—1 0=

Compared with the second bound by the Harris-FKG inequality method (see
Theorem 1.3.8), this result is better than that one.

1.4.4. Third bound by the Katori-Konno method
Let
c(A)=|{zeZ:{z, o+ 1,2 +2} C A}|,
d(A)=|{z € Z: {z,x+2} C A}|.

Then we have
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Theorem 1.4.8. Let )\EKK’S) = (1 + \/ﬁ)/G Then for A > )\gKK’S),
ox(A) < W3 (A)  forall Acy,
where
hg\KK’g)(A) -1 aLAIﬁS(A),Y:(A)(;f(A)’

A2\ +3) +vD
(2A+ 1)(6X2 —3A — 1)’

g — —(24M +16X3 +8X2 + A+ 1) + (6A — 1)(A+1)VD

* =

2A(\ — 1)2
2403 +16A% — 20 — 3) + (4A +3)VD
T = SA(2X + 1)2 ’
5 _ A D{I2)% -2 — A1 (3) - 1)V D}
- 2X2(\ — 1) ’

D = 16)* +4)? + 4\ + 1.

Compared with previous proofs, this proof is more complicated, so we will omit
the proof. See Katori and Konno'® for details. We should remark that o, Ss, 7. and
0, are unique solutions of

Q*h({0}) = Q*h({0,1}) = Q*h({0,1,2}) = Q*h({0,2}) = 0,
with 0 < a, < 1 and [y, Vs, 6, > 1.
Furthermore, applying Theorem 1.4.8 to A = {0} gives

Corollary 1.4.9.

Ao > AEKEKB) HT V3T 1180,
AN(BAZ — A — 1+
oy < P&KK73) _ A(BAN* =X =3) for A> + 37.
1203 —2X2 — 8\ —1++D 6

3.4.5. Summary and discussions

In this section we obtained the bounds by using the Harris lemma:
AEED — 05 < \EK2) — 1 « \(KKS) 1180 < A,

and

oy < pg\KK,?)) < pg\KK,2) < pg\KK,l) for A > 0.

We should remark that Corollary 1.4.7 (resp. 1.4.9) can be also obtained by

using Corollary 1.2.6 (1), (2) (resp. (1)-(4)) and the following conjecture (1) (resp.

(2), (3)). This argument appeared in Chapter 3 of Konno.!?
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Conjecture 1.4.10.

(1) va(o)vy(ooo) > yk(oo)2,
(2) va(0o)vy(ooo0) > vy(o000)?
(3) va(o)vy(coxo) > wvy(oo)ry(oxo).

That is, we obtain

Theorem 1.4.11. Assume that

V)\<O)I/)\(OOO) Z V)\(OO)Q.

Then we have
>\c > )\EKK,Q) -1

)

(KK.2) 1 2(A—1)
< —1- - > 1.
PA= PA (2/\—1> o1 or Az

Furthermore

Theorem 1.4.12. Assume that

va(00)vy(0000) > vy(000)?,
va(o)vy(ooxo) > vy(oo)ry(oxo).
Then we have
Ao > AFHB) — HT‘/ﬁ ~ 1.180,
4 22— 1
oy < pg\KK,S) _ A(BA® —A—3) for A> +—\/§
1203 —2)2 — 8\ — 1+ /D 6

We should remark that Conjecture 1.4.10 can be rewritten as

Conjecture 1.4.13.

va(ooo) _ wvy(o0o0)

va(oo) T wa(o)

va(oo0o00) _ wy(ooo)

2) vx(ooo) T wy(oo)
(3) va(ooxo) S va(oo)

V)\(OXO) - I/)\(O) )

From Conjecture 1.4.10, we will extend to the following one which was conjectured
by Konno!? (Conjecture 3.4.13).
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Conjecture 1.4.14. For any A,B €Y,
Pr(ANB)p\(AU B) > p\(A)px(B),

where py(A) = vx{n:n(z) =0 for any x € A}.

For example, Conjecture 1.4.14 for A = {0,1} and B = {1,2} gives Conjecture
1.4.10 (1). If AN B = ¢, this inequality is equivalent to the Harris-FKG inequality
in Corollary 1.3.3 (2):

PA(AUB) = py(A)pA(B).
So it obviously refines the Harris-FKG inequality in this meaning. This approach is

called the Markov extension method. (See more details in Katori and Konno.!”) The
reason is as follows. First we choose a subset Y™ C Y and define hf\n) on Y™ by a

suitable way. Next for the rest of sets in Y\ Y ("), the function hg\") is constructed from

a quotient of simple products of hf\n)’s previously defined on Y (™). The formula used
in the latter procedure is similar to the relation found among probability measures
in generalized Markov processes, so this extension procedure is called the Markov
extension. For example, see Schlijper.!? Recently Conjecture 1.4.14 was proved by
Belitsky, Ferrari, Konno and Liggett.2°

Finally we would like to discuss the relation between the Katori-Konno method
and probability measures 7x(™ (n =1, 2, 3) on X = {0,1}2.

We define a probability measure 75" on X which corresponds to the first bound
of the Katori-Konno method by

y_/\(l){n :n(z) =0 for any x € A} = al4l,

where 0 < a < 1 which will be determined later. From this definition, the following
equality can be easily checked:

W (o0) =73 (0)?, (1.11)

where 731 (00) = 73 (M {n : n(0) = n(1) = 0} and Ty (o) = M {n : n(0) = 0}. As
in the case of Corollary 1.2.6 (1), we assume that the following equation holds:

1— 22+ D)7V (o) + 2275 (00) = 0. (1.12)

Combining Eq.(1.11) with Eq.(1.12) gives

1
7D (0) = o, = (5) A,

where a A b is the minimum of ¢ and b. This result implies that if A < 1/2; then
7 = 5o.

Similarly we define a probability measure 75(?) on X which corresponds to the
second bound of the Katori-Konno method by

73 {n:n(z) =0for anyx € A} = a4 goA),
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From this, we have
77 (2) 2
_(2) . U (OO)
Uy “(oo0) = St (1.13)
u,\@)(o)

where 75 (000) = 73 {n : n(0) = n(1) = n(2) = 0}. As in the case of Corollary
1.2.6 (1) and (2), we assume that the following equations hold:

1— 22X+ 17 (o) + 22772 (00) = 0. (1.14)
75D (o) — A+ 1)@ (00) + AP (000) = 0. (1.15)

By Eqgs.(1.13-15), we have

V_/\(Q)(O)ZQ*Z(Q)\]__I)/\l and ﬁ*:<2)\)\_1)\/1,

where a V b is the maximum of a and b. This result implies that if A < 1, then
75(2) = §y. Furthermore we can compute 75 (%) (A) for any A € Y, for example,

ﬂ@)(o o)y_)\(Q)(o X )V_A(Q)(x o)
7,2 (O)V—A(Z)( x)
V—A(2)(OO)V—A(2)(O)2
- W@)(o)

ZW(Q)(OO)W(Q)(O)-

K(z)(oo X o) =

Moreover we define a probability measure 75®) on X which corresponds to the
third bound of the Katori-Konno method by

73 n :n(x) = 0for any z € A} = a4 g He(A) 5d(A)

From this, we have

—(3) 2
1% [eXeXe)
V_A(g)(oooo) —= 2_%(00))
A
o) < 00D (ox0) _ O (005 (ox0)
A 72 (0x) 7 (o)

where 75 (coxo0) = 73 {n : n(0) = n(1) = n(3) = 0}, etc. As in the case of
Corollary 1.2.6 (1), (2), (3) and (4), we assume that the following equations hold:

1— 22+ D)7r® (o) + 2072 (00) = 0.
7P (0) = (A + D@ (00) + 275 (000) = 0.
QW(?’)(oo) — (22 + 3)K(3)(ooo) —|—y_>\(3)(o x o)+ 2)\7)\(3)(0000) = 0.

7 (0) + A\ (000) — (2A + DT (0 x 0) + AP (00 x 0) = 0.
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By the above 6 equations, we have E(S)(O) = a, N1, By, 7« and d, which appeared in
Theorem 1.4.8. This implies that if A < (1 + v 37)/6, then 7,(®) = §,. Furthermore

we can compute 7y ) (A) for any A € Y, for example,

753 (000)7x3) (00 x )T (0 x 0)
70 (000 (o)

W(?’)(OOOXO): )
753 (000)73 ) (00 1/)\(3)(o><o)
L2
(

73 (00)7x ™ (o)
753 (000)75 ) (0 x0)

73 (o)

In a similar way, we hope that we will extend this argument to the general nth

bounds.

Exercise 1.14. Show that foranyn > 1,21 < zo < -+ - <z, and y; < yo < - -~

with Tit1 — X4 Zyi—i—l_yi (i:1,2,...n—1),

D (s, wnd) = WD (g1 ye, - wa ),

for A > /\EKKQ) = 1. By using the notation
7B {n :n(x) = 0for any z € A} = a4 oA,
this can be rewritten as

u_,\(z){n :n(u) = 0for any u € {z1,22,...,2,}}

<P {n:n(u) = 0for any u € {y1.y2. .., ya}}.

Compare this result with Theorem 1.3.10, that is,

va{n :n(u) = 0for any u € {z1,x2,...,2,}}
< va{n:n(u) = 0for any u € {y1, 42, ..., yn}}.
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CHAPTER 2

BASIC CONTACT PROCESSES II

2.1. Introduction

In this chapter we consider upper bounds on the critical value and lower bounds
on the order parameter of the basic contact process in one dimension. By choosing a
suitable renewal measure and using the Harris lemma, Holley and Liggett! gave the
first upper bound on the critical value:

)

)\c S )\((:HL,l) —9
and lower bound on the order parameter:

1

(HL,1) 1
42X

Px = P = for A > 2.

+

N | =

By an extension of the Holley-Liggett method, Liggett? gave an improved upper bound
Ae < AHL2) 1,942,

where
AFL2) = qup{X > 0:4X* = 72?7 — 2\ +1 < 0}.

Moreover this argument implies that for A > )\EH L ’2),

)\+a—1+\/()\+a—1)2—a 2)\+a—2+2)\F1(2)]
(HL,2) _

>
PA = Px N+ a—2+ 20F(2) ’
where AN -2 An—1
= d F(2) = — .
=1 @ RO = e m o

The formalism of the general nth approximation is also discussed in Liggett.?
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This chapter is organized as follows. In Section 2.2, we will consider bounds
by the Holley-Liggett method. Section 2.3 is devoted to correlation identities and
inequalities which correspond to this method.

2.2. Holley-Liggett Method
2.2.1. First bound by the Holley-Liggett method

We introduce the following renewal measure p on {0,1}% with density f

ny n2 "k f(n1 + 1)f(n2 + 1) e f(nk + 1)

oo

> mf(m)

m=1

p(eo.--0eo...0e0...000---0e) =

By using the Harris lemma, we have

Theorem 2.2.1. Let )\EHL’I) = 2. Then for A > )\gHL’l),
hg\HL’l)(A) < ox(A) for all A €Y,

where
hg\HL’l)(A) =p{n :n(x) =1 for some x € A},

for a renewal measure p on {0,1}% whose density f is given by Q*hE\HL’l)(A): 0 for
all A of the form {1,2,...,n} (n > 1).

Applying Theorem 2.2.1 to A = {1} gives

Corollary 2.2.2.
Ae < AHLD — 9.

1 1
Pr = P(AHL’D =5+

1
- > 92).
2 42X (A 22)

Sketch of Proof of Theorem 2.2.1. As in the case of Chapter 1, we need the
following 4 steps.

Step 1. First we choose a suitable form of hE\HL’l)(A).

Step 2. Next we choose hE\HL’l)(A) explicitly.
Step 3. Thirdly we check conditions (1)-(3) in the Harris lemma.
Step 4. Finally we check condition (4) in the Harris lemma.

In this sketch, we will show only Steps 1 and 2. Concerning Steps 3 and 4, see Chapter
VI of Liggett.?



Basic Contact Processes I

Step 1. We choose h of the form

h(A) = u{n : n(x) =1 for some x € A}
=1—p{n:n(x) =0 for any z € A},

for a renewal measure p on {0, 1}Z.
Step 2. We define the density f so that

O*h({1,2,...,n}) =0,

for any n > 1, where

=23 3 [MAUh - AA)] + 3 [aAN ) - h(4)].

€A y:ly—z|=1 €A

The definition of Q* gives
O*h({1,2,...,n i{ [ ({1,2,...,n} Uk —1}) — h({1,2,‘..,n})}
= +a[n ({1,2,...,n}u{k+1})—h({1,2,...,n})]
+ [h({1,2,...,n} \ {k}) — h({1,2,...,n})]}.
So we have
O'h({1,2,...,n}) = )\[h({o, 1,2,...,n}) — h({1,2,..., n})}
[ ({1,2, ...,n,n+1})—h({1,2,...,n})]

Z[ ({1,2,....n}\ {k}) — ({1,2,...,n})].

We should remark the following relations:

h({l, 2a3}) =1- ,u(ooo)7
M({1,3}) = 1 - (o x ),
M({1,2,3})  h({1,3}) = (o x o) — p(000) = p(owo),

For A\ > 0 with u(e) > 0, we let

p(eS0)
P =M 2
The density f is given by
n—1
fny = HE220) s

33
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So f(n) = F(n) — F(n+1). Then we see that

h({0,1,2,...,n}) — h({1,2,...,n}) = u(5---3) — u(5---9)

Similarly we have

h({1,2,...,n,n+1}) — h({1,2,...,n

On the other hand
h({1,2,...,n}\{k}) — h({1,2,...,n})

(o) (o)
— —F(K)F(n+1— k)u(e).

The third equality comes from the property of the renewal measure p. Therefore we
have

O h({1,2,...,0}) = u(e )[2/\F (n+1) ZF n+1—k)],
for n > 1. Then Q*h({1,2,...,n}) = 0 implies
Lemma 2.2.3. For A\ > 0 with u(e) > 0,

2AF(n +1) ZF Fn+1—k) (n>1),
F(l):l

We introduce the following generating function to get F'(n) explicitly:

= Z F(n)u

By using Lemma 2.2.3, we have the following quadratic equation:

¢*(u) — 22é(u) + 2\u = 0. (2.1)
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The nonnegativity of the discriminant of this equation with u = 1 is equivalent to
A(A —2) > 0. So we let A7 = 2. By Eq.(2.1) and ¢/(0) = F(1) = 1, we get

¢(u):A—\/v—zxu:A—Mh—%“. (2.2)

Here we present a formula to expand Eq.(2.2) in a power series in u:
oo
Vi—-s=1- ansn,
n=1

where

B (2n)!
bn = 47 (nh)2(2n — 1)

Therefore we obtain the explicit form of F'(n) as follows.

Lemma 2.2.4. For \ > )\EHL’Q) =2,

2(n — 1))l 7 1 \n-1
”m:%?m%Gﬁ (n>1).

We should remark that the density f can be given by f(n) = F(n) — F(n + 1)
for n > 1. By Lemma 2.2.4 and a direct computation, we can show the positivity of
f(n) easily. So Step 2 is complete.

In this way, we have f(n) and F(n) explicitly. By Eq.(2.2), we have

$(1) =D F(n)=x-/AA-2).

Note that

HL, 1 1 1
P = (o) = = =

> s 3Py O

since the second equality comes from the definition of pu. So we have the following
first bounds by using the Holley-Liggett method:

Ae < ALY =2

1

(HL,1) _ r 1
4 2)

Px = Py + (A=2).

1
2
Exercise 2.1. In the first bound, the stationary renewal measure with density f is
a reversible measure for the nearest-particle system with birth rates

fFf(r)

BT =S
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On the other hand, the one-dimensional contact process is 5(1,1) = 2\, B(I,1) =
B(1,r) = A for [, » > 2 and B(l,r) = 0 otherwise. Concerning the nearest-particle
system, see Chapter VII of Liggett.> We assume that A\ > 2.

(a) Show that

f=200 0= 8=
B =G5 A= s, = 2SI,

(b) Show that
s, =2x  B(1,2) = B(2,1) <A

(c) Verify that the above result (b) implies that the nearest-particle system &; and the
basic contact process 1; can not be constructed on the same probability space with

&e(z) < ne(z) for anyx € Z and t > 0.

However
p{n in(z) =1} <wa{n:n(z) =1},
for any A > 2.

Exercise 2.2. Show that

(1) px — 1 as A\ — oo,
moreover,
(2) 2AM(1—py) — 1 as A — 00.

2.2.2. Second bound by the Holley-Liggett method

As in the previous subsection, we will consider the second bound which was
obtained by Liggett.?

Theorem 2.2.5. Let /\EHL’Q) ~ 1.942 be the largest root of the cubic equation of
AP —TA 20+ 1=0.
Then for A > \{5%
WHE2(A) < oy(A)  forall A€,

where
hE\HL’Q)(A) =p{n :n(x) =1 for some x € A},

for a generalized renewal measure pu on {0,1}% whose density is given by
Q*hE\HL’2)(A) =0 for all A of the form {1,2,...,n} (n >1) and {1, 3}.

Concerning the exact definition of u, see Liggett.? Applying Theorem 2.2.5to A = {1}
gives
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Corollary 2.2.6.

>\c < )\((:HL,Z) ]

A+a—y+¢Q+a—1ﬁ—aPA+a—2+2Mum]
20+ a— 24 2)\F1(2)

HL2
Px = ,OE\ ) =

for A > /\EHL’2), where

AN—2 -1
Fi(2) = .
no1 2w RO = e T

o =

As in the case of the first bound, we will discuss only Steps 1 and 2. So Steps 3
and 4 will be omitted.
Step 1. We choose the form of
h(A) = pu{n :n(x) =1 for some x € A},

for a generalized renewal measure y on {0,1}2.
Step 2. We define the density so that

Q*h({1,2,...,n}) =0,
for any n > 1 and
O"h({1,3}) =0,
where

=AY Y [MAulh - m@] + X [aAN ) - r(a)].

