ELLIPTIC INTEGRABLE SYSTEMS

HEUN EQUATION AND PAINLEVE EQUATION
KOUICHI TAKEMURA

ABSTRACT. We relate two parameter solutions of the sixth Painlevé equation and finite-
gap solutions of the Heun equation by considering monodromy on a certain class of
Fuchsian differential equations. In the appendix, we present formulae on differentials
of elliptic modular functions, and obtain the ellitic form of the sixth Painlevé equation
directly.

1. INTRODUCTION

In this paper we make a study on two differential equations. One is the Heun equation,
and the other is the sixth Painlevé equation.
Heun'’s differential equation (or the Heun equation) is a differential equation given by

(1.1) ((%)1 (% T (i 1w - t) % + w(wa_ﬁﬁ))(_wq_ t)) f(w) =0

with the condition
(1.2) Y+o+e=a+pG+1.

The Heun equation is the standard canonical form of a Fuchsian equation with four
singularities. It is well known that the Fuchsian equation with three singularities is the
hypergeometric differential equation.

In the 1980’s, Treibich and Verdier [16] found that the Heun equation is related with
the theory of the finite-gap potential, and several others have produced more precise
statements and concerned results on this subject. Namely, integral representations of
solutions, global monodromy in terms of hyperelliptic integrals and the Hermite-Krichever
Ansatz for the case v,0,e,a0 — 3 € Z + % are investigated (see [1,2,9,11-14] etc.).

The sixth Painlevé equation is a non-linear ordinary differential equation written as

(13 e 11 d\\* L1 1 \dA
' a2 2\ N A—1 X—t) \at t t—1 X—t) dt
AA=1D(A=1) {ngo k2t kY (t—1)  (1—k) t(t—l)}

2(t—1)2 22X 2 (A—1)? 2 (A—1t)?

A remarkable property of this differential equation is that its solutions do not have movable
singularities other than poles. Although generic solutions of the sixth Painlevé equation
are trancedental, it may have classical solutions for special cases. If kg = k1 = K =
Koo = 0, then Eq.(1.3) has two parameter solutions called Picard’s solution [7], and if
Ko = K1 = Kt = Koo = 1/2, then Eq.(1.3) has two parameter solutions called Hitchin’s
solution [3].
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In this paper we investigate a family of solutions to the sixth Painlevé equation includ-
ing Hitchin’s solutions by applying Hermite-Krichever Ansatz which is used to study the
Heun equation in [14]. More precisely, we develop the Hermite-Krichever Ansatz for a
certain class of Fuchsian differential equations which include the linear differential equa-
tion that produce the sixth Painlevé equation by monodromy preserving deformation. By
considering monodromy preserving deformation for the solutions to the linear differential
equation, we obtain solutions to the sixth Painlevé equation including Hitchin’s solutions.

This paper is organized as follows. In section 2, we obtain integral representations
of solutions to a certain class of Fuchsian differential equations and rewrite them to the
form of the Hermite-Krichever Ansatz. In section 3, we apply the results in section 2
for the Heun equation. In section 4, we show that the solutions to the linear differential
equations considered in section 2 produce two parameter solutions to the sixth Painlevé
equation by monodromy preserving deformation. Some explicit solutions that include
Hitchin’s solution are displayed. In section 5, we give concluding remarks and present an
open problem. In the appendix, we present formulae on differentials of elliptic modular
functions, and obtain the ellitic form of the sixth Painlevé equation directly.

2. FUCHSIAN DIFFERENTIAL EQUATION AND HERMITE-KRICHEVER ANSATZ

In this section, we consider differential equations which have additional apparent sin-
gularities to the Heun equation. More precisely, we consider the equation

(2.1)

2 Loy I ety N -\ d
{dw2+( w +w—1+w—t+;w_l~)i, dw

(Z?:o li + Zyzl ri)(=1—1lo+ Z?:l li + Z?’/Izl ri)w +p+ Zyﬂ waf%,i, - 0
* Tw(w — D(w—1) f(w) =0,

for the case [; € Z>o (0 <i < 3), 1y € Zs (1 <i' < M) and the regular singular points
by (1 <i' < M) are apparent. Here, a regular singular point = a of a linear differential
equation of order two is said to be apparent, if and only if the differential equation does
not have a logarithmic solution at = a and the exponents at = a are integers.

