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Form factors and vertex operators
in the XYZ antiferromagnet”

Yas-Hiro Quano

Abstract

This article summarizes my talk on form factors in the reflectionless eight-vertex
model, given in the conference ‘Elliptic Integrable Systems’, held as a part of RIMS
Project, Department of Mathematics, Kyoto University, November 8-11, 2004. It
is shown that the form factors of o7 in the eight-vertex model at the so-called
reflectionless points can be expressed in terms of the sum of theta functions without
any integrals.

1 Introduction

The eight-vertex model can be specified by two parameters ¢ and p, where p = (—q)*". For
general r > 1 case, the bosonization recipe to obtain the eight-vertex form factor was given
by Lashkevich [1]. For rational r > 1, integral representations for the vertex operators
in the eight-vertex model were conjectured by using certain representations of deformed
We-algebras by Shiraishi [2]. As far as I know, the connection between the eight-vertex
model and deformed W-algebras is not clear. As a trial to clarify that connection, in
this article we consider form factors in the eight-vertex model at the reflectionless points.
Related topics were also discussed in [3].

Letr =ry = 1—1—% (N =1,2,3,---). Then the eight-vertex model is at a reflectionless
point. In particular, the eight-vertex model at » = 2 (N = 1) reduces to the double Ising
model. When r = ry, S-matrix S(u) = —R(u; 7 — 1, €) becomes (anti-)diagonal. Thus, we
expect that the form factor formulae will be simple at reflectionless points. Form factors
are originally defined as matrix elements of local operators. In what follows, we consider
the case

O=0"=) eb_.(u—1)P(u).
e==+

2 Basic definitions

The R-matrix of the eight-vertex model in the principal regime is given as follows:

(2.1)

*Partly based on a joint work with Michael Lashkevich.
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(2225 2%, 2% ) oo (22422 24, 2% ) o
2z 18, 37 ) oo (222 2, 227 ) o
a(u) = g~"(u), b(u)=gi"(u), c(u)=g;"(u), d(¢)=—g""(u),

ey ha(@ha(D) _ s e>o
= = 0h (0 mw»—{ (2 D), (= <0),

)

where 0 <u <1, 7r>1,€¢>0.
The nonzero Boltzmann weights of the eight-vertex SOS model in Regime III are given
as follows:

[ k+2 k41| ] 1

Viker & Y = %@
E = N =7

Wikt & |Y T swi-ul (2:2)

Eookx1] ] 1 [uk+]]
Y0iks1r « |Y T Trwi-am
Here,
W] = 2% 0 (),
Op(2) = (2:P)oo(Pz i P)oc(Pi D)o = Y PV (—2)".

neL

The local state k € Z +§ (J is an irrational number), and the difference of adjoining sites
should be equal to 1. Then we have the so-called vertex-face correspondence [4]:

R(Ul—U2>td(’LLQ—U1)®t Uo—’LLQ Z W [ Ell ’Ul — U2:| tZ(UO—Ul)(Xth(UO—Ug). (23)
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Introduce the following basic bosons:

[m]e[(r = Dm]a

[ﬁmaﬁn] =m [2m]z[rm]x 5m+n,07 [Q7 P] =V _17
where . .
xr — X
[l := x—a!

Let Fii := C[B_1,0-2, - ]|, k) be the Fock space with the highest weight |/, k) for
k,leZ+ 46 (0 ¢Q) such that

Gull, k) =0 (n>0), P|l,k)=(a1k+ asl)|l, k).
Here, a; < ay are two roots of the following quadratic equation:

1 2

tZ—%t—Ez(t—al)(t—og), Nt (2.4)
Introduce ¢; (7 =1,2,0) as
©1(2) == o1(vV=1Q + Plogz) — Z %zm, (2.5)
m=#0
©2(2) = aa(vV—1Q + Plog2) + Z ﬁm#ﬂ)](—z)m
m#0
©o(2) == —ao(vV—1Q + Plog(— Z Fm G Enll il z™™.
m;éO
Let
O (u) =27 rexp(pi(2)) s, A) =wT exp(—gi(zw) — pr(@7Mw)) , (2.6)

where z = 22*, w = 2?". Then the type I vertex operator in the eight-vertex SOS model

on Fy:

O () = (), B M) = Yoy (), (27)

where

1 dw [v—u+ 3 — k]
X(w) = Xfizﬁmw"“”) 7 s,

1 dw [v—u+3—k
Y(u) = —ﬁmmv) skl

Here, the contour C'is chosen such that the poles from the factor [v—u— %] atw =z z
are inside if n € Z> (outside if n € Z() and the poles resulting from the normal ordering
of @, (u)A(v) at w = 27727z (n/ € Zx) are outside. The factor A can be determined

from the inversion property of ® and ®*:

14+2nr

I_r 4. .4 .21 2r+4. 4 .21
14 _ 14 o T er 2r—2. 2 (x L, T )OO('r U, T )OO
@*k (U) - [k?]@k (u — 1); A= —(x r 3 X r>°°(x2;$4,$2T)oo($2r+2;$4,x2r)oo

1]

(2.9)
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Let
U (u) = 2100 :exp(pa(2)) r;, B(v) = wit : exp(—pa(zw) — @o(z'w)) . (2.10)

Then the type II vertex operator in the eight-vertex SOS model on F:

U ) = W (u), W (u) = W (w) X (u), (2.11)
where | ; g

and [u]" = [u]|,—,—1. Here, the contour C” is chosen such that the poles from the factor
[v—u+ 1] at w = 27127 are inside if n € Zyg (outside if n € Zy) and the
poles resulting from the normal ordering of U* (u)B(v) at w = 272"~V (0’ € Z,) are
outside. The factor X' can be determined from the inversion property of ¥* and V.

! (1) = i\P*ﬁ'(u _1), = 2T (2202 (222t 27 2) o (22 2, 22 2)
1y 17 (222 222) o (24 2%, 227 2) oo (2272, 2, 2272 o
(2.13)

Let us introduce one more vertex operator:

W_(u) = W(u—"32), W)= (—2)77 : exp(go(z)). (2.14)

2

The objects of the eight-vertex model can be expressed in terms of those of the eight-
vertex SOS model and a certain nonlocal operator, the tail operator [5, 1]:

AR (uo) = T (uo) Ti (o) (2.15)
KoK kb kU I 4
ko kb ko ks 1 +1 l
Uo

From vertex-face correspondence (2.3) we get the tail operators

A (ug) = <—>S%X8<uo>, (2.16)

for ¥ =k —2sand I’ =1; and
1 mv—-1

AR (uo) = D X" (ug + Aug)W-(ug)Y* M (ug),  Aug = gt (217)
€
where k' = k — 25, I’ =1 — 2t, and D} is some number. Later we use
ok 1 I [k—1]k—2

S W@ -2 ) [A) (kO[]
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Furthermore, we note that the inversion relation between the intertwining vector and
its dual

k K
—y—

| — 6%, implies AM =g and AU¥ =0 ifk>K, I<lUork<k, >0
|

k k//

In what follows we assume that & > &’ and consequently [ > [’
Let p' be the product of four corner transfer matrices of the eight-vertex model, and
let pl(,? be that of the eight-vertex SOS model. Character identity [5]

> K = [0 (2.19)

k=l+1
suggests
(4)
. 1 4
U= X gl = D Tlw) T (wo) (2.20)
k=1+i (2) k=1+i (2)
where p2 2, ]
(@) 4H, Mg [Ty
P = [/{]l‘ lk, Hlk = — 4 ﬁ,mﬁm (221)
L 2+ 2 Gl — Dl
. 1
() — [
T A k
k=l+i
k l
_ 1 | | |
- [l]/ - I I I
k=l+1 L I
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3 Vertex operators at the reflectionless points

In general, the eight- vertex model form factors can be obtained from the trace of product
of &y, Wk ALK and plk , by using vertex-face transformation [1].
Let r =1+ . Then [1]' = 0 and therefore 1/ = 0. Recall

\Ij*gil(u) = % fé/ %\Di(u)B@» [U[;f ;_E ;/l]/ (3'1>

- 2r—1 Cp2r—2 P § i
= l% d—w:\p*(u)B(v):Z—ﬁ(ﬂﬁ w/z; 77 [V —u 2;|- ]
lod 2ty —1w ('T_lw/z; xZT_Z)OO [2} —u+ 5]/

The contour C” encircles the poles at w = z 70Dz (v = u—1+n(r—1)) with n € Zxg
but not the poles at w = 2!~ ""Vz (v = u+ 3 —n'(r — 1)) with n’ = 0,1, , N. Thus,
the pinching occurs when n +n’ = N. Hence we have

=1 Zcﬂ U (u —pu(r—1)) (3.2)

where

()t 1= N, (1= (= D/N, (st o) (a2t a2

CM: )