€A y:ly—z|=1 €A

We should remark the next relations:

h({1,2,3}) =1 — p(coo),
M({1,3)) = 1 — u(oxo),
A({1,2,3}) — A({1,3}) = (o x 0) — p(000) = p(os0),

Moreover, following notations of Liggett,? we introduce

Fi(n) = ,u(oom) Fo(n) = ,u(oom)

' p(ee) ’ u(oe)
_u(oomo) " _,u(ooo~ ‘0e)

A = o) =0



38 Lecture Notes on Interacting Particle Systems

for n > 1. The above definitions give

Fi(1) = Fo(1) =1,
Fi(n) = fi(k), Fo(n) =) folk).
k=n k=n

We recall that

Q*h({1,2w..,n})::A[h({O,l,QV--,n})—-h({172w--7”}x
+.xpu{1,2,..,n,n-+1})—-h({172w--,n}ﬂ
+Z[h({1,2,...,n} \ {k}) — h({1,2,...,n})]-

k=1

From now on we consider two cases; Case A and Case B.
Case A. By using definitions of Fy(n) and Fi(n), we see that

h({0,1,2,...,n}) — h({1,2,...,n})

n n+1
= pu(5779) — u(e70)
= p(e m)

= M(oom) +M(oom)

_,u(oom) " <..>+,u(ooo---o) % (o)
T u(esy ploe) N

— Fy(n+ Du(es) + Fo(n + 1)p(oe).
On the other hand, the definition of a measure p implies there is an « such that

Fo(ﬂ)

o= forn > 1.
Fi(n) B

Note that « is independent of n. Q*h({1}) = 0 gives
u(s®) = (2A— D)p(oe).
Moreover Q*h({1,2}) = Q*h({1,3}) = 0 yields

AN —2 An—1
c=n-1 w RO=mmrmon

From these, we have

h({0,1,2,...,n}) — h({1,2,....,n}) = 2\ = 1) u(ce)Fi(n+ 1) + apu(ce)Fi(n+1)
=2A—1+a)u(ce)Fi(n+1).
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We let
B B AN+ 1)(2A—1)
d=2—-14+a= D1
Remark that
5= 1
Fi(2)

From the above observations, we have

h({0,1,2,...,n}) — h({1,2,...,n}) = (5~ -0) = du(ce)Fi(n + 1).

Similarly

h({1,2,...,n,n+1}) —h({1,2,...,n}) = u(eo---0) =du(ce)Fi(n+1).
Therefore we obtain

AT DT (AU — AA)| = 206u(c0) Faln + 1),

€A y:|ly—z|=1

where A ={1,...,n}.
Case B. For k € {2,...,n— 1}, we see

h({1,2,...,n}\ {k}) — h({1,2,....,n}) =u(6--0) — (G0 x5 --0)

__MX(.%)
O

= — Fy(k) x Sp(oe)Fi(n+1—k)
=—aF (k) x6u(ce)Fi(n+1—k).

The third equality comes from the definition of a generalized renewal measure p. The

fourth equality is given by the definition of Fj(k) and a similar argument of Case A.
The definition of « gives the last equality. So we have

h({1,2,...,n}\ {k}) — h({1,2,...,n}) = —adu(oe)Fy (k) Fi(n + 1 — k).

For k =1 or k = n, a similar argument in Case A implies

h({1,2,..., 03\ {k}) — h({1,2,...,n}) = —du(ce)Fi(n).
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Therefore

n

h({1,2,...,n}\{k}) — h({1,2,...,n})

k=1

= —26u(ce)Fy(n) — adu(oe ZFl VP (n+1—k)

:-5#(0. [2F1 —|—OéZF1 Fl n"'l_k)]

From these results, we see that

Q*h({1,2,...,n}) =du(ce) {QAFl(n +1)— {2F1 +a Z Fi(k)Fi(n+1— k)}} :
for n > 2. Then Q*h({1,2,...,n}) =0 (n > 1) and Q*h({1,3}) = 0 give

Lemma 2.2.7. Let o = (4\ —2)/(4\ — 1). Then

INFI(n+ 1) = 2F(n +aZF1 VFi(n+1—k) (n>2),
Fi(1)=1.

We introduce the generating function to get Fj(n) explicitly:

u) = Z Fi(n)u

By using Lemma 2.2.7, we have the following quadratic equation:
ag?(u) — 2]\ + (a — Dulo(u) + 2 u + [a — 24+ 2\F((2)|u? = 0. (2.3)

The nonnegativity of the discriminant of this equation with u = 1 is equivalent to

AN3 —TA2 =20+ 1
(A+a—1)2—a[2A+a—2+2AF1(2)}: e > 0.

So we let )\EHL’z) be the largest root of the following cubic equation:
AN — TN =20 +1=0.

From Eq.(2.3) and the definitions of o and F}(2), we have

a[gzﬁ(u)—u]:)\—u—)\\/l—%—i—/\z(+2+1). (2.4)
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Here we present a useful formula to expand Eq.(2.4) in a power series in u:

\/1—s+ [2(11;4_%)}232:1—icns”, (2.5)

with ¢; =1/2 and

Cn

_LU n n
- 277,71(1_'_5)71 ( ;ﬁ) ( 22)7

where v(n, 3) is Gauss’s hypergeometric series of the form

v(n,B) = F(=(n—-2),-(n=1),26)  (n=>2)

Let
B 2u

204+1—-vVar+1
s= and 6= ) )

for A > AQH”). It is remarked that 0 < 8 < 1 for A > AéH“). By using Egs.(2.4)
and (2.5), we have

Lemma 2.2.8. For \ > )\EHL’Q),

203 v(n, )
F = fc > 2
1(n) o DAT AT or anyn > 2,
Fi(1) =1,
where
D=2 21— VINET o

T o1 2\ )
v(n,B) = F(—=(n—2),—(n—1),2;8).

Next we will show here the positivity of fi(n)(= Fi(n)—Fi(n+1)) by the explict
form of F}(n) in the above lemma. (A different approach appeared in pp.708-711 in
Liggett.?) A similar proof is applicable to the case of f-contact process. See Katori
and Konno.*

The hypergeometric series v(n, 3) satisfies the following iterative equation: for

n>1,
(n+2)v(n+2,8)—2n+ 1)1+ B)v(n+1,8) + (n— 1)(1 - B)%v(n,8) =0, (2.6)
with v(1,8) = v(2,8) = 1. Let

_v(n+1,8)
an(B3) = o(n, B)
By Eq.(2.6) and the definition of a, (), we have
(n+2ara(8) = 2+ D1+ B) + (0= VA= FF =0 (=D, @7)

with a1(8) = 1. Then we have
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Lemma 2.2.9. For \ > )\EHLQ),

(1) a1(B) =1< az(B) < < an(B) < ant1(B) < -+,
® Tim an(0) = a.(8) < A(1+ ),
(3) an(B) < M1+ pB) for anyn > 1.

Proof. Using Eq.(2.7), we begin by computing

anp1(B) — 1=

@0+ D)1+ 8) = (= 1)(1 = B> — = — (n+2)|

1
n+ 2 an ()
1

= (n+ 2)Aan(B) {)\{(n —1)+(2n+ 1)ﬁ} (an(ﬂ) _ 1)

+(n—DA+(2n+ 1)5{)\ — 27;111 }} :

Noting that A > (n—1)/(2n+1) for n > 1 and A > AFL2) e see that if an(B) > 1
then a,41(8) > 1 for n > 1. Then we have

an(B) >1 for any n > 1, (2.8)

since a;1() = 1. Next we use again Eq.(2.7) to get

tnr2(B) — ann(8) = —— [@n +3)(1 + )~ n(1 - P — ]

n—+3 an+1(8)
- g[en D+ - - -8 ]
n(1 — B2 |ans1(8) = an(B)]
- n+3 an(B)an+1(8)
T ;&:g;an(m [{onm -1+ {1- (111[2 il

(2.9)
Noting a,(3) > 1,i.e., Eq.(2.8), and 1 > (1 — 8)?/(1 + ) for A > AL e prove
that if ay,+1(6) — an(B) > 0, then ay42(6) — any1(B) > 0 for any n > 1. Applying
Eq.(2.8) to n = 2 gives a2(f) > 1. Combining this result with a;(5) = 1 implies
az(B) — a1(B) > 0. Therefore we have a,+1(8) — an(8) > 0 for any n > 1. The proof
of part (1) is complete.
Using part (1), we let a.(8) = lim,— o0 an(B) € [1,00]. Then Eq.(2.7) implies
that a.(() satisfies the following quadratic equation:

flx) =Xz? =2X(1 + Bz + B =0, (2.10)
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since A(1— )% = 8. We should remark f(0) = 3 > 0and f(1) = —[A+(2A—1)8] <0
for A > )\éHL’Q)( > 1/2). So a.(B)( > 1) is larger root of Eq.(2.10). On the other
hand, a direct computation shows A\(1 + ) > 1 and f(A(1 + 3)) > 0. From these
facts, we obtain a.(3) < A(1 + ) for A > )\gHL’Q), immediately. So the proof of part
(2) is complete. Part (3) comes from parts (1) and (2).

From now on we will turn to the proof of the positivity of fi(n)(= Fi(n)—Fi(n+
1)). By using the explicit form of Fj(n) (see Lemma 2.2.8), we see that fi(n) > 0
is equivalent to a,(8) < A(1 + () for any n > 2. So from Lemma 2.2.9 (3), we have
fi(n) >0 (n > 2). On the other hand, a direct computation gives

2A(4\ — 3) 3
1) = Fi(1) - Fi(2) = >0 A > AHL2) 5 2y
Therefore we obtain the desired conclusion: fi(n) > 0 for any n > 1.
Here we present the lower bound pE\HL’2) on py in an explicit fashion. By using
(HL,2) .
(1), py can be given by
HL,2 1 1

i—O:1 Fy(n) #(1)’

for A > A5 From this and Eq.(2.3), we obtain

)\+a—1+\/(>\+a—1)2—a 2\ +a — 2+ 2\Fy(2)
20+ a — 2+ 2)\F1(2)

HL,2
Px = PE\ ) =

for A > AHE2)

2.3. Correlation Identities and Inequalities

In Sections 1.2 and 1.4 we gave some correlation identities. (See Theorems 1.2.3,
1.2.5, 1.4.1 and 1.4.2.) This section is devoted to other types of correlation identities.
So using them and assuming some correlation inequalities which appear in this section,
we obtain easily the first Holley-Liggett bounds. Moreover we consider a similar story
concerning the second ones.

2.3.1. First bound

Fork>2andn; >0(i=1,...,k), we let J(ny,ne,...,nk) be the probability of
having I’'sat n1 +1, n14+ns+2, ..., ny+ns+---+nx_1+k—1and 0’s at all other
sites in [1,mn1 +ng + -+ + nx + k — 1] with respect to the upper invariant measure
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vy. That is,
J(nl,nz,...,nk)
ni no Nk
</—/“\ —~N = /A\)
=V)|©6+-+--0®@0:--0@0.,..000---0

£z
—EVA(H{H [1—n(ng+- +ni—1+qi+i_1)]Xﬂ(n1+"-+ni—|—i)}
=1 q;=1

X { ﬁ [l—n(nl+---+nk_1+qk+k—1)]}>.
For example,
J(0,0) = va{n:n(1) = 1} = vx(®) = px,
J(1,2) = vafn :n(1) = (2) =1,1(3) =

(
_ n(1) =0,n(2)=1,n3) =n
1.2, = { 1(5) = Ln(6) = n(7) = n(8

= y/\(oooooooo),

Using Theorem 1.2.5 for A = {1,2,...,n}, we have
A7.({0,1,...,n)) —ﬁ/\({l,...,n})} +A[m({1,...,n,n+ 1) —EA({l,...,n})]
3 [Pl (kD) = ({1 )] = 0.

So the definition of J(n1,n2) gives the following correlation identities.
Lemma 2.3.1. Forn > 1,
2AJ(n,0) =Y " J(k—1,n— k),
k=1

that is,

2 vy(o---0e) = V(o 0eb

Exercise 2.3. Show that, when n = 1, this lemma gives

2 vy (ce) = vy (o). (2.11)

Exercise 2.4. By using
va(oe) =vxr(e) —va(ee),
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and Eq.(2.11), show that
(2A — 1)vy(e) —2Avy(ee) = 0.
This equation is equivalent to Corollary 1.2.4 (1) in Chapter 1.

Next we introduce the following conjecture to get the first bound by the Holley-
Liggett method.

Conjecture 2.3.2. For m, n > 1,
J(0,0)J(m,n) < J(m,0)J(n,0),

that is,
m n

—~ .~

m n
0---0)<wy(o---o0e)uy(o---0e).

va(e)uy(o---oe

Remark. Liggett® gave the following argument: if for any m, n > 1,

m n m n

UA(@)A(G 005 0) > 1y(5 - O e)y (5 De),

then the Holley-Liggett method does not hold. So he concluded that there are m,
n > 1 such that

m n m n

V)\(o)y)\(mom) < z//\(m o)yA(m ).

Compared with his conclusion, our conjecture is very strong. Moreover our recent
results based on Monte Carlo simulations suggest that the above conjecture is correct
for small m and n,° for example, (m,n) = (1,1), (2,1), (1,2), (2,2).

Exercise 2.5. Show that
J(0,0)J(1,1) < J(1,0)?

is equivalent to
pr(0)px(012) < pA(01)%,
That is,

va(®)vp(oeo) < vy(oe)?

is equivalent to
V)\<O)I/)\(OOO) < V)\(OO)Q.
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In fact, even when m = n = 1, the correlation inequality in Conjecture 2.3.2 is
interesting. The reason is as follows. From the Harris-FKG inequality, we have

va(ee) > vy(e)?, (2.12)

and
I/A(OO) 2 l//\(0>2. (213)

Concerning the Harris-FKG inequality, see Chapter II in Liggett,® or page 21 in
Konno.® We can rewrite Eqgs.(2.12) and (2.13) by using the conditional probability:

l/A(o|o) ZV)\(O), (214)

and
I/)\(Olo) ZV)\(O), (215)

where

va(ele) = wv{n:n(1) =1]n(0) =1},
va(elo) =wa{n: n(1) = 0]n(0) = 0}.

Moreover, in our setting, the following correlation inequalities were proved by Belitsky,

Ferrari, Konno and Liggett recently:” for any A, B C Z,
Px(ANB)p\ (AU B) = py(A)pA(B), (2.16)

where p,(A) = va{n(z) = 0 for any = € A}. In particular, if we take A = {—1,0}
and B = {0,1}, then we have

I/)\(O)I/)\(OOO) ZV)\(OO)Q, (217)

so this becomes
I/A(o‘oo) > I/)\(O|O), (2.18)

where
va(eloo) =wa{n:n(l) =0[n(0) =n(-1) =0}

On the other hand, when m = n = 1 for the correlation inequalities in Conjecture
2.3.2, we have
va(e)vy(eee) < vy(ee)? (2.19)

that is,
vr(e|ee) <vy(o]e), (2.20)

where
va(elee) =wvx{n:n(l) =1|n(0)=mn(-1) =1}

The interesting thing is that direction of inequality (2.20) is different from those of in-
equalities (2.14), (2.15) and (2.18). From the attractiveness (see page 72 in Liggett?),
we can easily expect that inequalities (2.14) and (2.15) hold, moreover, inequality
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(2.18) also holds. However, concerning inequality (2.20), we can not easily conclude
which sign of inequality is correct. Our estimation by Monte Carlo simulation suggests
that inequality (2.20) holds.

For A > A\. and m,n > 0, define

/“\ /—’\\
B -oeo-..0) J(m,n)
Jm,n) = va(e) = J0,0)

Note that the definition of A. gives J(0,0) = vy(e) = py > 0 for A > A.. By using
J(m,n), we can rewrite the above conjecture as follows.

Conjecture 2.3.3. For A > A\, and m,n > 1,

Let

We should remark that

_ va(o---0e) u(o---oe)
J(n,0) = —————= and F(n+1)
va(e) (o)
Lemma 2.3.1 can be rewritten as
20T (n,0) =Y J(k—1,n— k). (2.21)

By the definition of ¢(u), we see that

S v

Assuming Conjecture 2.3.3, we have

iij(k—l,n u" giz k—1,0)J(n— k,0)u""". (2.23)
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Eq.(2.23) gives
Z J(k—1,n—k)u™ < o(u)?. (2.24)

By Egs.(2.21), (2.22) and (2.24), we have

©*(u) — 2 p(u) + 2Xu > 0. (2.25)
Note that if A > A, then
(1) = f:j(n, 0) = L1 (2.26)
n=0 J(O7 0) P

Because, for A > A, the second equality follows from

o0 n o0 n n+1 n
S (T o) = Z{VA("’O ) — (e o)} —1— lim 1 (60) = 1.
n=0 n=0

From Eq.(2.25) with u = 1 and Eq.(2.26), we have
2Mp3 —2Xpx +1>0. (2.27)
So the continuity and monotonicity of py (see Theorem 1.1.1 (3) and (4)) implies

1

1
- > 9. .
+ 1 2 for A > 2 (2.28)

N | =

Px =

Note that this lower bound on p, is nothing but the Holley-Liggett one. So if we
assume Conjecture 2.3.3, then Eq.(2.28) gives upper bound on the critical value:

Ae < AHD) =9,

Therefore we have the following theorem which corresponds to Theorems 1.4.11 and
1.4.12. This argument appeared in Chapter 4 of Konno.®

Theorem 2.3.4. Assume that for any m,n > 1,

m n m n

UA(0)x (G 085 0) <uy(5 - oe)wy(e o

Then we have
Ae < AHED =2,

1
pa > pY = 4

1
2 42X -

2.3.2. Second bound
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First we recall Lemma 2.3.1: For n > 1,

2)\1/)\(00---0):Zl/)\(o-uooo---o). (2.29)
k=1
Next we let
_ 1/)\(000---0) VA(ooo---o
[ X J @0 O :-:-:-0
Uy Ux . ,

Remark the difference between J(n,0,0) and

vy(eo ... 0)
l//\(O) '

J(n,0) =
(2\ — 1)vy(oe). By using these, we

On the other hand, Q*h({1}) = 0 gives vy (o)

have
n /—f\ ~
I/)\(om) = % X vy(oe) + % X vy(oe)

= J(n,0,0)(2X — L)va(oe) +(n)J(n,0,0)(2X — 1)vy(ce).