Let p(x) be the Weierstrass p-function with periods (2wy, 2ws). We set wg = 0, wy = 1/2
w3 = T/2, wg = —wy —ws and e; = p(w;) (1 = 1,2,3). It is known that, if ¢ # 0,1, oo,
then there exists a value 7 € R+ /—1R.q such that ¢ = (e3 —e;)/(es — e1). By a certain
transformation, Eq.(2.1) is rewritten in terms of elliptic functions such as

(2.2) (Hy — E)fg(x) =0,
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M
T

(2.3) Hg:—%jLZ#%%jt(lew) (ZDH_,ZI )p(as)

i'=1 i’=1

3 M ~
S;r
+ E Ll + Dp(r +wi) + E _,
— (e et ) = p(x) — p(d¢)

(24) o) =by, (' =1,..., M),

The parameter §; (' = 1,..., M) corresponds to the parameter o;, and the parameter
p corresponds to E. Apparency of the singularity at w = £4; on Eq.(2.2) inherits from
apparency of the singularity at w = by on Eq.(2.1).
We now review the propositions on solutions to Eq.(2.2) obtained in [15]. The first one

is an integral representation of solutions in terms of elliptic functions. We set

M

¥,(x) = [ (o) — p(6:))2.

i'=1
Proposition 2.1. [15] Assume that ly, ..., l3 € Z>o, 11, ...,7% € Z>1, and the reqular sin-
gular points {by, ..., by} are apparent. Then there exists an even doubly-periodic function
=(z) and a value Q such that

(2.5) Ay() = Wy (2)y/E (@) exp

is a solution to the differential equation (2.2).

For the constructions of Z(x) and @, see [15]

We now show that a solution to Eq.(2.2) can be expressed in the form of the Hermite-
Krichever Ansatz. In our situation, the Hermite-Krichever Ansatz asserts that the differ-
ential equation has solutions that are expressed as a finite series in the derivatives of an
elliptic Baker-Akhiezer function, multiplied by an exponential function. We set

o(x +w; —a) :
. D, = =0,1
(2 6) ,L(‘T,Oé) O'(ZL'—FWZ') eXp(C(oz)x), (Z 07 7273)7
where o(x) (resp. ((z)) is the Weierstrass sigma (resp. zeta) function. Then we have
d\’ d\’
@) (4) B+ 20 = ep(-2na + 20¢@) (1) Bla)

for i = 0,1,2,3, j € Z>o and k = 1,3, where 1, = ((wi) (kK = 1,3). The following
proposition asserts that a solution to Eq.(2.2) is written in the form of the Hermite-
Krichever Ansatz.

Proposition 2.2. [15] (i) Set Iy = I + Zf\il ro and I; = 1; (i = 1,2,3). The function
Ay(z) in Eq.(2.5) is expressed as

(2.8) Ay(z) = exp(rz) | Y 3 by <%)] ®;(z, a)

i=0 j=0
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for some values «, K and5§i) (@':0,...,3,j:O,...,l~i—1), or

(2.9) Ay(z) = exp(kz)p(z)

for some value K and doubly-periodic function p(x). (For a detailed expression of p(x),
see [15].)

(ii) If lo, ..., l3 € Z>o, T1,...,7k € Z>1, and the reqular singular points {by,..., by} are
apparent, then there exists a non-zero solution to Eq.(2.2) that is expressed as Fq.(2.8)
or Eq.(2.9).

The monodromy of the function Ay4(x) is expressed in terms of a and . In fact, if the
function A, (z) is written as Eq.(2.8), then

(2.10) Ay(z + 2wy) = exp(—2npo + 2w () + 2kwi) Ay (z), (K =1,3).

3. HEUN EQUATION

For the case M = 0, Eq.(2.1) is regarded as the Heun equation (see Eq.(1.1)), and it is
transformed to the equation

(3.1) (—dd—; + Zli(li + Dp(z + w@-)> f(z) =Ef(z),

If ly, 11, s, 3 € Z>p, then the function Z?:o l;i(li+1)p(x+w;) is called the Treibich-Verdier
potential, and is an example of algebro-geometric finite-gap potential (see [2,9,13,16]).
For the case M = 0 and lo, I3, 2, l3 € Z>¢, there is no constraint relation for the apparency
of additional regular singularity. Hence Propositions 2.1 and 2.2 holds true. The function
=(z) in Proposition 2.1 is written as

3 -1

(@) = co(B) + > > 0(E)p(r +w)

i=0 j=0

(1]

(3.2)

where the coefficients ¢y(E) and bg-i)(E ) are polynomials in F, they do not have common
divisors and the polynomial ¢o(F) is monic. The value @ is expressed as

(33)  Q=E(@) (E = Zli(li + Doz + wi)> - %E(w)d(i(f) - i (ﬁ—?) .