2D [1/N14[2/Nly - - - [0/ Nle (2?24, 227 =2) o (2?75 x4, x2r=2)
(3.3)
and N
c Ut (u)B(u + l — p(r — 1)) == g1 230D
X 1exp (—az(v 1Q + Plog z*(r=1- Z —’Ym > . (3.4)
m##0
with

[rm)],
Tm =
[(r — 1)m],
When N =1 (r = 2), these are simplified as follows:

(me(,u(rfl)fl) + x?m,u(rfl) . 1)

Co,1 = :FZL’:Fl, (35)

and ;
0% (u)B(u =+ §) = a*222

m7£0 z

For O = 0% = Zeq)_g(u — 1)®.(u), tail operator A¥" with &’ = k, k 4 2 are needed.
When k' = k,
Akt (uo) = 7.

For k' =k — 2,
Aé,;ztk_z(uo) = D§,€_2tk_2X“_1(u0 + Aug)W_(up).
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Since

B)W-_(u) = wrr S8 /i)

(=222 /w; 177 2) o : B(o)W_(u) -,

no pinching occurs, and therefore Al 272 = 0 if ¢ > 1.

Thus, the only nontrivial tail operator is AL;2*7%(ug) oc W_(ug). Hence, U*/™ and
Af;%_g can be expressed by the product of rational functions (zero modes parts) and
exponentiated bosons, and \If*fl is the sum of such product. For © = ¢%, the form factors
are therefore expressed in terms of the sum of theta function without any integrals.

4 Form factors at the reflectionless points
The 2m-particle form factors ((; = z"/) are given as follows:

i 1 ‘
F (G, s Com )iz = WTTHZ' (v, (sz)""I’* (¢1)Op®)

_ Ik /*l
= Y EM(Q),. lzmlH ;0 (W = uo — Aug),,,

ly--lom

(4.1)

where ly,,+1 = [. From the generalized ice condition,

FD(C) i = 0, unless #{j|u; > 0} = m (mod 2).

m

Note that from (4.2), nonzero terms in the sum on (4.1) results from the case iy = [, +2.
When [y =1 (4.1) has an integral. On the other hand, (4.1) for [; # [ can be expressed in
terms of the sum of theta function (without integrals), otherwise is equal to 0. Since

92m _ 2m > 92m-—1
m )~ ’

we can obtain no-integral formulae for 0% form factors, in principle.
For O = 0%, we have

FSP (Ot tamt = Z Z et — )i, te(u = uo)y? (4.2)

e k=l+i(2

* *02 2 1 plk
X TrHl(;) (\I/lglm (CQm) cen \Illll (C1>‘I)£2 (U — 1)‘1311; (U)Aikk (UO)W)

In what follows, for simplicity, we set m = 2 and uy = u — ’TF so that the terms for
the case ky = k vanish. The quantity Fj 4, for I’ # [ has a non—mtegral expression.
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For example, let us calculate Fj_5;_1;;41;. Simple calculation shows

o [1+1)(x -2t

quk—li-l(64)\Ijzkl+1(CS)\IJﬁl<C2)\D?l_l(C1)q>llz—1(u - 1)®2_1(U)A§I;2k_2(u0)w = )\)\/[1]/3[0]
N

D W () W () W () W (1) B(uf )@y (w0 = 1) () V(o) : M

=0

_ _ 3 _ _
ﬁ (Zj/Zk; :U4, er Q)Oo(x2r+22j/zk; :C4, er 2)00 . (x(Qr 2)(1+“)Zj/24; er 2)00

w r-1

o k (:Csz/zk; 334, $2T*2)oo($2rzj/2k; x4’ zzr—z)oo o (x(2r72),u722j/z4; 3327‘72)00
4 2r. .2r
Lz e 1—(2r—2) 1—(2r—2) —2
| | — X2 ) ——T—(x Faa+ 2)(x Py +a7 %2
e 1+271z/z, ( )’ (—z% 22 o ( 1+ 2)( 4t )

4 .