So we have
UA(05770) = (2 — D)wa(0e)[L + v(n)] T (n,0,0). (2.30)

By using Eq.(2.30), the left-hand side of Eq.(2.29) is equal to
2X(2)\ — 1wy (o®)[1 + v(n)]J(n,0,0). (2.31)

In the above argument, we used the following relation:
(220 9) (93 — 1)y(n)T(n,0,0
W = (2A = 1)y(n)J(n,0,0).

Next we consider the right-hand side of Eq.(2.29). To do this, we present the following

conjecture which is similar to Conjecture 2.3.2:

(2.32)

Conjecture 2.3.5. For m,n > 1,

J(1,0)J(m,n) < J(m,1)J(n,0),

that is,
m n m n
+0)<wvy(o---oe0)yy(o---0e).

VA(OO)V)\(O---0.0- <
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From now on we assume this conjecture. For k € {2,...,n — 1}, we see
k—1
k—1 n—k —— n—k
A —— va(o---0eo) —_——
va(o---o0eo..0) < S~ Xy (00---0)
va(e®0)

= (22 —1)?v(oe)y(k —1)
x [14+v(n—k)]J(k—1,0,0)J(n — k,0,0).

The first inequality comes from Conjecture 2.3.5. The second equality can be obtained
by Egs.(2.30) and (2.32). On the other hand, for £ =1 or n, Eq.(2.30) gives

n—1
V(00 ---0) = (2X — Dvy(ce)[l +y(n —1)]J(n — 1,0,0).
Therefore by using these facts we have

2M[1 + v(n)]J(n,0,0) < 2[1 +~y(n — 1)] J(n—1,0,0)

+ (2A — 1) vk —1)[1+~(n— k)]

—

e
[
I\

x J(k—1,0,0)J(n — k,0,0).

Then we obtain the following lemma:

Lemma 2.3.6. Assume Conjecture 2.3.5. Then for n > 3,

1+7(n—-1)

237 (n,0,0) < 2[ —

}7(71— 1,0,0)

n—1
+3 [(2)\ _ k= DI+ =R 70 0 0) T — £,0.0),

14+ ~(n)
A\J(2,0,0) = J(1,0,0),
AJ(1,0,0) = J(0,0,0),
J(0,0,0) =1

In the previous section, we obtained
2AFi(n+1) =2F(n +aZF1 (n+1—k).

Comparing with this equation, we present the following two assumptions:

1+~(n—1) 1

(A1) ) =

ie, y(n—1)<~y(n) foranyn > 3.
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(42)
— —k 222 —1
(2r— )2 11)[le+(v§n I oo H for any2 < k <n—1landn > 3.
v(n -
The assumption (A2) is equivalent to
- 1)1 — 2
(A2) vk )L+ y(n — k) < forany2 <k <n—1landn > 3.
1+ ~(n) -1

Under these assumptions (Al) and (A2), Lemma 2.3.6 gives

n—1
20\J(n,0,0) < 2J(n —1,0,0) + « Zj(k —1,0,0)J(n — k,0,0). (2.33)
k=2
Let -
o(u) = Zj(n, 0,0)u" . (2.34)
n=0

In the previous section, we introduced

o(u) = Z Fi(n+ 1)u™tt,

n=0
By Egs.(2.33) and (2.34),
a?(u) — 2[ A+ (a — 1)u} o(u) + 2\u + [a 24 2)7(1,0,0)]u2 >0.  (2.35)

Here we add the following assumption:

(A3) 7(1,0.0) < A(2) = 75 fi)(;i 5

Therefore, under this assumption, Eq.(2.35) gives
ap®(u) — 2| A + (a — Du|p(u) + 2 u + |a — 2+ 20Fy(2) [u? > 0. (2.36)

On the other hand, we consider the relation between py and ¢(1). For A > A., we
begin by computing

n

Lo 1o LS e
ox wvale)  va(e) nz_:o 3 )

since

0o n oo n n+1 n

Yoo R) =Y {nETR) —n(E ) = 1- lim n(59) = 1.
n=0 n=0
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for A > A.. From this and Eq.(2.30),

P —1
1 (A (o) ><21+7 T(n,0,0)
PA
A N (2.37)
2\ — 1 _
= 5 x Y [1+7(n)]T(n,0,0),
n=0

since the second equality comes from vy (e) = 2Avy(oe). Finally we present the next
assumption:

1

(44) 1) < g

for any n > 0.

Under assumption (A4), Eq.(2.37) and the definition of (1) give

1 22—1 >
=< 2.38
R 2A_12«17100 p(1). (2.38)

Taking u = 1 in Eq.(2.36) implies

1 72 1
[a —9 +2)\F1(2)] [m} 9t a—1] [W] ta>0.
Then . )
: _ (HL2)
[m - 51] [m — 52} >0 with & =py > &,
From this and Eq.(2.38), we have

1 (HL,2)
pr=——==&=p, .
(1) *

Therefore, under Conjecture 2.3.5 and assumptions (A1l)-(A4), we have

oy > p(HL 2)
Exercise 2.6. Show that ]
= ) 2.39
10) = 5 (2.39)
Exercise 2.7. Verify that the assumption (A3) is equivalent to
* < (1) (2.40)
-1 =T '

By using Eqgs.(2.39) and (2.40) in exercises above, the following result is obtained:
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Theorem 2.3.7. Assume that for A > \.,

m n m n

(1)  va(oe)vy(o---0e0---0)<wy(o---ceo)uy(o---0e) forany m,n>1,

1
2\ — 1’

(2) Y(2) <1B) < <yn) <yn+1) < <

for any2 <k <n-—1andn > 3,

1+ v(n) T 4AN-1
2 1
< <
4) no1 WSy
where .
vax(ceo ... 0)
+(n) = (n>0)
vy(eeo---0)
——

Then we have
Ae < AHL2) 1,942,

where
AHL2) — qup{A > 0: 403 — 7A2 — 20 + 1 < 0},

and for A > )\((;HL’Q),

A+a—1+\/(A+a—1)2—a 2/\+a—2+2)\F1(2)]

S (HL2) _
PA = P 2N+ a— 2+ 2)\F(2) ’
where AN 2 N1
= d F(2)= _ :
o= ad B =g hm o

Exercise 2.7. Show that the condition (1) in this theorem with m =1 and n = 2 is
equivalent to (1) > v(2).
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CHAPTER 3

DIFFUSIVE 0-CONTACT PROCESSES

3.1. Introduction

The one-dimensional diffusive 0-contact process is a continuous-time Markov pro-
cess on state space {0, 1}Z1. The formal generator is given by

Qfm) = Y A1 =)
@ =D @+ 1) - @ = 0@ — Vne + V] [F07) — F)]
+ > @) (") = f(n)]

YAl

+ > > D)1 —n@)f0™) - f0)),

z€Z! yily—z|=1

where X, 0, D > 0, n"(y) = n(y) for y # z, n"(x) = 1 —n(z), and n™¥(z) = n(y),
n*Y(y) = n(x), n*¥(u) = n(u) otherwise. That is,

001 — 011 at rate A,

100 — 110 at rate A,

101 — 111 at rate O,
1 — 0 at rate 1,
01 — 10 at rate D,
10 — 01 at rate D.

Exercise 3.1. Verify that when 6 = 2 and D = 0 this process is equivalent to the
basic contact process which was discussed in Chapters 1 and 2.

When € = 2 and D > 0, this process will be called the diffusive contact process
in one dimension and considered in next chapter.

The diffusive f-contact process with A, D > 0 and 6 > 1 is attractive, so the
upper invariant measure is well defined:

Va0,p = lim 615(1),
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where §; is the pointmass on 7 = 1 and S(t) is the semigroup given by 2. Then the
order parameter py (¢, D) and the critical value A\.(0, D) are defined as follows:

px(0, D) = vy 0.p{n: n(x) =1},
Ae(6, D) = inf{A\ > 0: px(6, D) > 0}

Exercise 3.2. Verify that if A\, D > 0 and € > 1 then the diffusive #-contact process
is attractive.

Let Y be the collection of all finite subsets of Z!. We define
ox0D(A) =vrgp{n:n(x) =1 for some z € A},

for any A € Y. Next we consider the coalescing duality of the diffusive #-contact
process. The generator of the coalescing dual process is given by

Qh(A)=(2- 0N [h(A U{z—1,2+1}) - h(A)}

€A

FO-1AY Y [aAu{yh) - wa)]

€A y:|ly—z|=1

+ 3 [aan {2}) - n(a)]

€A

DY Y [A(AUh\ fad) — hA)],

vEA yg Arly—a|=1

for any h € Y*, where Y* is the set of all [0, 1]-valued measurable functions on Y.
Therefore if 1 < 6 < 2, then coalescing dualities exist. Remark that Q*oy 9 p(A4) =0
for any A € Y. From now on we assume that 1 <6 < 2.

Exercise 3.3. Verify that the above 2* is the generator of the coalescing dual process.

3.2. Katori-Konno Method

As in the section 1.4, we will give lower bounds on critical values and upper
bounds on order parameters for diffusive f-contact processes in one dimension by the
Katori-Konno method. Some parts of results in this section were given by Sato and

Konno.!

3.2.1. First bound by the Katori-Konno method

Let |A| be the cardinality of A. So we have
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Theorem 3.2.1. Assume that1 <6 <2and D > 0. Let )\gKK’l)(G,D) =1/2. Then
for A > \EEY g, Dy,

ox0.p(A) < h(fgﬁ;”(A) for all A€,

where

2
O+ /02N +4(2 — O)N

[A]
hf\{(egl)(/‘) =1- <a5<1)(9, D)) and 045})(9, D)=

In particular, for any A > 0,

(KK,1) 22A - 1)
< V
PX0.D = Pxo D = (4 — )N+ /0202 1 4(2 — H)A

where x V y is the maximum of z and y.

Exercise 3.4. Verify that when 6 = 2 this result is equivalent to Theorem 1.4.4 in
Chapter 1.

Notice that these results are independent of stirring rate D. From now on we will
sometimes omit 6 and D, and superscript (1) as follows; o, = ozi”(@, D).

Proof. First we should remark that the Harris lemma holds for diffusive #-contact
processes when 1 < 0 < 2.

Step 1. We let h(A) =1 — ol4l.

Step 2. Next we define 0 < a, < 1 as the unique solution of

Q"h({0}) = 0,

that is,
[(2 —0)\a? + O a — 1} (1—a)=0.

Then f(0) = —1 and f(1) = 2\ — 1 implies 0 < i, < 1 for A > 1/2. In fact we have

2
A+ /PA2 + 4(2— O)A

Oy

and let h(A) =1 — o,

Step 3. We check conditions (1)-(3) as follows. For A > 1/2, we have 0 < a, < 1.
So conditions (1) and (3) are trivial. Condition (2) is equivalent to 0 < ol < 1 for
any A € Y with A # ¢. This comes also from 0 < a, < 1.

Step 4. We will give two different proofs; Proof A and Proof B.

Proof A. For k=0,1,2 and A €Y, let

Ap={z e A: {ye A: |y —z| =1} = k}.
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The definitions give A = Ay + A1 + As. Therefore

= Ri(4)
k=0

where

Ri(A) = 2-0x Y [h(A U{e—Laz+1))— h(A)]

TEAL

O-DAY > [rAufyd) - w(a)]

r€AR y:|ly—z|=1

+ 3 [AN{ah) - h(a)]

TEAL

D> > [AAU{h\ ) — h(a)].

TE€AL y¢Aily—z|=1

If Rp(A) <Oforany AeY and k=0, 1, 2, then Q*h(A) <0 for any A € Y, that is,
condition (4) is satisfied. From h(A) =1 — oz' | we have

Ri(A)=(2-0)\ Z [aLA\ _ aLAu{z:—l,a;+1}q

TEAL
+O-A Y Y [al*Al _al*AU{y}l] + Y [aLA' —ozLA"l}
T€AL y:|ly—z|=1 rEAL
= (2—0)A Z [aLA\ B aLA\+2—k]
TEAL
FO-DA Y @Kokt a1 4 3 [alt -l
TEAL TEAL

= |Ak|{(2 - H)A[aLA| — OZLA|+2_ki|
-0 At ] [ttt

= |Ag]odA™ 1{(2 D)\ ax — a2 5] + (2 — £) (0 — DA aw — 2] + [an — 1]}.
Therefore we have

Ro(A) = |Ag|alA! 1{(2—9)A[a*—a2]+2(9—1)A[a*—a3]+[a*—1]}
= [Aglat! Q" n({0}),

Ry(4) = |41l (2 = 9o = a2] + (0~ DAl — 0] + o, — 1]}
= |A;]alA1? [Q*h({o}) (e — D2 — ), + 60— 1}],

Ry(A) = | Al [o — 1],
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From these, we see that

Q*h(A) = Ri(A)
k=0

= |Aola T n({0})
4] A oA [Q*h({O}) F s (oe — 1D){(2 = 0)a, +0— 1}
+ Ao e, — 1)
By Q*h({0}) = 0,
O h(A) = |A; | A (an — 1){(2 —f)a, + 6 — 1} 4 1AM a, — 1)
— o a, — 1) [|A1]>\a*{(2 — O, +0—1}+ \Azq.
Therefore 0 < ai, <1 and 1 <6 <2 imply Q*h(A) <0 for any A € Y. So the desired
result is obtained.
Proof B. This proof is the almost same as Proof A. We let
Aveo ={z€A:x—1,2+1¢ A},
Avee ={z€A:x—1¢ A x+1€ A},
Aeeo ={z€ Az -1 Ax+1¢ A},
Agee ={z€A:x—1,2+1€ A}.

Remark that
AOZA0007 A1:Aooo +A0007 A2:Aooo-

By using these and a similar computation in Proof A, we have
QVh(A) = |Aoeoad T R({0})
{ |A|—1 [~
L Aee] + on..|}@* [Q h({0}) + A (s — D{(2 — O)as + 6 — 1}]
|A|—1

+|Aeee|ai o —1].

The rest of proof is the same as Proof A, so we will omit it.

3.2.2. Second bound by the Katori-Konno method

Let b(A) be the number of neighboring pairs of points in A, that is,
b(A)={x € Z: {z,x+ 1} C A}|. Then we have

Theorem 3.2.2. Assume that 1 <0 <2 and D > 0. Let

D+1
2D +1°

AFE2(9, D) =



60 Lecture Notes on Interacting Particle Systems

Then for A > )\EKK’Q)(G, D),
oxno.p(A) < WSS () forall Acy,
where

hg\ffegz)(A) 1 (Oéiz)(Q,D)>|A| ( £2)(9,D)>b(A) 7

with 0 < aiz)(H,D) < 1, ﬁiQ)(H,D) > 1, and a&z)(ﬁ,D), iQ)(H,D) are the unique
solutions of

Q*h({0}) = —(2—OA®3% —2(0 — DAa2B+ (DA + D)a— 1 =0,
QO*h({0,1}) = Aa®B? — [)\ +D+ 1} a3 + a [1 + Da] —0.
In particular, for any \ > 0,
pr(0, D) < (0, D) = (1 - ol (6, D)) v 0,

where x V y is the maximum of z and y.

Unfortunately, the explicit forms of 04&2)(0, D) and Biz)(Q, D) are complicated, so
we omit them. As a special case of this theorem, when D = 0, we get the following
result;

Corollary 3.2.3. Assume that 1 <0 <2 and D = 0. Let )\((;KK’Q)(Q) = 1. Then for
A > A2 (),
(KK,2)
0')\,9<A) < h)\ﬁ (A) for all A € Y,

where
KD 4y _q A 4IToN2 + (3 —20)) — (2 — 0)1"™
2,0 N 0N+ (3—20)\—(2—-10) A2 '
In particular, for any A\ > 0,
1 9 _
ox(0) < pg\KK,Z)(0> _ (=1 +2-0) Vo

SN2+ (320N —(2-0)

Exercise 3.5. Verify that when 6 = 2 this result is equivalent to Theorem 1.4.6 in
Chapter 1.

In the non-diffusive case (D = 0), combining this corollary (upper bound) with
Corollary 3.3.2 (lower bound) implies that for any A > A,

AOA+2 — 0) L1230 -0r+(-0)
WA 32 —0r—(2-6)| T (2—0)

A—1(A+2-96)
gp)\(e) < 9)\2+(3—20))\— (2_‘9)’
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where ). is the largest root of the cubic equation:

ON° — (30 —2)A* —=3(2—-0)A+(2—6) =0.

Proof of Theorem 3.2.2.
Step 1. We let h(A) = 1 — alA135A),
Step 2. Next we define 0 < a, < 1 and (3, > 1 as the unique solutions of

Q*h({0}) =0,
Q*h({0,1}) = 0,
that is,
(2—NA>32 +2(0 — D)Aa?6— (A +1)a+1 =0, (3.1)
AP 3% — [A+D+1}a25+a[1+pa] —0, (3.2)

for A > )\9 (0, D). First we consider the definitions of a, and f.. To do so, we let
w = af. Egs.(3.1) and (3.2) can be rewritten as

(2= O w® + 0 w — 1] (w—1) =1 -3, (3.3)

(Aw —1)(w—1) = Da(f — 1), (3.4)
respectively. Combining Eq.(3.3) with Eq.(3.4) implies that w satisfies the following
equation of fourth order: (w — 1)f(w) = 0, where

f(w) = (2 = O)Nw + 20 — DA+ (6 — 2)(1 + D)) \w?

3.5
—[OA+ (20— 1) + 0D]Aw + OA + 1 + D. (3:5)

So it is easily checked that
D+1
1 — A>A\EED D)= =

where A <= B means that A is equivalent to B. Note that f(0) > 0. So if A >
)\9)(0, D), we see that there must be only one root in the interval (0,1). We will use
w, for this root. The definition of it gives 0 < w, < 1 for A > )\gz)(Q,D). Using
Eq.(3.3) and w,, we define (3, as follows:

Bs = [M(2 = O)ws + 0} (1 — w.) + 1w, (3.6)

Since 0 < w, < 1 and Eq.(3.6), we see B, > 0. So from w = af, we let

Wi
O = —. (3.7
A )
Since [, w, > 0 and Eq.(3.7), we have a, > 0. To prove Theorem 3.2.2, we prepare
the following results.
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Lemma 3.2.4. We assume 1 < 0 < 2 and D > 0. Let A > )\EKK’Z)(H,D) =
(D+1)/(2D +1). Then

(1) 0<a, <1,

(2) B > 1,

(3) 0<w <<1)A1
*x _= A )

where x A y is the minimum of x and y,

(4) 0<onf?<l.

Proof of Lemma 3.2.4. Eq.(3.1) can be rewritten as
Aw[(2 = 0)w + 0)(w —1) = B(a —1). (3.8)

By Eq.(3.8), if w, § > 0, then

sgn(1 —w) =sgn(1 — ), (3.9)
where sgn(z) =1ifz >0, =0ifx =0, = —1if x < 0. By Egs.(3.3) and (3.4),
A[(2—=0)w+0—1](w—1) =[1+ Daj(1 - 3). (3.10)

So, by Eq.(3.10), if w, a > 0, then
sgn(l —w) =sgn(p —1). (3.11)
Combining Eq.(3.9) with Eq.(3.11) implies that if «, 5 > 0, then
sgn(l —w) =sgn(l —a) =sgn(f — 1). (3.12)

So the proofs of parts (1) and (2) follow from s, B« > 0 and w, < 1. Next, by the
assumptions and a direct computation, we get

f(l) =—(2_9)+A(9_1)AD<0.

From this fact and w, < 1, part (3) is obtained. To show part (4), we observe that
Eq.(3.3) gives

l1-af?=1-wf=[w-1[(2- 0’ + 0 w* —w—1].



Diffusive 0-Contact Processes 63
Let g(w) = (2 — ) w? + 0 w? — w — 1. So it is enough to show g(w,) < 0. Then we

have 1 1—-NA+2-10
NG ISR

A

and
g(1) =2(A—-1).

In the case of A > 1, from part (3), g(1/\) <0, and g(1) > 0, we get g(w,) < 0. On
the other hand, when )\((;2)(9,D) < A < 1, we see that g(w,) < 0 follows from part
(3), g(1/X) > 0 and g(1) < 0. So the proof of part (4) is complete.

This lemma (1) and (2) complete Step 2.

Step 3. We check conditions (1)-(3) in the Harris lemma by using Lemma 3.2.4.
Assume that A > A&EK:2)(9 D). Condition (1) and h(A) < 1 in condition (2) are
trivial from Lemma 3.2.4 (1) and (2). The positivity of h(A) for non-empty set
A €Y is equivalent to a|A|6b(A < 1. This also comes from Lemma 3.2.4 (1) and (2).
On the other hand, we have b(A) < 2|A| for any A € Y. Combining this result with
Lemma 3.2.4 (2) and (4) gives

ol < (a2 < 1,
for non-empty set A € Y. Similarly, for condition (3), we get
h(A) >1— a1 > 1 — (a,52)14,

So h(A) — 1 as |A| — oo is due to Lemma 3.2.4 (4) and h(A) <1
Step 4. As usual, we will give two proofs; Proof A and Proof B.
Proof A. For any A €Y, we let

Ar={zecAd:|{ycA:|ly—uz| =1} =k},

where £k =0, 1, 2. Then
2
A) = Z Ry (A)
k=0

where

Ri(A)=(2-0A Y [h(A U{z—1,2+1}) — h(A)]

TEAL

O-DAD > [rAaufyd) - w(a)]

€A y:|ly—z|=1

+ 3 AN fa}) - a(a)]

€A

D> > AU {h\ ) - ha)].

rC€AR y¢ Arly—z|=1
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To check condition (4) in the Harris lemma, it is enough to show that Ry (A) <0
fork=0,1,2and A€Y.
(i) Ro(A) : Using Eq.(4.1) and b((AU {y}) \ {z}) > b(A) + 1 forz € Agand y ¢ A
with |y — z| = 1, we have
Ro(A) <Aoo 82V (1= 8) M 8. { (2 — ) 5.2+ B.) +3(0 — 1)} +3D]. (3.13)
Combining Eq.(3.13) with Lemma 3.2.4 (2) gives Ry(A) < 0.
(ii) R1(A) : Similarly we have
|A[ 5b(A)—1 2
Ri(A) < |Aj|a™' By (1 = B.)(Aawfs + D). (3.14)
Combining Eq.(3.14) with Lemma 3.2.4 (2) gives R;(A) < 0.
(iii) R2(A) : As in the previous cases, we have

Ry(A) = Aol g0V 2 (0, 52 — 1). (3.15)

So R2(A) <0 follows from Eq.(3.15) and Lemma 3.2.4 (4).
Proof B. As in the Proof B of the basic contact process, we divide A into the following
9 disjoint subsets:

Acoeco ={x €Az -2,z —1,x+1,z+2¢ A},

cosce ={r €Az -2z —1lz+1¢ A x+2¢ec A},
ececo ={r€A:x—2cAx—1l,x+1,x+2¢ A},
ecece ={x€A:x—2cAx—1l,x+1¢ A x+2€c A},
cosex ={r€A:x—2x—-1¢ A x+1¢€ A},

xeeoo ={r€A:x—1€Az+1,x+2¢ A},

eceex ={rE€EA:x—2cAx—1¢ Axz+1¢€ A},
weece ={rxEA:x—1€eAx+1¢ A x+2¢e A},
Axesex ={r€cA:x—1€cAz+1ec A}

SN NS

B s o

We begin by computing
Qh(A) = [Asousola ™! BN Q" R({0})

{1 4coucel + [Auouoo| pal a2

X |2 R({0}) + Aa2B.(1— B.){ (2~ )auB. + 0~ 1} + Dan(1 - 8.)]
+ | Auoeoe a1 g2 [Q*h({O}) 4200 — DAa2B.(1— 5.)

+ (2= 0)AaB2(1 = 42) + 2Dan (1 - 6.)]

F{loorund + Aseosl Jal 2620 20 n({0,1))
{1 Aucuur] +14xauce| faltI72 I

« [%Q*h({o, 1)) +a2(1 = A)(Aaw? + D)]

+ |A>< eoe X |04LA‘_162(A)_2 (a*ﬁf - 1)-
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Therefore Q*h({0}) = Q*h({0,1}) = 0 implies that

Qh(4) = {|Asonca| +[Aucuco| falI 7 gL
X [Aaiﬁ*(l . @*){(2 —)af. +0— 1} + Da,(1— 5*)]
+|Aeoeoelalt Tl go
x |26 = D)2a2B.(1 = B) + (2~ H)MalB2(1 - B2) + 2D (1 - 6.
{1 Avouar |+ [Axaeod pal 2B a2(1 - 8,) (M0 82 + D)
+ |A>< 000 X |04L<A|_1 >l:(A)—2 (a*ﬁf - 1)-

By Lemma 3.2.4 (2) and (4),i.e., 3, > 1 and a,f3? < 1, we have Q*h(A) < 0 for any
A €Y. So Proof B is complete.

3.3. Holley-Liggett Method

In this section we consider non-diffusive f-contact process, i.e., D = 0. So in the
rest of this section we assume that D = 0. By using the Holley-Liggett method, we
will get lower bounds on survival probability oy (A) for the coalescing dual process of
the 6-contact process. From now on we will omit # in some notations, for example,

AHL) _ \(HL) gy

The following result is obtained by Katori and Konno.?

Theorem 3.3.1. Let )\((;HL) be the largest root of the cubic equation:
0N — (30 —2)A* —=3(2—-0)A+(2—0) =0.
Then for A > A1),
W (A) <ox(A)  forall A€,

where
hg\HL)(A) =pu{n:n(z) =1 for somez € A},

for a renewal measure p on {0,1}% whose density f is given by Q*hE\HL)(A) =0 for
all A of the form {1,2,...,n} (n > 1).

This result corresponds to the first bound by the Holley-Liggett method in the case
of the basic contact process (see Section 2.2). So when # = 2, Theorem 3.3.1 is
equivalent to Theorem 2.2.1.
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Sketch of Proof. As in the case of Chapter 2, we need the following 4 steps.

Step 1. First we choose a suitable form of hE\HL)(A).

Step 2. Next we decide hg\HL)(A) explicitly.

Step 3. Third we check conditions (1)-(3) in the Harris lemma.
Step 4. Finally we check condition (4) in the Harris lemma.

In this sketch, we will show only Steps 1 and 2. Concerning Steps 3 and 4, see Katori
and Konno.?
Step 1. We choose h of the form

h(A) = u{n :n(x) =1 for some x € A},

for a renewal measure p on {0, 1}Z.
Step 2. We decide the density f so that

O*h({1,2,...,n}) =0,

for any n > 1, where

Qh(A) = (2- 0N [h(A U{z—1,2+1})— h(A)]

€A

O-DAY. D [MAU Y - h(4)]

€A y:ly—z|=1

+ 3 [RAN ) - h(a)]

TEA
The definition of 2* gives

Q°h({1,2,...,n})
_Zz— [{1,2,...,n}u{k—1,k+1})_h({1,2,...,n}>}

+Z _1) [ {1,2,...,n}u{k—1})—h({1,2,...,n})]
+Z ~DA[B({L 2,0} U gk 4 1)) ({12 )]

+Z[h({1,2,...,n} \ {k}) - h({1a2>---v”}>]
k=1

Then we consider two cases, that is, A= {1} and A ={1,...,n} forn > 2.
(i) A={1}. We see that

Qh({1}) = (2 - A h({0.1,2}) — h({1})]
+2(0 = DA [h({1,2}) = h({1})]
+ |h(e) = h({1})].
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Remark the following relations as in the case of Chapter 2:

h({1,2,3}) =1 — p(coo0),
h({1,3}) =1 — p(oxo),
M({1,2,3}) — A({1,3}) = (o x0) — p(000) = (ceo),

Then we have
Q*R({1}) = (2= ) Au(coe) + OApu(ce) — u(e) = 0. (3.16)

Furthermore, for A > 0 with p(e) > 0, we let

M(T;/';O\ °)
Py =222 =)
By using this and Eq.(3.16), we have
(2= O)AF(3) + OAF(2) = F(1). (3.17)

(i) A ={1,2,...,n} for n > 2. As in the case of the basic contact process in Chapter
2, we have

n

Oh({1,2,...,1}) = u(e) [QAF(n +1) =Y F(k)F(n+1- k)],
k=1

for n > 2.
Therefore Q*h({1,2,...,n}) =0 for any n > 1 implies

Lemma 3.3.2.
(2—0)AF(3) + OXF(2) = F(1).

IAF(n+1) = i F(k)F(n+1—k) (n>2).

Next we introduce the following generating function to get F'(n) explicitly;

¢(u) = F(n)u".

Note that F'(1) =1 is equivalent to

dep(u)

=1.
du

u=0
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Let 5 9
==+ 0-1
r=5 ot (3.18)
y=(2-0)+ 0\
So ¢(u) satisfies
2y 2y 1—2z
2 2
_ = 1
Exercise 3.6. Verify that this equation is equivalent to
$2 (1) — 22p(u) + 22 + [2/\F(2) - 1} u? =0, (3.20)
The unique solution of Eq.(3.19) is given by
2
Y 1+ 1—x 1+
= 1—4/1-2 — 2 . 3.21
d(u) 1+ \/ Y Y 4(1+az)( Yy u> ( )

From now on we assume that 0 <z <1 and y > 0. Let

Yy
U4 = )
1 +z+ 20 +a)

so u_ < 0 < uy. In fact the function (3.21) is real analytic only when u_ < u < uy.
This implies that if u; < 1 then there is no real solution F'(n) which is summable,
since Y o2 | F(n) = ¢(1). On the other hand if uy > 1, i.e.,

y>1+z++/2(1+2), (3.22)

then we can obtain a real solution F'(n) by expanding Eq.(3.21) in a power series in
u, which satisfies

1 1 — 2
112ty o o) (3.23)
y y

(e @]
Z F(n)u™ = i
1+zx
n=1
We should remark that uy > 1, ie., y > 14+ 2z + /2(1 + z) is equivalent to

(A + #) [0A* — (30 —2)A* —=3(2— )X+ (2 —0)] > 0. (3.24)

This inequality is equivalent to the nonnegativity of the discriminant of Eq.(3.19) (or
Eq.(3.20)). If A > 0 and 1 < 0 < 2, then Eq.(3.24) gives the following cubic equation
in Theorem 3.3.1:

OX3 — (30 —2)A%2 —3(2— 0N+ (2—6) > 0.
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So we take )\EHL) as the largest root of the above cubic equation.
Exercise 3.7. Verify that when 6 = 2 the above inequality becomes A(A — 2) > 0.

Here we present useful formula to expand Eq.(3.23) in a power series in u. If

0<x,5<1, then
1 172 5y Eood n
— 55— ——52=1— s
41+ z) e
n=1

with

N | —

1 2 \"* . .
and d, = 201 (H—x> ez(n—2)tpv(n’ 6—2290) (n > 2),

X 1+ .\/1—:13
1P _
e \/ 9 41 5

and v(n, z) is Gauss’s hypergeometric series of the form

where

v(n,z) =F(—(n—2),—(n—1),2;2) (n>2).

Let w(l,z) =1 and
n/2—1
1 . .
w(n’ x) = <¥) 61(7“2)901)(71, 672“0) (TL Z 2)

Applying the above formula to Eq.(3.23), we have

Lemma 3.3.3. If 0<z<1landy>1+x+ +/2(1+ z), then

F(n) = (n>1).

Therefore we can obtain the density f(n)(= F(n) — F(n + 1)) by Lemma 3.3.3
immediately. The proof of the positivity of f(n) comes from the explicit form of F'(n)
in Lemma 3.3.3. See Katori and Konno? for details. So Steps 1 and 2 are complete.

To get pg\HL), we return to Eq.(3.20):
$2(u) — 22\(u) + 2hu + [2/\F(2) - 1} u? = 0.

Using Lemma 3.3.3, we get

(3.25)
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Combining Eq.(3.20) with Eq.(3.25) gives

2—-0)(A—1)
(u) — 2X 2+ L >=0. 3.26
6°(u) ~ 206(u) + 20+ TR (3.26)
We should remark that the above equation can be also given by Eq.(3.19). Noting
1 1
P = (o) = = (3.27)

21 F(n) ¢(1)’

we have

2-0)A=1)7¢ L)\ (HL) | 4 _
2\ + 9A+(2_9)HPA b2 s 1 =0,

In this way we obtain the following corollary of Theorem 3.3.1.

Corollary 3.3.4. Let )\EHL) be the largest root of the cubic equation:
ON° — (30 —2)A* —=3(2—-O)A+(2—0) =0.

Then for A\, < )\ﬁHL), we have py > pE\HL), where
(HL) _ )\(9)\+2—9)
PR T o132 -0)A— (2-0)
1+l ON3 — (30 —2)\2 —3(2—-0)\+ (2—0)
A OX+ (2 —0)

Exercise 3.8. Verify that when § = 2 this lower bound pE\HL) becomes the first

+/11
4 2\

3.4. Correlation Identities and Inequalities

bound for the basic contact process:

N |

As in Section 2.3, we obtain easily the first Holley-Liggett bound by using corre-
lation identities and assuming correlation inequalities for non-diffusive case (D = 0).
Recall that for kK > 2 and n; >0 (i =1,...,k), we let J(ny,na,...,nk) be the prob-
ability of having I’'sat ny +1,n1+ns+2, ..., n1+no+---+nr_1+k—1and 0’s
at all other sites in [1,n1 +ng + -+ -+ ng + k — 1] with respect to the upper invariant
measure vy. That is,

J(nl,ng, <o ,nk)
ni n2 Nk

</—’¥\ —~N = /“\)
=vy(o---0e0c---000...000---0

k—1 n;g
ZEUA(H{HU—H(M+---+m—1+q7;+i—1)] ><77(711+"'+m—|—i)}

><{ﬁ[1—77(ﬂ1+---+nk—1+Qk+k—1)]}).

qr=1
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For example,

J(0,0) =uva{n:n(1) =1} = vir(e) = pa,
J(1,2) =va{n:n(1) =0,n(2) =1,n(3) =n(4) =0} = vy(ceoco),
_ n(1) =0,n(2) =1,1n(3) =n(4) =0,
71,2,3) ’“{"” (5) = Ln(6) = n(7) = n(8) = 0 }

=v)(ceocoeoco00).

So the definition of J(n1,n2) gives the following correlation identities.

Lemma 3.4.1. Forn > 2,

(1) 2\J(n,0) =Y J(k—1,n—k),
k=1
that is,
n n k—1 n—=k
2)\7/)\(0-..0.): ]/A(o...o.m)‘
k=1
And
(2) (2 = O)MJ(2,0) + OAJ(1,0) = J(0,0),
that is,

(2 - ‘9))\1/)\(000) + 9)\1/)\(00) = V/\(O).