Hzfﬁ (22/2); 7)o

i I (@ Y2z a2 2) 0

Here, ui“) = uy + 5 — p(r — 1), and note that X'[1]’ is a constant. Let

: \I/i(u4)\lli(u3)\lli(u2)\ll*+(ul)B(ui“))(I)+(u — 1P (u)W_(ug) := Uy : exp <Z Amﬁm) :
m7#0

where Uy is the zero-mode part. Then the trace over oscillator modes

T (1 k| B et-mPomedmBngn N1 k)
Tr, | : E A O A - (L k|, = B

m=1 n=0

can be calculated as follows. Note that

o mlL[(r — V.,
e A g |1 ) = A <6m+m L

Am)n LK.  (4.4)

Multiply 2™ by the coeeficient of 47, |I,k) on (4.4), and sum up with respect to n, we

get
i~ Cs ([l = Dyl s
2D 5! ( 2m],[rm]. A""Am>

n;O . s [7(;1]36[(71 - 1)m]m s 00 .
- ; s! (m [2m)].[rm], A_mAm) ;”Cﬂ: (4.5)

et [mla[(r = Dmly

1
= — A An -
1 gim P (1 —gim [2m)],[rm], )

Thus, we have

1 ' ml[(r = Dm]y,
(4.3) = L P (n; T T, AmAm> : (4.6)
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Since
m _ o _lrml : )M [2m]s[rm] _ 2=, y-m
A = ol 29 Gl - e )
,m 22 4 (— g ymr=1) 2m],
(H (=) [(T—l)m]x)’
we obtain

) = b [ttt ) (s it o)

(2% 1%) oo r (262, /2 24, 2t 227=2) oo (22742, [ 2 a2t 2t 227=2) o
4 (:L,2r+472(r71),uz4/zj; 24, x2“2)oo(m2r+2+2(’"*1)“zj/z4; 24, x2r72)oo
X H (I2r+4—2(7"—1)p,24/zj; 1’4, x?r—2>oo<l.2+2(r—l)uzj/z4; ZL'4, x27‘—2)oo

o0

7j=1

el

. 1 (29223 2%, 2% 2) oo (227432, ) 2y 24, 27 2) o
e (=232 255 0%) o (—202j ) 2, 2% oo (202 253 24, 227 72) o (27 H1 2 [ 25 24, 227 72) o
% (—1’1+2(T_1)“2/Z4; 1‘2)00(—1‘5_2(T_1)“Z4/Z; 172)00
% (x1+2(r71),uz/z4; xZTfZ)OO(xlfQ(rfl)(ufl)zZl/z; 513'21“72)00,
(4.7)
where d,, is some constant. Contribution from the trace over zero modes is equal to:
xrjl—T;;}—2m+2(+_1)(u1+u2+u3+5u4)+(T;l+r(%l))u+*;1k2—2kl+ﬁl2 ( )
4.8

k(2u(r—1)+@—1+u1+u2+ug—u4—2u)+l(2ur+2—ﬁ—&—ﬁ(ul—i—ug—i—ug—wg— ffﬁ )

X X

Multiply (4.8) by [k — 1] (resulting from Zst_e(u — g — V¥ it (u — up)i~3) and sum

up with respect to k = [+ ¢ (mod 2). Then we have

N
F’l(i)glflllJrll(ula U2, U3, Ug; U’) = Zcu(ula U2, U3, Uy, U) (49)
n=0
Uy + Uo + Uz — Uy 71'\/—1 l—i-%ﬁ_“‘*—u 7T\/—1
x| (=)0 - —1): 0 :
(( ) 3( 9 u—i_:u(r )? € ) 1< r—1 ’E(T—l)
L Up + Us + Uz — Uy ™/ —1 e e 2VA |
—) " — —1); 0 ;
+=) 2( 2 wtpr = 1); € * r—1 Te(r—1)) )"

where C),(u1, us, us, u4; u) is some function, which is almost equal to the product of [I4+1]'¢,,

and (4.7).
5 Summary and discussion
In this article, it is shown that the type II vertex operators and the type II part (X’) of tail

operators can be bosonized without any integrals at reflectionless points. Consequently,
the form factors of @ = ¢% in the eight-vertex model can be expressed in terms of the
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sum of theta functions. We wish to report explicit expressions for o* form factors of the
eight-vertex model at reflectionless points in a separate paper.

Concerning generic local operator O, the tail operator AF! with &' = k + 25 (s > 1)
are needed. Nevertheless, there is no pinching for I’ = [ + 2¢ with ¢ > 1. Thus, the type
IT part of A’,ﬁ;l' is always written without integrals. On the other hands, the type I part
(Y) of tail operators has an integral representation. Furthermore, generic local operator
itself has an integral representation. Note that these integrals result from type I parts.

Let us remind Shiraishi’s observation [2], where the type II vertex operators in the
eight-vertex model (NOT SOS) at reflectionless points can be expressed in terms of certain
representations of deformed W-algebra Dy ;. Such non-integral structure is very close to
our results here. However, Shiraishi’s formulae of the type I vertex operators are different
from ours. It is therefore a very important subject to find a connection between these
two schemes.
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