For A > A\, and m, n > 0, define

Note that the definition of A, gives J(0,0) = vy(e) = px > 0 for A > A.. Here
we present the following conjecture as in the case of the basic contact process (see
Conjecture 2.3.3):

Conjecture 3.4.2. For m, n > 0,

J(m,n) < J(m,0)J(n,0).
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Let -
o(u) = Z J(n,0)u"tt.

n=0

In the previous section we introduced

o(u) = i F(n+ Dyt
n=0
We should remark that
- vy (6"”‘? o) M(e‘:‘? o)
J(n,0) = and Fn+1)=
va(e) p(e)
Combining Lemma 3.4.1 with Conjecture 3.4.2 gives
0% (u) — 2 p(u) + 2 u + [2)\7(1, 0) — 1] u? > 0.
On the other hand, if A > A, then
o(1) = ni:%j(n, 0) = J(Ol, 0) = pi)\
From these we have
[2>\ + {2A7(1, 0) 1}]p§ —2Apy + 1> 0. (3.28)
Next we obtain J(1,0) explicitly. Lemma 3.4.1 (2) is equivalent to
(2 —0)AJ(2,0) + OAJ(1,0) = 1. (3.29)
Applying Lemma 3.4.1 (1) to n = 2, we have
AJ(2,0) = J(1,0). (3.30)
Combining Eq.(3.29) with Eq.(3.30) gives
7(1,0) = m<: 5 - F(z)). (3.31)
By using Eqs.(3.28) and (3.31), we have
[2/\ + (Z;f)((;__;)]pi A+ 1>0. (3.32)
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We should remark that pg\HL) satisfies the equality of Eq.(3.32). By the continuity

and monotonicity of py in A\, we have

N ANOA+2 — 0) L[ —@e—2x 32—+ (-0
P e 32— 0h—(2-0)| X oAt (2-0)

Note that this lower bound on p) is nothing but the Holley-Liggett bound which given
in the previous section. So if we assume Conjecture 3.4.2, then this lower bound gives
upper bound on the critical value:

Ae < AUTH),
where )\gHL) be the largest root of the cubic equation:
OX3 — (30 —2)A2 —3(2— 0N+ (2—6) = 0.

Therefore the following result is newly obtained in these notes.

Theorem 3.4.3. Assume that

m n m n

—~

vr(@)vy(o---0eo--.0) <wy(o---oe)uy(o---0e) forany m,n > 0.

Then we have
A, < A&HL) and = P(AHL) = )\gHL)),
where )\gHL) be the largest root of the cubic equation:
6N — (30 —2)A% —=3(2 -0\ + (2 —6) =0,
and

(HL) AOX+2—0)
PR T N1 32— 0N —(2-9)
1\/9)\3—(30—2))\2—3(2—9))\+(2—9)

1 —
3 A+ (2-0)

X
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CHAPTER 4

DIFFUSIVE CONTACT PROCESSES

4.1. Introduction

The diffusive contact process is a continuous-time Markov process on {0, 1}Zd,
where Z? is the d-dimensional integer lattice. The formal generator is given by

07 = 3 (@ at@hx 3 )+ 0o 76 - fo)

z€Zd y€Z:|y—x|=1

+D Y oz Y A —n)f@™) - f),

r€Zd yeZd:|ly—z|=1

where A\, D > 0, n € {0,1}2°, n®(y) = n(y) if y # =z, n°(x) = 1 — n(z), and
n™(x) = n(y), n*(y) = n(z), n*¥(u) = n(u) if u # z, y. Here || = |z1|+ - + |z4]
for x = (x1,...,24) € Z%. We should remark that the first term of right-hand side is
equivalent to the formal generator of the basic contact process and the second one is
that of the exclusion process. As for exclusion processes, see Chapter VIII of Liggett,*
for example.

This process is attractive, so the upper invariant measure is well defined: for A,
D >0,

Ux.D = tlirglo 518(t),

where §; is the pointmass on 7 = 1 and S(t) is the semigroup given by 2. Then the
order parameter py (D) and the critical value A.(D) are defined as follows:

px(D) = va pin:n(x) =1},
(D) = inf{\ > 0: pr(D) > 0}.

Let Y be the collection of all finite subsets of Z%. We define

oxp(A)=1-E,, , (H (1-— n(w))) = vy p{n:n(x) =1 for some = € A},

€A
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for any A € Y. We let |A| be the cardinality of A and b(A) = [{{z,y} C A: |z —y| =
1} } Note that b(A) is the number of neighboring pairs of sites in A. When D = 0, i.e.,
basic contact process case, Katori and Konno? obtained the following second upper
bounds on order parameters by using the Harris lemma. When D = 0, we sometimes
omit D in some notations, for example, ox(A4), px, Ac. Furthermore this chapter is

devoted to just the Katori-Konno method, so we will omit superscript K K as follows:
A2 \(KK2)

Theorem 4.1.1. Assume that D = 0. Let A2 = 1/(2d — 1). Then for A > AEQ),
oa(A) < hP(A)  forall A€,

where

@) 4) = 2d — 1 Al rod(2d — 1A — 1"
A =1- (2d(2d—1)k—1) ( (2d — 1)2) ) '

Remark that ox(4) < {2 (4) < h{”(A) for all A € Y and ALY < AP < ., where
the first bound is

(1) 1\ 1
h)\ (A) =1- (%) and )\c = ﬁ

Noting px = ox({0}), we have

Corollary 4.1.2. For A > 0,

o _ (2d[2d— 1A~ 1]
< =
PA=Pa (2d(2d—1)>\—1 vo,

where x V y is the maximum of x and y.

We should remark that

(2 o (1) _ 2d\ —1

The first bound pg\l)(D) of the diffusive contact process is equal to that of the basic
contact process, since the stirring mechanisms preserve the cardinality of the set A.
So we have py (D) < pg\l)(D) = pg\l) = [(2d\ —1)/2d)\] v 0. In this chapter we extend
the above second bounds, hg\z)(A) and pg\z), to the diffusive case, i.e., D > 0. The
following result is obtained by Konno and Sato.?
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Theorem 4.1.3. Assume that D > 0. Let

(2d—1)D +1
(2d —1)(2dD + 1)

A2(D) =

&

Then for A > A((;Q)(D),
oxp(A) B (A)  forall A€,

where

A2 (4) = 1 - allgh,
and o, and 3, are the unique solutions of
Q*h({0}) = —2dA\a?B + (2d\ + 1)a— 1 = 0,
Q*h({0,1}) = —2[(2d — D)Aa*B* — {(2d — 1)(A + D) + 1}a?B + a{1 + (2d — 1) Da}
p— 07

with 0 < a, <1, B, > 1. In particular, for \, D > 0, we have

2d\ —1
pD) <2(0) = (1-a)vo (D) = (25 1) vo

This theorem corresponds to the second bound by the Katori-Konno method.
Unfortunately the explicit forms of «, and (. are complicated, so we omit them.
If we consider non-diffusive case (D = 0), then «, and (3, in Theorem 4.1.3 are
equal to those in Theorem 4.1.1: that is, a,. = (2d — 1)/[2d(2d — 1)A\] and B, =
[2d(2d — 1)\ — 1]/[(2d — 1)?\].

On the other hand, De Masi, Ferrari and Lebowitz* and Durrett and Neuhauser®
studied mean field theorem on more general interacting particle systems with the
stirring mechanisms. In our setting, as for critical values and order parameters, the
following results were obtained by Durrett and Neuhauser:®> \.(D) — 1/2d, pA(D) —
(2d\ — 1)/2d\ as D — oo for d > 1. Then, from Theorem 4.1.3, Konno and Sato®
gave

Theorem 4.1.4. Let d > 1. There is a constant Dy > 0 so that if D > Dg,, C' >
1/(2d)?(2d — 1) and

1 C
AT D
th
- (D)<[(1— 1 >2d)\_1}\/0
PAE) = (2d)2(2d — 1)C'/ ~ 2dx '

We should remark that Theorem 1.2 of Konno® showed that if d > 3, then \.(D) —
1/2d = C/D, where ~ means that if C' is small (large) then right-hand side is a lower
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6 is as follows: there are

(upper) bound for large D. Moreover Theorem 1.3 of Konno
positive constants Dy, Cy and 6(d) (depending only on the dimensionality d) so that

if D> Dy, C'>Cy and A — 1/2d = C/D, then

(- 9<;>C> ] Vo<m)

Therefore combining this with Theorem 4.1.4, we have the following corollary imme-
diately:

Corollary 4.1.5. Let d > 3. There are positive constants D, Co and 0(d) (depend-
ing only on the dimensionality d) so that if D > Dy, C' > Cy and

then
(- 9(;)0) 2d2/\d; 1] Vo) s |(1- (2d)2(21i - 1)0) 2d2)\d; 1] Vo,
for any A > 0.

Here we present an interesting open problem:

Open Problem 4.1. If 0 < Dy < D5 then A\.(D1) > Ac(D2) in any dimension. (Of
course, if D is large then A.(D) < A.(D = 0).)

Exercise 4.1. Explain that why we expect the above statement holds.

Finally we would like to discuss about the Holley-Liggett method in the diffusive
contact process in one dimension. By a similar computation as in the case of the basic
contact process, we have

2AF(n+1) + 2DF(n+1) = n F(k)F(n+1—k)+2DF(2)F(n) (n>2),
k=1
2AF(2) = F(1).

Let ¢(u) = i;F(n)u” By using these,
(u)? —2[(A\+ D) — DF(2)u] ¢(u) + 2(A + D)u = 0.

So the nonnegativity of the discriminant of this equation with v = 1 is equivalent to

1
)2 [4M* + 8(D — 1)A* + 4D(D — 3)A* — 4D*X + D?| > 0.



Diffusive Contact Processes 79

(When D = 0, this becomes A(A — 2) > 0.) From this, we let )\EHL)(D) is the largest
root, of
4N* +8(D — 1)A* +4D(D — 3)\* — 4D?*\ + D?.

Then AYD) (D) converges to 1/2 as D — co. However the condition (4) in the Harris
lemma does not hold for large D.

Exercise 4.2. Verify that F'(n) satisfy the above two equations.

This chapter is organized as follows. In Section 4.2, we will prove Theorem 4.1.3.
Section 4.3 is devoted to proof of Theorem 4.1.4.

4.2. Proof of Theorem 4.1.3.

In this section we will prove Theorem 4.1.3 by using the following Harris lemma.
For simplicity, we assume that A\, D > 0 in the rest of this chapter. Let Y* denote
the set of all [0, 1]-valued measurable functions on Y. For any h € Y*, we let

A=A 3 (AU - hA)] + D [aAN {2}) - h(4)]

€A y:ly—z|=1 T€A

DY Y [A(AU{yh\ {=}) - a(4)].

r€Ay¢EA:|ly—z|=1

Note that Q*o\ p(A) =0 for any A € Y.

Lemma 4.2.1. (Harris lemma) Let h € Y* with

(1) h(¢) =0,

(2) 0<h(A)<1 forany A€Y with A+# ¢,
(3) A h(A) =

(4) Q*h(A) <0 forany A€Y.

Then

(5) oap(A) < h(A)  for any A€ Y.

In particular,

(6) pa(D) < h({0}).

In order to obtain upper bound on py(D), we need to look for a suitable upper
bound h(A) satisfying conditions (1)-(4) in the Harris lemma. To do this, we will
need the following 4 steps.
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Step 1. First we let h(A) = 1 — alA13A),
Step 2. Next we decide 0 < o, < 1 and (3, > 1 as the unique solutions of

Qh({0}) = Q°A({0,1}) = 0,

that is,
2d\a*B — (2dA + 1)+ 1 =0, (4.1)

(2d — DAa®B — [(2d — 1)(A+ D) + 1] o*B+ a1 + (2d — 1)Da] = 0, (4.2)
for A > /\EQ)(D). To do so, we let w = af. Egs.(4.1) and (4.2) can be rewritten as

2ddw —1)(w—1)=1- 0, (4.3)

[(2d — D)Aw — 1] (w — 1) = (2d — 1)Da(3 — 1), (4.4)

respectively. Combining Eq.(4.3) with Eq.(4.4) implies that w satisfies the following
cubic equation: (w — 1) f(w) = 0, where

f(w) = 2d(2d — 1)A\*w? — A\[2d(2d — 1)(A+ D) +4d — 1w +2dA+ 1+ (2d— 1)D. (4.5)
So it is easily checked that

(2d—1)D +1
(2d —1)(2dD + 1)’

f <0 = Ix>\¥D) =

where A <= B means that A is equivalent to B. Note that f(0) > 0. So if A >
A((;z)(D), we see that there must be only one root in the interval (0,1). We will use wi,
for this root. The definition of it gives 0 < w, < 1 for A > A((;Q)(D). Using Eq.(4.3)
and w,, we define (3, as follows:

B, = [2d\(1 — w,) + 1)]w,. (4.6)

Since 0 < w, < 1 and Eq.(4.6), we see 3, > 0. So from w = af3, we let

Wy
y = —. 4.7
. (4.7
Since [y, w, > 0 and Eq.(4.7), we have a, > 0. To prove Theorem 4.1.3, we prepare
the following results.

Lemma 4.2.2. We assume D > 0. Let

24— 1)D + 1
@) (p) = .
A>ATD) = o heap 1)
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Then

(1) 0<ay <1,

(2) Be > 1,

(3) $<w*< {ﬁ]/\l,
where x Ay is the minimum of x and v,

(4) a.fi < 1.

Proof of Lemma 4.2.2. Eq.(4.1) can be rewritten as

2d \w(w — 1) = B(a —1). (4.8)
By Eq.(4.8), if w, 3 > 0, then

sgn(w — 1) =sgn(a — 1), (4.9)

where sgn(z) = 1ifx >0, =0ifz =0, = —1if x < 0. On the other hand,
combining Eq.(4.3) with Eq.(4.4) gives

Aw(w—1) =[1+ (2d — 1)Da](1 — (). (4.10)
So, by Eq.(4.10), if w, a > 0, then
sgn(w — 1) = sgn(1 — ). (4.11)
Combining Eq.(4.9) with Eq.(4.11) implies that if «, 5 > 0, then
sgn(w — 1) =sgn(a — 1) = sgn(1 — G). (4.12)

Since au, B« > 0 and w, < 1, parts (1) and (2) follow from Eq.(4.12). Next by the
assumptions and a direct computation, we get

Ly (2) 1 _
f<2d)\)_)\>>\02(D)>0, f((2d—1)A)_ D < 0.

From these facts and w. < 1, part (3) is obtained. To show part (4), we observe that
Eq.(4.3) gives

1—af??=1—-wp* 1 =1—w?(2d)\ + 1) — 2d)w]?*~ 1.

Let g(w) = w??[(2d)\ + 1) — 2d \w]??~1. So it is enough to show g(w,) < 1. Then we
have
g (w) = 2dw = [(2d\ 4 1) — 2d \w]?*?72[2d\ + 1 — (4d — 1) w).
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So we see that 0, w; = (2dA + 1)/[(4d — 1)\] and we = (2d\ + 1)/(2d\) are the
solutions of ¢’(w) = 0. Note that 0 < wy < we. Moreover we should remark that

>1 = X< 1
w .
= = 2d—1

So the above facts, g(1) = 1 and w, < 1 imply that if A < 1/(2d — 1), then g(w.) < 1.
Next we consider the case of A > 1/(2d — 1). In this case, w; < 1. Noting that
g(1) =1 and w, < 1/[(2d — 1)A] in part (3), it is enough to show

1
—— | < 1. 4.13
g((Qd—l)A) = (4.13)
Then Eq.(4.13) is equivalent to
[2d(2d — )N — 12471 < (2d — 1)*71[(2d — 1)A]?? for A > 1/(2d —1).  (4.14)
Let z =2d, u= (2 — 1)\ and
. zu—1\"""
G(u)—u—(2_1> :
So Eq.(4.14) is equivalent to G(u) > 0 for u > 1. Note that G(1) = 0 and
z—2
, B a1 [FuU— 1
G(u)—z[u <z—1> ]
If z =2, then G'(u) = 2[u—1] > 0(u > 1). Therefore, when z = 2, we have G(u) > 0

for u > 1. Next define
1 z—2
H(u) =u"1 — (zu ) .

z—1

Note that G'(u) = zH (u) and H(1) = 0. Then we have

o= o (2D
> (z— Du % — (2 —2) (Z:__ll)z_g 8 i:;

=(z-1) luz—z B (z:__lly_g

If z =3, then H' (u) > 2[u—1] >0 (u > 1), so H(u) > 0 (u > 1). Noting G'(u) =
zH (u), when z = 3, we see that G(u) > 0 for u > 1. In a similar way, we can prove
that if z > 4, then G(u) > 0 for uw > 1. So the proof of part (4) is complete.

Lemma 4.2.2 (1) and (2) complete Step 2.
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Step 3. We check conditions (1)-(3) in the Harris lemma by using Lemma 4.2.2.
Assume that A > A(@(D). Condition (1) and h(A) < 1 in condition (2) are trivial
from Lemma 4.2.2 (1) and (2). The positivity of hA(A) for non-empty set A € Y is
equivalent to alA‘ﬁb(A) < 1. This also comes from Lemma 4.2.2 (1) and (2). On the
other hand, we have b(A) < 2d|A| for any A € Y. Combining this result with Lemma
4.2.4 (2) and (4) gives

a8 < (a, 820141 < 1,

for non-empty set A € Y. Similarly, for condition (3), we get
h(A) 21— alMB Y > 1 — (a2
So h(A) — 1 as |A| — oo, since Lemma 4.2.2 (4) and h(A) <1

Step 4. In this case we will give just Proof A, because Proof B is complicated
compared with Proof A. For any A € Y, we let

Ar={zcA:|{ycA:|ly—uz| =1} =k},

where k € {0,1,...,2d}. Then

2d
A)=> Ri(A
k=0
where

A=A Y [aautyh) - rA)| + D [rAa {2}) - h(a)]

€A y:ly—z|=1 rC Ak

+D > > AU\ {=h) - h(a)].

rEAR yg Aily—a|=1

To check condition (4) in the Harris lemma, it is enough to show that Ri(A4) <0
for k € {0,1,...,2d} and A € Y. To do so, first we show

Lemma 4.2.3. Let d > 1. Then Ry(A), R1(A), R2q(A) <0 for any A€Y.

Proof of Lemma 4.2.3.
(i) Ro(A) : Using Eq.(4.1) and b((AU {y}) \ {z}) > b(A) +1forx € Agand y ¢ A
with |y — z| = 1, we have

Ro(A) < 2dD|Ag|aM 82 (1 — 3,). (4.15)

Combining Eq.(4.15) with Lemma 4.2.2 (2) gives Ry(A) <0 for any A € Y.
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(ii) R1(A) : In a similar fashion we have

Ri(A) < |A; |l 124 — 1)Aw, — 111 — w,) + (2d — 1)Dw, (1 — B,)] .
(4.16)
Combining Eq.(4.16) and Lemma 4.2.2 (2), (3) gives R1(A) <0 for any A € Y.
(iii) Roq(A) : As in the case of Ry, we have

Roq(A) = |Asg|al1 gt =2 (o, g2d _ 1), (4.17)
So R24(A) < 0 follows from Eq.(4.17) and Lemma 4.2.2 (4).

We should remark that by Lemma 4.2.3 we can check the condition (4) of the
Harris lemma for d = 1, since Ro(A), R1(A), Re2(A) < 0 for any A € Y. So in the
rest of this section, we assume d > 2.

Lemma 4.2.4. Let d > 2. Then R (A) <0 for any k € {2,3,...,2d—1} and A€ Y.

Proof of Lemma 4.2.4. As in the proof of Lemma 4.2.3, for k € {2,3,...,2d — 1},
we have

Ri(A) < |Ax|dM 8V o (k),
where A € Y and

p(k) = (2d = k)A(1 —w.) + D1 = B)] +1 = gk

Then we get

o4 1)= o) == 0w+ (04— Ja-s] . @y
By Eq.(4.18) and Lemma 4.2.2 (2), we see that ¢(k + 1) — ¢(k) < (1) — ¢(0). So
if (1) — ¢(0) < 0, then p(2d — 1) < (2d —2) < --- < (1) < 0. The inequality:
(1) < 0 comes from the proof of Ry (A) in Lemma 4.2.3. Therefore, to prove Rj(A) <
0(ke{2,...,2d — 1}), it is enough to show ¢(1) — ¢(0) < 0. By using Eq.(4.3), we
observe that ¢(1) — ¢(0) < 0 is equivalent to

(Dw, + 1)(2d \w, — 1) — dw, < 0. (4.19)

To prove Eq.(4.19), we let I(w) = (Dw + 1)(2d\w — 1) — Aw. That is, our objective
is to show I(w,) < 0. In the rest of this proof, define z = 2d, for simplicity. Let ws
and wy with ws < 0 < wy be the two roots of I(w) = 0. On the other hand, Eq.(4.5)
can be rewritten as

fw) = z(z — DX2w? = Az(z = 1)(A+ D) +2z — Nw + 2A+ 1+ (2 — 1)D.
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Recall that f(w.) =0 and 0 < w, < 1. Therefore, noting 1(0) = —1 and I(w4) = 0,
we know that if w, < wy, then the proof is complete. To check w, < wy, it is enough
to show f(w4) < 0, since f(0) > 0, f(w,) =0, f(1) < 0 and 0 < w, < 1. Let
J(w) = Df(w) — (z — 1)AI(w). Then

J(w) = —[(z—1)(zD+z—1)A+2D+2(z—1)D*| Aw+ (2D +z—1)A+ D+ (2 — 1) D*.
By D > 0, I(w4) = 0 and the definitions of J(w) and w4, we obtain

f(w4) <0< J(’LU4> <0
22DK + [(z — 1)A = D][zK — (z = 1 + zD) ]
<[2K — (2 =1+ 2D)\VL

where K = (z =1+ 2zD)A+ D+ (2 —1)D? and L = (2 — 1)?A? + 2(2 + 1) DX + D?.
By a direct computation, we see that the last inequality is equivalent to

(22 =324+ 1)(z =14+ 2zD)A+ [1 + (2 — 1)D][1 + z(z — 2) D] > 0.

Note that if z = 2d > 4, then 2?2 — 32 +1 > 0. So when d > 2, we have f(w4) < 0.
The proof of Lemma 4.2.4 is complete.

By using Lemma 4.2.4, we can check condition (4) in the case of d > 2. So the
proof of Theorem 4.1.3 is complete.

4.3. Proof of Theorem 4.1.4.

In this section we will give the proof of Theorem 4.1.4. By w, = a.0. and
Eq.(4.1), we have
Be —wy  2dN(1 — wy)
Be  2dN1 —w,) +1

1— o, =
Using the explicit form of w,, a direct computation gives

_ 2(2d)%(2d — 1)AD +2d(2d — 1)(A— D) — 1 — VM
booe= 2(2d)?(2d — )AD - 420

where M = [2d(2d — 1)(A — D) — 1]? + 4(2d)?(2d — 1)?AD. Then

VM =2d(2d —1)(A+ D) +1+o0 (%) : (4.21)

where f(D)iso(1/D) as D — oo means Df(D) — 0 as D — oo. Combining Eq.(4.20)
with Eq.(4.21) gives

| L 2dA—1 T 1 1+0 1
T 2dA (2d)\ —1)2d(2d — 1) D D)
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If \—1/2d = C/D, then

-t 1 L (L
RS (2d)2(2d— 1) C D)

So the proof of Theorem 4.1.4 is complete.
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CHAPTER 5

BASIC CONTACT PROCESSES ON TREES

5.1. Introduction

We consider the contact process on the homogeneous tree, T, which is also called
the Bethe lattice. This is an infinite graph without cycles, in which each vertex has
the same number of nearest neighbors, which we will denote by k > 3. Let o be a
distinguished vertex of T, which we call the origin. For z, y € T, the natural distance
between x and y, |x — y|, is defined by the number of edges in the unique path of T
joining x to .

We introduce the contact process, &, on T, which is a continuous-time Markov
process on T. The dynamics of this process are given by the following transition
rates: for x € £ with ¢ C T,

¢ —¢U{y} at rate A for y with |y — x| =1,
€ — &\ {x} at rate 1.

Let &7 denote the contact process starting from the origin. Define the global
survival probability p?(\) by

P& # ¢ for all t > 0).
The critical value of the global survival probability is defined by
A =inf{A > 0:p(A\) > 0}.

For contact processes on T, the following local survival probability p'()\) is also in-
troduced:

p'(\) = P(limsup & (o) = 1) = P(o € & infinitely often).
t—o00
Using this, we define the critical value of the local survival probability in the following
way:
AL =inf{A >0:p'(\) > 0}.
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We should remark that the above definitions give A\ < A.. In the case of the d-
dimensional integer lattice, Z¢, Bezuidenhout and Grimmett! showed that A = AL.
On the other hand, in the case of T, Pemantle? (x > 4), Liggett? and Stacey? (k = 3)
proved that A\Y < AL. Unfortunately the rigorous values of both critical values are not
known.
From now on we consider only A\¢ and p9()\). As regards bounds on ¢, Pemantle?
proved that for k > 3,
1 9+ 1—5 -1
<)M <L
k—17— °7 2K

When « = 3 (binary tree case), this gives 1/2 = 0.5 < A\¢ < 2/3 =~ 0.667. In this
case, better bounds were obtained by Griffeath® (lower bound) and Liggett® (upper
bound) as follows:

(5.1)

V109 —1
18

The lower bound comes from the submodulality of the survival probability. On the
other hand, the upper bound is derived by the Holley-Liggett method. Recently the
following estimate of this critical value was given by the time dependent simulations,
see Tretyakov and Konno:®

~ 0.524 < \9 < 0.605.

A = 0.5420 £ 0.0005.

Exercise 5.1. Estimate . by using simulations when x = 3. Rigorous lower bound
is 0.609 given by Liggett.>

Next we consider the critical exponent for the global survival probability. Results
on the continuity of p9()\) at A were given by Pemantle? for x > 4 and by Morrow,
Schinazi and Zhang” for k = 3. That is, p9(\J) = 0 (k > 3). As regards the critical
exponent, the following is conjectured that for xk > 3,

. logp?(N)
= lim —2F 1\
= i e AT

exists and # = 1. Note that 8 = 1 is the mean field value. Concerning this conjecture,
recently Wu® proved that for x > 6,

e P2 () : p’(A)
llirll)lélf Y. >0 and hrﬁilglp P < 0.

This result proves that 3 = 1 for k > 6. Tretyakov and Konno® reported that the
time dependent simulations gave 3 = 0.95 £ 0.15 for k = 3. That is, this estimation
indicates that 3 takes the mean field value of 1 for a tree with x = 3. Assuming that
increase of the coordination number increases the tendency of a system to exhibit
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mean field behavior, we would expect mean field values for the exponents for any
k> 3.

From now on we write just py = p9(A) and A\, = \¢ for simplicity. In this chapter
we discuss bounds on py and A. by using the Harris lemma. Let Y = {A C T : |A4| <
oo} and

on(A) = P(EL # ¢ for all t > 0) = va{n:n(z) =1 for some = € A},

for any A € Y, where v, is the upper invariant measure of the basic contact process
on trees. The first result is as follows:

Theorem 5.1.1. Assume k > 3. For any A > 0 and A € Y, we have

1= () Tvosmm<[i-(5) ] vo

where a V b is the maximum of a and b.
Applying Theorem 5.1.1 to A = {0} gives
Corollary 5.1.2. Assume xk > 3. For any A > 0,

(/1—2))\—1v0< </£)\—1
(k — 2)\ ==

V0,

and
1

<)\ < .
- T k=2

x|

The both bounds on o(A) in Theorem 5.1.1 correspond to the first bounds by
the Katori-Konno method. However the proof of the lower bound on o) (A) depends
on the property of trees. So we do not have similar results in the case of Z?. Parts of
these results are already known, see Liggett,? for example. When x = 3, this corollary
gives

len <
3S7%eS

Compared with Eq.(5.1), the above first bounds are not so good.

Exercise 5.2. Try to obtain an improved lower bound on o)(A) by using the form
h(A) = 1 — ol 354 where b(A) is the number of neighboring pairs of points in A.
Concerning upper bound for the same form, the story is almost the same as in the
case of the basic contact process, so it is not interesting.

Next by choosing another type of h(A) in the Harris lemma, the following result

is obtained in Konno.?
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Theorem 5.1.3. Assume k > 3. For any A € Y and
k+1 72
A [\/_—Jr] ,
K+ kK —2
we have
K—2

1—-— <
‘A’+I€—2_0)\

(4).
From this theorem, we obtain

Corollary 5.1.4. Assume k > 3.

1
k—1

SRl
prav s R

(1) Px 2 for any \ > [

2 ik

The above results also depend on the property of trees, so we do not get similar
results in the case of Z¢.
Here we consider bounds on py in the case of k = 3. Corollary 5.1.2 gives

A—1 3A—-1
S V0<m<

V0 for any A > 0.
Moreover Corollary 5.1.4 implies

Px = for any A > 1.

N

Therefore we see that when 1 < A < 2, the result of Corollary 5.1.4 is better than
that of Corollary 5.1.2 concerning py. In particular, if we take A = 1, then
2

Splﬁg-

N | =

This chapter is organized as follows. In Section 5.2, we will prove Theorem 5.1.1.
Section 5.3 gives the proof of Theorem 5.1.3.

5.2. Proof of Theorem 5.1.1.

In this section we will prove Theorem 5.1.1 by using the Harris lemma. Let
Y ={ACT:|Al <o} and Y* be the set of all [0,1]-valued measurable functions
on Y. For any h € Y*, we let

ChA) =2y Y [h(A U{yd) - h(A)] +3 [h(A \ {z}) - h(A)].

rEA y:‘y—x‘:l TxEA
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As in the case of Z?, we consider the following 4 steps.
Step 1. First we let h(A) =1 — ol4 with 0 < o < 1.
Here we need some observations. Let

N(A) =|{(z,y): |l —y|=1,zc A y¢ A}|.

By using this, we have

SWIVVEDS SN [alAl _ alA\+1] £y [aw B a|A|—1}

T€A ygAily—z|=1 T€EA

= AN(A) [Q|A| _ a‘AHl} +14] [a|A| _ a|A|—1} (5.2)

- 1 g o ]

On the other hand, the definition of N(A) gives the following result: for any A € Y
and kK > 3,
(k—=2)|A|+2 < N(A) < K|A]. (5.3)

Remark that this lower bound on N(A) depends on the property of trees. Combining
Eq.(5.2) with Eq.(5.3), we have

(1—a)all=1)4) [(/{ —2)a\ — 1] < Q*h(A) < (1 —a)al4714] |:I€Oé/\ - 1], (5.4)

for any A € Y and k > 3.

First we consider the lower bound on oy (A).

Step 2. We take a, = 1/(k — 2)\ for A > 1/(k — 2). So we have 0 < o, < 1 for
A>1/(k—2).

Step 3. The proof of Step 3 is trivial.

Step 4. Using Eq.(5.4) and (k — 2) A, = 1, we have

O"h(A) >0 forany AeY.

Therefore we finish the proof of the lower bound on o (A). Concerning the upper
bound, we take o, = 1/k\ for A > 1/k. The rest is the almost same as the previous
proof. So we will omit it.

Exercise 5.3. Verify that a, = 1/kA\ is the solution of Q*A({0}) = 0 as in the case
of the basic contact process on Z% with x = 2d.

Next we will give another proof of Step 4 concerning the lower bound on oy (A)
which corresponds to Proof B in the basic contact process on Z¢. As for Proofs A
and B, see Chapter 1 in these notes. On the other hand, the above proofs in Step 4
correspond to Proof A. Moreover Proof B for the upper bound on o (A) is the almost
same as Proof B of Theorem 1.4.4, so we do not present here. From now on we will
discuss about Proof B in the case of the lower bound on o (A).
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Let A, ={z1 =0,22,...,z,} with |z;11—z;| =1 (1 <i <n—1)and x;41 # zi—1
(2 <i<n-—1). Then we see that for n > 1

A)=r> [alAnl _a|Anu{y}|] + Y [a|An| _alAnI—l}

TEAR yEA,:ly—z|=1 €A,
- A[(n —9)| A, +2} [a|An| _ O4|An\+1] 1Ay [amn\ _ a|An|—1]

= (1 — a)a41 [{(ﬁ —2)|A,| + 2}&)\ — |An|]
—(1- a)a‘A”_l{(Fo —9)|A,| + 2})\

% [{O‘_ (m—12))\} CEDIC —22)|An| +2])\]

If we take o, = 1/(k — 2), then Q*h(A4,,) > 0 for any n > 1. Next we consider the
general case of A. For any A € Y, we let A = ZkN . Br where By, is a connected
component of A. Define b,, = [{ By : |Bx| = n}|. Then we have

ipz > [HAU ) - @]+ X A\ {2 - h(4)|
k=1 x€Byy:ly—z|=1 € By
|A|
zzb[ > X v -]+ ¥ [sar i) - )]
n=1 TEA, yily—z|=1 €A,
alAl- 1|ib [{ 2)| A, |+2}a)\ |An\]
|Al

_ Al—-1 *
Oé|| Zan lQ )

since the second inequality comes from the property of trees. Therefore we have

Bl
A) > oM, 0(A,).

This inequality implies that Q*h(A4,,) > 0 for any n > 1 gives Q*h(A) > 0 for any
A €Y. So the Proof B is complete.

5.3. Proof of Theorem 5.1.3.

In this section we will prove Theorem 5.1.3 by using the Harris lemma. We
assume that x > 3.
Steps 1 and 2. We take



Basic Contact Processes on Trees 93

This choice appears for the first time in these notes.
Step 3. By the definition of h(A), we can check conditions (1)-(3) immediately.
Step 4. We begin by computing

ChA) =AY Y [AAU{H - h(A)] + Y [hA\ {a}) - h(4)]

T€A y¢ Asly—z|=1 =y
K — 2 K — 2 K — 2 K — 2
:AN“”hM+m—z_pﬂ+m—J**’hm+m—2_pﬂ+m—A
=%n—@[ AN (4) B Al ]
(A 1A +r-1) (A+r-2)(A+r-3))
By using N(A) > (k — 2)|4] + 2,
. M(x — 2)|A| + 2} | Al
QhM)Z“_2ﬂ¢M+n—mqm+m—1y‘¢M+m—mmq+m—a} (5.5)

Let x = |A]. So Eq.(5.5) can be written as

(Ii—2)[{(%—2)IE+2}(I+H—3))\—9§(I+H—1)]
Q*h(A) >

Z (t+rk—=3)(r+r—2)(z+r—1) (5.6)

We define

z(x+Kk—1)
Ae(K) = .
(%) = S et 2l - 7 - 3)
Eq.(5.6) implies that if A\ > A.(k), then Q,h(A) > 0 for any A € Y. By a direct
computation, we have
VE+1 12
n) = [ e

Therefore we can check condition 4 and have the desired conclusion.

We should remark that this proof does not hold in the case of Z?, since we use
the following inequality to get Eq.(5.5): N(A) > (k — 2)|A| 4+ 2, which holds only in
the case of trees.
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CHAPTER 6

ONE-SIDED CONTACT PROCESS

6.1. Introduction

We consider the one-sided contact process & which is a continuous-time Markov
process on Z'. The dynamics of this process are given by the following transition
rates: for x € & with & C Z!,

€ — &\ {z} at rate 1,
§—EU{r -1} at rate \.

Concerning the one-sided contact process for details, see Griffeath! and Schonmann.?

Let £Y denote the one-sided contact process starting from the origin. Define the
survival probability p) by
P(£) # ¢ for all t > 0).

The critical value of the survival probability is defined by
Ae =iIinf{\A >0:py > 0}.
As for bounds on \., Griffeath! showed
V6 =2.449... <\, < 4.

This lower bound is obtained by submodulality for the survival probability. On the
other hand, this upper bound can be given by the Holley-Liggett method.

Exercise 6.1. Verify that 4 is the upper bound on A. as in the sketch of proof of
Theorem 2.2.1 in Chapter 2.

Improved bounds were given by Konno? as follows:

A

—C

=2.577... < Ao < A\ = 3.882...,
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where A, = sup{\ > 0 : 8A7T+1265 +55\% —53\1 —902)3 —1945\% — 1958\ — 756 < 0}
and A, = sup{\ > 0:2X3 — 7TA\%2 — 4\ + 4 < 0}. As for the lower bound, we get it by
using the Ziezold and Grillenberger method. The upper bound can be obtained by
a generalization of the Holley-Liggett method. In the case of basic contact process,
Liggett? used this method and gave an improved upper bound. See subsection 2.2.2
in these notes.

Concerning the estimated value on \., Tretyakov, Inui and Konno® obtained the
following numerical result by using Monte Carlo simulation and power series expansion
techniques:

¢ = 3.306 £ 0.002.

The interesting thing is that this estimated value is slightly different from the best
estimation of the critical value A’ for the basic contact process with the same total
infection rate A given by Jensen and Dickman:

AP = 3.297824.

Unfortunately we can not use a usual coupling technique when we try to compare
these critical values.

Open Problem 6.1.1. Which is correct in the following three possibilities ?
a) Ae>AP by A =M o) A< b,

As for critical exponent of the survival probability, numerical results by Tretyakov,
Inui and Konno® suggest that both exponents are expected as same. That is, the one-
sided contact process and basic contact process belong to the same universality class.
This conclusion is not so surprising from the physical point of view.

This chapter is organized as follows. In Section 6.2, we give lower bounds on
critical value of the one-sided contact process. Section 6.3 is devoted to upper bounds.

6.2. Lower Bound

In this section, we will give a lower bound on the critical value of the one-sided
contact process by the Ziezold-Grillenberger method. Let & and & denote the one-
sided contact process starting from {...,—1,0} and {0,1,...}, respectively. Here we
introduce edge processes of the one-sided contact process as follows:

ry = max§, , Iy = min &',

Let af (\) = E(ry) and aZ(\) = —E(l;). Shonmann? showed

tlirgo 7= a1 () a.s
.
tli)rgo?t = —a2(A) a.s.
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where
o o
ap () = th atlf ) = tr>1£ Oét)f ) € [—o0,00),
2 2
as(N) = th att()\) = glg ati)\) € [—o00,00)

Now we can define the edge speed a(\) by

a1 (A) +az(A)

a(l) = 5

The critical value of the one-sided contact process can be characterized by the edge
speed: A\, = inf{\ >0: «a(\) > 0}.

Next we modify &, by keeping all coordinates which lie strictly to left of r, —n
identically equal to one, where n is a fixed nonnegative integer. Similarly, we modify
&' by keeping all coordinates which lie strictly to left of I; + n identically equal to
one. Let rin) (resp. lin)) be the position of rightmost (resp. leftmost) one in the
modified process. Define '™ (\) = E(r{™) and a>™(\) = —E({™). In a similar
fashion, we have

tlirgo = (M) a.s.
tlirglo @ = —agn)()\) a.s.
where . 1,(n)()\) al,(n)()\)
o0 =ty ) = S € o)
o0 = i L) g O ¢

So we can define the edge speed o™ (\) by

ai" () + oy ()

a™(N\) = 5

From r,gn) > ry and lgn) < l;, we have o™ > a()), for n =0, 1, 2, ... Moreover, the
definition of the modified one-sided contact process gives a(™(\) > a(**D()). Then
the critical value Aﬁ") of the modified one-sided contact process is introduced by the
edge speed as follows: A = inf{A > 0 : a™()\) > 0}. Following the argument in
Ziezold and Grillenberger, we see that Aﬁ”) /" Ae as n /" oco. Concerning the next
computation, see Chapter 3 of Konno” for details.

6.2.1. n=0
In this case, ago)(k) = —1 and ago)()\) = A — 1. So we have

0) Ca”W+a () A-2
at(N) = 5 =5
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Then )\((;O) = 2. This gives 2 < A..

6.2.2. n=1
In this case,

Wy Dy _ 22 =3

So we have
a8 ) 223 42— 11— 12
2 A+ 1D(A+2)

Then A\ = 2.376... This gives 2.376 < \..

6.2.3. n =2

Similarly,

) A3+ TA? + 210 + 27 ) 8A -+ 15X + 3\ — 34\ — 27

o (A) = — ) oy (A) =
A3 4+ 6A2 + 14X\ + 14 8A3 +23A2 + 30\ + 14
So we have
(2) (2)
a(2) (/\) _ ay ()‘) + Qg ()‘)

2
B 8AT + 5500 +1260° — 53\% — 902)\3 — 1945)\? — 1958\ — 756
B 8AS + TIA® + 280A% + 6283 + 8262 + 616\ + 196

Then A2 = 2.577... This gives 2.577 < \..

6.3. Upper Bound

In this section, we consider upper bounds on the critical value of the one-sided

contact process. Here we review the case of the basic contact process in one dimension.
By the Holley-Liggett method, the first upper bound 4 on the critical value of the basic
contact process was given, as you saw in Chapter 2 in these notes. This argument
holds in the case of the one-sided contact process and Griffeath! showed that 4 is also
the first upper bound on \. for the one-sided contact process. For the basic contact
process, using the Holley-Liggett method, Liggett* gave an improved upper bound
which is the largest root of the cubic equation of 2X\3 — 7A2 — 4\ +4 = 0. In this

section, we will consider the second bound for the one-sided contact process.

(HL,2)

Theorem 6.3.1. Let \ ~ 3.882 be the largest root of the cubic equation of

N3 — TN — 4\ +4=0.
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Then for A > A2

WEE2(A) < or(A)  forall A€,

where

h(AHL’2)(A) =p{n:n(z) =1 for some x € A},

for a generalized renewal measure pu on {0,1}% whose density is given by
Q*hE\HL’Q)(A) =0 for all A of the form {1,2,...,n} (n >1) and {1, 3}.

First we choose the form of

h(A) = u{n :n(x) =1 for some x € A},

for a generalized renewal measure p on {0,1}% whose density is given by

Q*h({1,2,...,n}) =0,
for any n > 1 and
Q*h({1,3}) =0,

where

=23 3 [MAUh - AA)] + 3 [aAN ) - h(4)]

€A y:ly—z|=1 €A

We should remark the next relations:

h({1,2,3}) =1 — p(oo0o0),
ML 3)) = 1 u(oxo),
h({1,2,3}) — h({1,3}) = pu(ox o) — p(coo) = p(ceo),

Moreover, following notations of Liggett,* we introduce

B (oo o) o) — p(oe’ o)
A= e P e

_,u(ooo---oo) _,u(ooon-oo)
fl(n) - M(..) ) fO(n) - ,U,(O.) )

for n > 1. The above definitions give

Fi(1) = Fo(1) = 1,

Fi(n) =Y _ fik), Fon)=>_ folk).
k=n

k=n



100 Lecture Notes on Interacting Particle Systems
We recall that
O*h({1,2,...,n}) = A[h({o, 1,2,...,n}) — h({1,2,... ,n})}

_,_)\[h({l,Q,...,n,n—i-l})—h({172""’n})]

£ 3[R 2, b\ ()~ h({12, . nd)].
k=1

From now on we consider two cases; Case A and Case B.
Case A. By using definitions of Fy(n) and Fi(n), we see that

n n+1
h({0,1,2,....,n}) — h({1,2,...,n}) = u(6--0) — u(5---9)
= (057 T0)
:u(oom)—i—u(oom)
B Iu(oom) .e p(ceo .- 0) oe
e e+ M2 o)

=Fi(n+1)pu(ee) + Fo(n+1)u(ce).

On the other hand, the definition of a measure p implies there is an « such that

=

(n

= fi > 1.
Fi(n or n >

«

~—

Note that « is independent of n. Q*h({1}) = 0 gives

u(oe) = (A= Dpu(oe).
Moreover Q*h({1,2}) = Q*h({1,3}) = 0 yields

20\ — 1) -1
no1 o RO =a—mT

o =

From these, we have

h({0,1,2,...,n}) — h({1,2,...,n}) = (A =1 u(ce)Fi(n+1) + au(ce)Fi(n+1)
=A=—1+a)u(ce)Fi(n+1).
We let
A=1)(2 +1)
22 —1 '
Remark that 6 = 1/F;(2). From the above observations, we have

b= —14+a=

n

h({0,1,2,...,n}) — h({1,2,...,n}) = (65~ --0) = Spu(ce) Fi(n + 1).
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Similarly

h({1,2,....,non+1}) — h({1,2,...,n}) = p(e5--0) = du(oe)Fi(n + 1).

Therefore we obtain
AT ST [AAU{h) — h(A)] = 200u(c0) Fi(n + 1),
€A y:|ly—z|=1

where A ={1,...,n}.
Case B. For k € {2,...,n — 1}, we see

n k—1 n—k
h({1,2,....n3\ {k}) — h({1,2,...,n}) =u(~ - 0) — u(c- o x50

,u(g-}f;-l\ooo) ,ﬁ:i\
:_—/L(OO) X (e .- 0)

— — Folk) % Su(0e)Fi(n+1— k)
=—aFi(k) xdu(ce)F1(n+1—k).

The third equality comes from the definition of a generalized renewal measure y. The
fourth equality is given by the definition of Fy(k) and a similar argument of Case A.
The definition of « gives the last equality. So we have

h({1,2,...,n}\{k}) — h({1,2,...,n}) = —adu(ce)Fi(k)Fi(n+ 1 — k).

For k =1 or kK = n, a similar argument in Case A implies

h({1,2,. .., 03\ {k}) — h({1,2,...,n}) = —du(oe)Fi(n).

Therefore

h({1,2,...,0}\ {k}) — h({1,2,...,n})
k=1

n—1

= —20pu(ce)Fi(n) — adu(oe) Z Fi(k)Fi(n+1—k)
k=2

:—5,u(oo [2]’71 —f—OzZFl Fl n—l—l—k)}

From these results, we see that

Q*h({1,2,...,n}):5u(oo)[2)\F1(n+1)—{2F1 +aZF1 F1n+1—k)H,

for n > 2. Then Q*h({1,2,...,n}) =0(n > 1) and Q*h({1,3}) = 0 give
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Lemma 6.3.2. Let « =2(A —1)/(2\ —1). Then

AFi(n+1)=2F(n)+ oznz_:Fl(k‘)Fl(n—i- 1-k) (n>2),
k=2

F(1)=1.

We introduce the following generating function to get Fj(n) explicitly:

o(u) = iFl(n)u”.
n=1
By using Lemma 6.3.2, we have the following quadratic equation:
ad?(u) — A+ 2(a — Duje(u) + Au + [a -2+ )\F1(2)}u2 = 0.
The nonnegativity of the discriminant of this equation with v = 1 is equivalent to

A+ 2(a — 1)) —4a[)\+04 — 2+)\F1(2)} > 0.

This becomes 2\ —7A\2 —4\+4 > 0. So we let )\((;2) be the largest root of the following
cubic equation which is the same as the case of basic contact process:

N3 — TN — 4\ +4=0.
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CHAPTER 7

DISCRETE-TIME GROWTH MODELS

7.1. Introduction

We consider the discrete-time growth model ¢4 at time n starting from A € Y
which is a Markov chain on {0,1}%", where Y is the collection of all finite subsets of
Z'. The dynamics of this model is as follows. We write {2 as a union of maximal
subintervals

where I; = {m; +1,m; +2,...,n;} and m; < n; < m;41. Then ffb‘ﬂ is obtained by
choosing points in {m; + 1,m; + 2,...,n; — 1} each with probability ¢, and points
m; and n; each with probability p. The choices are made independently. Throughout
this chapter, we assume that

O0<p<qg=sl,

so this process is attractive; that is, if f;? C &8 then we can guarantee that 5,?“ C

¢B '\ 1 by using appropriate coupling.

Exercise 7.1. Show that if ¢ = p (resp. ¢ = p(2 — p)) then this process is equivalent
to the oriented site (resp. bond) percolation in two dimension.
We define the survival probability by
0(A) = P(2 # ¢ for all n > 0),

for any A € Y. Then the order parameter is defined as p(p,q) = o({0}), where 0 is
the origin. For given ¢, define the critical value p.(q) by

pe(q) = inf{p > 0: p(p,q) > 0}.

The above-mentioned models were recently studied by Liggett! who gave the
following bounds on critical values.
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Theorem 7.1.1. Let 0 < q < 1. Then

In particular, the upper bound in this theorem is obtained by the Holley-Liggett
method. As for it, we will discuss in Section 7.4. Concerning the above theorem, we
present the following open problem which appeared in page 98 of Durrett.?

Open Problem 7.1.2. Find 6 € [0, 1] satisfying that there exist C7, Cy > 0 such
that

Ci(1—q)? < pe(q) — % < Cy(1 —q)°

as q goes to 1.

Theorem 7.1.1 implies 1/2 < 6 < 1.

This chapter is organized as follows. In Section 7.2, we will present the discrete-
time version of the Harris lemma. Section 7.3 gives results by the Katori-Konno
method. Section 7.4 treats the Holley-Liggett method.

7.2. Harris Lemma

Here we present discrete-time version of the Harris lemma which appeared in
Konno.? Let Y* denote the set of all [0, 1]-valued measurable functions on Y.

Lemma 7.2.1. (Harris lemma) Let h; € Y* (i = 1,2) with

(2) 0 < hi(A) <1 forany A € Ywith A # ¢.

For any € > 0, there is an N > 1 such that if |A| > N, then

(3) E(hi(&)) = 1 —¢,

(4) E (hi(&') = hi(A)) <0< E (ha(&') — ha(A))  forany A€ Y.
Then

(5) ho(A) <o(A) < hi(A) forany A€Y.

In particular,

(6) h2({0}) < p(p,q) < h1({0}),
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where 0 is the origin.
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In the rest of this section, we assume that p < ¢ < 1. When ¢ = 1, the proof
is almost trivial, so we will omit them. To prove Lemma 7.2.1, we require some

preliminary lemmas. Write A as a union of maximal subintervals

A= U Ii7
i=1
where I; = {m; +1,m; +2,...,n;} and m; < n; < m;y1. Define

L=|{mi+1,...;,np —1mo+1,...;n0—1,....ompg+1,... 0%

M = |{m17n17m27n27'"7mkzank}|'
The definitions of L and M give
L+ M = |A|+k,

M = 2k.

(7.1)

-1},

Then the following is easily shown by the property of binomial distribution.

Lemma 7.2.2. For any A€Y andn € {0,1,...,|A| + k},

P(|& =n) XL: i Lu(l+m) (L)ql(l )t <%)pm(1 —p)Mm,

where 1,(y) =1 if y = x, and = 0 otherwise and

<i>— i for 0<j<i
i) i) R

Exercise 7.2. Prove Lemma 7.2.2.

Furthermore we require the next lemma.

Lemma 7.2.3. For any A€Y and N > 1,

lim P(0 < |€2] < N) =0,

Proof. It is enough to show that for any A € Y and r > 1,

lim P(|§f2| =r)=0.

n—oo
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By the Markov property,

Pl =r—1) =Y B(P(E | =r - 1) |¢i] = m)

=0
> B(P(gf | =r = 1) s 6] =)
> () P(IE1 =),
where

c(r) = B:‘i&f:r P(|§IB| =r—1)>0.

Note that the positivity of ¢(r) follows from Lemma 7.2.2. Therefore it suffices to

prove that for any A € Y,
lim P(|¢2 =1)=0.

To do so, we will show that
> P =1) < 0.
n=1
By the Markov property,
P(lga | =0) — P&} = 0) = P(I& 1| = 0) — P16 = 0,&4,] = 0)
=Y P& =k, [0 = 0)
k=1
> P&} = 1,160, =0)
A
= B(P(l&i 1 =0): |61 = 1)

= (1-p)*P(l&}| = 1),
Then we see that p < 1 gives

E P(led=1) < < 0.
Thus the proof is complete.

Exercise 7.3. Verify that for r > 1,

c(r) = B:‘i&fzr P(]£13| =r—1)>0.

From now on we will consider the proof of Lemma 7.2.1. For any A € Y and
N > 1, Lemma 7.2.3 gives
o(A) = lim P(EX £ 0)
= lim P(|g}| > N)+ lim P(0 <|&}| < N) (7.4)
— lim P(&] > N).
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From the Markov property and condition (1),

E(h(&1) = B(E(h(e])))

) ) (75)
= B(B((&")) 1 1611 > N) + B(E(h(¢() : 0 < |6 < N).

By using h(A) <1 for any A € Y and Lemma 7.2.3, we have

lim E(E(h(gff» 0 <[gi < N) =0,

n—oo

Using this result and Eq.(7.5), we have

liminf B(h(¢,)) = limint B(B(h(E)) < 162 > V). (7.6)

n—oo

Therefore combination of Eqs.(7.4), (7.6) and condition (3) implies that for any € > 0,
there is an N > 1 such that
liminf E(h(& 1)) > (1 —¢)liminf P(|&2] > N)

n—oo (7.7)
= (1—)o(A).

By using Eq.(7.7), h(¢) = 0, h(A) <1 for any A € Y and the definition of o(A), we
see that for any € > 0,

(1 —¢)o(A) < liminf E(h(£2))

- h:r;;fE(h@ﬁ) 61 # 0)
< lim supE(h(E,’?) L A ¢>

n—oo

< lim P(¢} # ¢)

n—oo

= o(A).

Thus it follows that
o(A) = lim E(h(&D)). (7.8)

n—oo

From the Markov property and condition (4), we obtain

E(h(&g)) = E(B((ED))) < E(h(€l) < h(A),
Using a similar argument repeatedly, we see that for any n > 1,
E(h(&;)) < h(A). (7.9)
Combining Eqs.(7.8) and (7.9) gives

o(A) < h(A),
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for any A € Y. Thus the proof of part (5) in Lemma 7.2.1 is complete. Part (6)
follows from taking A = {0} in part (5).

Exercise 7.4. Verify that for A €Y,

E(h(éfﬂ)) < E(h(&))) (n>0).

Exercise 7.5. Let €0 = 1% Show that for 1/2<p<1,

(1) B(h(€0)) = E(h(€))) = —; " %
(2) E(h(£))) = —% + 14 — 16p + 9p* — 2p°.

Exercise 7.6. Check the following fact:

E(h(&3)) < E(h(£D)).

7.3. Katori-Konno Method

In this section, we will give the upper bound on o(A) by the Katori-Konno
method. Let |A| be the cardinality of A € Y. Then the following result was obtained
by Konno.?

Theorem 7.3.1. Let 1/2<p<¢q<1.

_ o\ 24l
(1) o(A) <o BB (A) =1 - (ﬂ) for all AcY.
p

In particular,
2
1—p
(2) p(p,q) < pFF)(p,q) =1 - (—) :

This result corresponds to the first bound by the Katori-Konno method. Part (2)
can be also obtained from the result on page 97 of Durrett? in the following way.
Observing the behavior of edge processes of this model gives

p(p,l)zl—(%>2~

Therefore part (2) follows from p(p, q) < p(p, 1) for ¢ < 1.
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In the rest of this section, we assume ¢ < 1. When ¢ = 1, the proof is almost
trivial, so we will omit them.

To prove this theorem, we need the following 4 steps.

Step 1. First we let h(A) =1 — o/l with 0 < a < 1.

Step 2. Next we decide 0 < a,, < 1 as the unique solution of

E(h(e™)) = n{0}),

that is,
[p*a—(1-p)?]la-1]=0. (7.10)

Here we assume that
—<p<g<l (7.11)

o, = <1i)2, (7.12)

and let h(A) =1 — ol Remark that Eq.(7.11) gives

From Eq.(7.10), we take

0<a,<l. (7.13)

Step 3. Now we will check conditions (1)-(3) in Lemma 7.2.1 (Harris lemma).

Condition (1) and h(A) < 1 in condition (2) are trivial. The positivity of h(A) for
a non-empty set A € Y is equivalent to aLAl < 1. The last inequality comes from

Eq.(7.13). As for (3), it is sufficient to show that

; €l —
lim FE(as'') =0, (7.14)

|A]—o0
when ¢ = p. By Lemma 7.2.2, in the case of general p and ¢, we obtain
A
E(f) = [aug+ 1= g ap+1 - p)™. (7.15)
By using Eq.(7.15), ¢ = p, and k > 1, we see that

|Al+k |A[+1

A
B = [aup+1-p] < lawp+1—p)

Therefore Eq.(7.14) follows from the last result, since 0 < a,p+1—p < 1.
Step 4. Finally we will check condition (4). Note that Eq.(7.10) gives

o, = [op+1—pl°. (7.16)
By Eq.(7.16), condition (4) is equivalent to

[ap + 1 —p]2|A| < E(oz!fm). (7.17)
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From Eq.(7.15), we see that Eq.(7.17) can be rewritten as
asp+1—p " < g +1— " [awp+1—p)™ . (7.18)
By Eqgs.(7.2) and (7.3), we see that Eq.(7.18) is equivalent to
lop + 1= p*" < Jawg+1-q". (7.19)
Then Eq.(7.16) implies that Eq.(7.19) is equivalent to
ol <lawg+1—q)"

The last inequality holds, since (1 — ¢)a, < 1 — ¢. Therefore we can check condition
(4), and thus the proof of Theorem 7.3.1 (1) is complete. Part (2) follows from taking
A = {0} in part (1).

7.4. Holley-Liggett Method

In this section we will discuss the Holley-Liggett method briefly. The argument
of Liggett! implies

Theorem 7.4.1. Let

1+ Vl—q
N 2

2p — g+ /ala — 4p(1 — p)]

(HL)(
2p?

P (q)

and p'"(p,q) =

Then we have
pe(q) <pFH(q)  for 0< g <1,

and
1
pp:a) 2 P (pq)  for 5 <p<1andq>4dp(1l-p).

In this section, we will show just how to get these bounds as in the case of the
basic contact process in one dimension. Let y be a renewal measure on {0, 1}% whose

density f(n)(= F(n) — F(n+ 1)) is given by
E(h(&() = h(A),
for all A of the form {1,2,...,n} (n > 1), where
h(A) = u{n : n(x) = 1 for some = € A}.

Remark that

forn > 1.
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The definition of F(n) gives F/(1) = 1. A direct computation implies that

E(h(el™)) = h({1})

gives

Similarly, for n > 2,

gives

P’Fin+1)=(1-¢q)) F(k)F(n+1—k)+(1-p)>F(n). (7.20)
k=1

We introduce the generating function
oo
$(u) =Y Fluu”
n=1

Multiplying Eq.(7.20) by u"™!, summing by n > 2 and using the value of F'(2) leads
to the following quadratic equation of ¢:

(1—q)¢*(u) — [p2 + {1 —q—(1 —p)Z}u}qb(u) + p?u = 0.
The nonnegativity of the discriminant of this equation with v = 1 is equivalent to

q[q —4p(1 —p)} > 0.

The last inequality gives the upper bound ngL)(q) on p.(q). Let M =1/{¢(1)}. So

M satisfies the following equation:

(1—q)M? + (¢ —2p)M + p* = 0. (7.21)
Note that X
(HL) — (o) = —— = M. :
P (p,q) = p(e) o0 M (7.22)

Combining Eq.(7.21) with Eq.(7.22) gives the lower bound on p(p, q) :

2p — q + v/qlg — 4p(1 -

(HL) _
P (s q) 27
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CHAPTER 8

3-STATE CYCLIC PARTICLE SYSTEMS

8.1. Introduction

In this chapter we consider 3-state interacting particle systems, in particular,
cyclic type models. Until the previous chapter we consider just 2-state models, i.e., 0
and 1. Here we mainly study the next cyclic model. The dynamics is as follows: for
xr € Z4 and 7 € {0, 1,2}Zd,

0—1 at rate n(1;z,7n),
19 at rate n(2;x,7n),
2 -0 at rate n(0;z,n),

where n(i;z,m) = {y : vt —y| =1 andn(z) = ¢ — 1, n(y) = i mod 3}|. We
call this model cyclic particle system for short in these notes. In general, the N-
state cyclic particle system can be considered in the following way; for z € Z?¢ and
nef{0,1,...,N—1}2"

i —i+1 mod N at rate n(i+1;2,7).

where n(i;z,m) = {y : |[vt —y| = land n(z) =i — 1, n(y) = ¢« mod N}|. When
N = 2, the cyclic model is equivalent to the standard two-state voter model, see
Chapter V of Liggett,! for example. Our process is N = 3. This model can be
considered as the biological model for three competing species. In other words, it is
a lattice version of the Lotka-Volterra model. It is easy to see that there are three
trivial invariant measures; dg, 61, and d2. In the case of one dimension, considering
the walls made by two different species, we can easily show that the above three
measures are only extreme measures, that is, any invariant measure can be written as
a convex combination of dg, §; and d5. Since the number of walls just decrease. So the
interesting phenomena would appear in higher dimensions. The case of most biological
interest is d = 2. On the other hand, concerning many-state cyclic particle system
(N > 3) in one dimension, Bramson and Griffeath? studied the results on fixation.
The many-state cyclic particle system (N > 3) is not reversible, additive or even
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attractive, so they restricted attention to the one dimensional case. Recently Tainaka
and Yamasaki® considered the case N = 4 to introduce vortices in two dimensions
and strings in three dimensions by using Monte Carlo simulations.

Cyclic particle systems (i.e. N = 3) in one and two dimensions were first studied
by Tainaka* by Monte Carlo simulations. He reported that the two-dimensional cyclic
particle system approaches the nontrivial stable state regardless of initial conditions.
On the other hand, by the mean-field theory, the d-dimensional cyclic particle system
reveals a neutrally stable center; the density of each species oscillates around the fixed
points where three species coexists with equal densities, for example, see Itoh.®~7
Moreover Tainaka® showed fixed point for the dynamics of pair-approximation be-
comes unstable. So, following Tainaka’s statements®, in the case of two dimensions
(probably also higher dimensions,) one of the interesting things is as follows: for
nontrivial fixed point,

1. Monte Carlo simulations show it becomes stable focus.

2. Mean-field approximation (the first approximation) shows it becomes neutrally
stable center.

3. Pair-approximation (the second approximation) shows it becomes unstable point.

That is, the second approximation is not better than the first one for the stability of
the cyclic particle system in two dimensions.

This chapter is organized as follows. Section 8.2 is devoted to master equations
and correlation identities for the d-dimensional cyclic particle systems. In Sections 8.3
and 8.4, we consider the mean-field and pair approximations for this system respec-
tively. Finally Section 8.5 is devoted to the cyclic particle system with an external
field.

8.2. Correlation Identities

In this section, we consider the correlation identities for the d-dimensional cyclic
particle system. To do so, first we introduce the following formal generator of this
process as in the case of the basic contact process. Let y ~ x denote that y is a
nearest neighbor of z.

n) => To(n() Y Li(n@)[f(™°~") = f(n)]

+ 3 L) S )62 = Fo)]
+ 3 L) S Tom@) [ n720) - f),

where I;(j) = 1if j =i, = 0if j # i, and ™79 (k) = n(k) if kK # 2, = n(z) if
n(x) #1i, =jifn(z) =1

From now on we assume the initial measures we consider here are translation,
rotation and reflection invariant. Let p;(i) be the density of i species for a site at time
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t, that is, p¢(i) = E[I;(n¢(0))], where n; is the cyclic particle system at time t and 0
is the origin. If we take f(n) = Io(n(0)), then

= — Z In(n(0))11(n(y)) + Z I5(n(0))Io(n(y))-

y~0 y~0
Hence translation, rotation and reflection invariance for initial measure give

dp(0)
dt

— 2[p4(20) — p:(01)].

where z = 2d (d is the dimensionality) and p:(ij) = E [1;(1:(0))I;(n:(e1))] where
e1 = (1,0,...,0) be a unit vector.

Exercise 8.1. Verify the following differential equations;

dpt(1)

=z [pt(01) — p(12)],

dpt(2)
dt

=z [p:(12) — pi(20)] .

Next we will compute the differential equations for two-point correlation functions
p(i7). In a similar way, if f(n) = Io(n(0))I1(n(e1)), then

Qf(n) = Io(n(0)) Y~ Li(n(y))[To(1)I1(n(e1)) — Io(n(0))I1(n(e1))]

+ Io( yel NZ Li(n 1(0))11(1) = Io(n(0)) 11 (n(e1))]
+I1i(n yzoflz ) Ho(2) I (n(ex)) — Lo(n(0)) 11 (n(e1))]
+ I (n(er)) y; Iy(n n(0))11(2) — Io(n(0))I1(n(e1))]
+ Ix(n zy;)fo )) Lo (0)I1(n(e1)) — Lo(n(0))11(n(e1))]
+ Iz (n(e1)) yZ; Io(n 1(0))11(0) — Io(n(0)) 11 (n(e1))]
= —Io(n(O))Il(ny(el;) - 0276 Io(n(0)) 11 (n(e1)) 11 (n(y))

+ Z?éoIo(n(O))IZ;(n’(yﬁ)l)h(n(y))

- y 12,:010(77(0))11(77(61))12(77(1/))

+ Y Lm0)i(n(e)Io(n(y))-

y~0,y#e1
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Therefore we have

Pd0) _ o)+ 3 [0(00.1) 4+ pu(12,0) — pr(10,1) — py(01,2)],

dt
y~er,y#0

where p.(ij, k) = E [1;(n:(0))I;(n:(e1))Ix(n:(y))] for y with y ~ e; and y # 0. Note
that we omit y in p¢(ij, k) for simplicity. Similarly we have differential equations for
other p;(ij). Hence the following result can be obtained.

Theorem 8.2.1. Let z = 2d. For any initial measure with translation, rotation and
reflection invariances, we have

PO 20) - o).
@ W 1) - p12).
@ PP pa2) - p20).
@ P 012 3 [p(02.0) - pi(00. 1)
yr~e1,y#0
(5) dp’étn) = 2p,(01) + 2%;#0[%(10, 1) — pu(11,2)].
6 P 0242 Y [212) - p(22.0)
yr~e1,y#0
(7) dﬁf”:—mmn+mg%Jmmam+muzm—maan—mmLm.
) dﬁfﬁ:wmm+%§;£mmm+m@am—mmawmmzm.
©) dﬁgm:—m@®+mg%Jm@l®+m®L%—m@l@—m@ﬁﬂ-

Exercise 8.2. Verify Theorem 8.2.1 (4)-(6), (8) and (9).

In the stationary state, we have

Corollary 8.2.2.

(1) p(01) = p(12) = p(20)
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2)  —p01)= > [p(02,0) = p(00,1)] = > [p(10,1) — p(11,2)]

yr~ve1,y#0 yr~e1,y#0

= > [p(21,2) — p(22,0)].

yn~er 72/#0

(3) p(01) = > [p(00,1) + p(12,0) — p(10,1) — p(01,2)]

yr~e1,y#0

= Y [p(11,2)+ p(20,1) — p(21,2) — p(12,0)]
yr~ver,y#0

= 2. [p(22,0)+p(01,2) = p(02,0) — p(20,1)]

yr~ve1,y#0

8.3. Mean-Field Approximation

In this section we consider the mean-field approximation for the cyclic particle
system. Let I; = pi(0) + pe(1) + pe(2) and J; = p(0)pe(1)pe(2). Then I; = 1 for
any t, so it is trivial conservative quantity. In the mean-field theory, J; also becomes
conservative quantity. That is, if we assume p;(ij) = p¢(i)p:(j) for any ¢ and i, j,
(mean-field approximation,) then Theorem 8.2.1 (1)-(3) give

dJy

—L 0.
dt

Concerning the stationary density, if we assume p(ij) = p(i)p(j) for any i, j, (mean-
field approximation), then Corollary 8.2.2 (1) implies

(1(0),p(1), p(2)) = (1,0,0), (0,1,0), (0,0,1), (1/3,1/3,1/3).

Next we discuss the stability for the cyclic particle system by mean-field approx-
imation. For simplicity, we assume z = 1. Let

pt(0) = p; (0) + x4,
pt(1) = pi (1) + ye,
pt(2) = p;(2) + 2,

where (p;(0), p; (1), p;(2)) is a stationary density and (x¢, y, 2¢) is a fluctuation with
T+ Y + 2 = 0.
(i) (p;(0),p;(1),pf(2)) = (1,0,0). In this case, we begin with

2ot = pt(0)pe(2) — p+(0)ps (1)

= (p; (0) +24)(p; (2) + 21) — (p; (0) + 24) (P (1) + Ye)
=1 +a)ze — (L4 2¢)ye
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Here we neglect z;2; and z;y; and use z; = —x;—1¥;, so we have the following linearized
equation:
d(l?t -
% = —Tt — Qyt
Similarly we get
dyt o
- Yt

Therefore
i Tt o -1 =2 Tt
dt\ye) L0 1 Y )
The eigenvalues of this matrix are —1 and 1. So we conclude that (1,0, 0) is unstable.

In a similar way, we see that (0,1,0) and (0,0, 1) are also unstable.
(ii) (p;(0), pf(1),p;(2)) = (1/3,1/3,1/3). In this case, we obtain

i Tt o l -1 -2 Tt

d\ye) 3\2 1 (T
The eigenvalues of this matrix are ++/3i. So we conclude that (1/3,1/3,1/3) is
neutrally stable.

8.4. Pair-Approximation

This section is devoted to pair-approximation. In the stationary states, if we
assume p(j)p(ij, k) = p(ij)p(jk) for any i, j, k, (pair-approximation), then Corollary
8.2.2 (1)-(3) give a nontrivial stationary density;

1 z+1 . z— 2

pli) =5, plii) = 9G=1) p(ij) = G- (1 # J), (8.1)
where z = 2d. When d = 1, Eq.(8.1) becomes
) = plid) = 5, p(i) =0 (i # ) (5.2

So it suggests any invariant measure in one dimension is a convex combination of
do, 61 and d3. In any dimension, we see that p(ii) > 1/9 and p(ij) < 1/9 (i # j).
Furthermore, if d goes to infinity, both p(i7) and p(ij) with ¢ # j approach to 1/9,
that is, mean-field limit. However, as Tainaka® pointed out, pair-approximation does
not explain the stability for the cyclic particle system.

8.5. Cyclic Particle System with External Field

In this section we consider the cyclic particle system with an external field from
1 — 0 as follows; for x € Z¢ and n € {0, 1, Q}Zd,

0—1 at rate n(1l;z,7n),
19 at rate n(2;z,7n),
250 at rate n(0;z,7n),

1—0 at rate 0,
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where n(i,z;n) = {y : |xr —y| = L and n(y) = ¢}|. This system was first studied by
Tainaka.? The formal generator is given by

Qf(m) =Y Io(n(@) Y L) o™= = f()]

y~z

+> Lin(@) Y L) [f (™) = f()]

y~zx

+ ) L(n() Y Io(@)f (0> — f(n)]

y~z

+ 30 L)L) — £),

where I;(j) = 1if j =4, = 0if j # 4, and n®" I (k) = n(k) if k # z, = n(x) if
n(x) #1i, = jif n(z) =i. As in the cyclic particle system, we obtain

Theorem 8.5.1. Let z = 2d. For any initial measure with translation, rotation and
reflection invariances, we have

(1) dp;ig) = z[p(20) — pe(01)] + 6p(1).
@ W o) - p12)] - ).
@ P 02) - p20)].
@ PO 20 12 Y (02.0)  pu(00,1)] + 20p0(00).
y~e1,y#£0
(5) dpétll) =2p:(01) +2 > [p4(10,1) — py(11,2)] — 25p;(11).
y~er1,y#0
6 PP ot Y n212) - p(22,0)
y~e1,y#0
M PO o Y (000.1) 4 pu(12,0) - pi(10.7) — pi(01,2)]
y~e1,y#0
+ 8pe(11) — 6y (O1).
dp:(12)
(8) o = —p(12) + > [pe(11,2) + pi(20,1) — py(21,2) — p(12,0)]
y~e1,y#0
— 6p¢(02).
(9) w:—pt(ﬂ))ﬁ- > [pe(22,0) + pe(01,2) — py(02,0) — py(20,1)]
y~e1,y#0

+0p(12).
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In a stationary state, if we assume p(ij) = p(i)p(j) for any i, j (mean-field
approximation), then Theorem 8.5.1 gives

z4+0 z—20

p0) =p(1) = ——, p(2)=——

Then, one of the interesting open problems presented by Tainaka?® is as follows:

Open Problem 8.5.2. Let d = 2. Suppose that ny(z), x € Z? are independent and
P(no(x) =1i) = 1/3 for any = and i = 0, 1, 2. Then there exists d. > 0 such that for
any 0 < 4 < 4,

p(1) >
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