It follows from Eq.(3.1) that @ is independent of x, and it is a monic polynomial in F
(see [11]). A solution to Eq.(3.1) is expressed by an integral (see Eq.(2.5)), and it is
also expressed in a form of the Hermite-Krichever Ansatz (see Proposition 2.2). It is
shown in [14] that the values p(a), ¢'(a)/v/—@Q and r/\/—Q are expressed as rational
functions in F, and it follows that global monodromy of the Heun equation for the case
lo, 112,13 € Z>q is written as an elliptic integral. On the other hand, it is known that
global monodromy is also expressed by a hyperelliptic integral (see [13]). By comparing the
two expressions, we obtain a hyperelliptic-to-elliptic integral reduction formula (see [14]).

We expressed the functions appeared in this section for the case [ = 2,1y =l =13 = 0.
Note that Eq.(3.1) for the case Iy = ly = I3 = 0 is called the Lamé equation.
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3.1. The case M =0, ly = 2, l; =l = 3 = 0. The differential equation (see Eq.(3.1))
1s written as

d2
(3.4) (- 455 + 60le)) £0) = E50).
Set
3
(3.5) 2(z) = 9p()” + 3Ep(x) + B> — 9g/4,  Q = (E* = 3g2) [ [(E — 3e1),
i=1
where gy = —4(ejez + eze3 + ezer). Then the function

V—Qdx

B(z)
is a solution to Eq.(3.4). The monodromy formula in terms of hyperelliptic integral is
written as

(3.6) Ay(x) = /Z(@) exp /

1 (% —6mE +2wi(E? —3g2/2) -
(3.7) Ay(x 4 2wy) = Ay(z) exp ——/ mj 2 ~92/ ) dE
v [~ (E2 — 3g2) [T, (E — 3¢,)
for k =1, 3.
The function Ay(z) is also expressed in the form of the Hermite-Krichever Ansatz as
- —0) d
(33) A(e) = exp(er) {0 0ot )+ 8 T du( )}
x
for the case E? # 3¢5, and the values o and  are determined as
E3 —27 2 [—(F —3e1)(E —3e)(E -3
39 pla)= s 2, [P Se) (B Se)(F - Beg),
9<E2 — 392) 3 (E2 — 392)
where g3 = 4ejeses.  The monodromy is written by using the values o and k (see

Eq.(2.10)). By comparing two expressions of monodromy, we obtain that
/ B / EdE
\/453 — 926 — g3 \/ —32) [T, (E — 3e)

230,/
92/ dE +

(3.11) =——/ B — 30 [T (E — 301 /\/453—925 gs

(1 =1,2,3) for the transformation

(3.10)

E? — 2793

(3.12) €= 3]

These formulae reduce hyperelliptic integrals of genus two to elliptic integrals.
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4. SIXTH PAINLEVE EQUATION

We consider the Fuchsian differential equation (2.1) for the case M =1, r; = 1. Then
Eq.(2.1) is transformed to

(4.1)
4 oz) d 5 > .
—— + — + -+ l1l1+1p$—|—wl —F fx:O
7 o) — o T g - e T2 il Dol ) = B (o)
We set
3 3 I
4.2 by = p(8 - ! _h
( ) 1 p( 1)7 H1 4b?—ggb1—gg +1212(b1_61)7
3
(43) P = E - 2<l1l263 + l21361 + l3l162) + Z lz(lzez + Q(QZ + bl))
i=1

The condition that, the regular singular points x = 44, is apparent, is written as

3 1
L+ 3
(4.4) p = (467 — g1 — g3) {—u? + ; b= 2 /m}

bl o+l — o)l + o+ 15+ lo + 1)

JFrom now on we assume that ly, l1, 5,13 € Z>( and the eigenvalue E satisfies Eqgs.(4.3,
4.4). Then Propositions 2.1 and 2.2 hold true. It is known [15] that the function Z(z) in
Proposition 2.1 is written as

3 Li—1

=(r) = ¢ dO (.i) T+ ws li—j
(4.5) () o+(p(x)_p(5l))+;;bj p( +w;) .

Ratios of the coefficients ¢q/dy and by)/do (1=0,1,2,3, j =0,...,0; — 1) are written as
rational functions in variables b; and py. The value () in Proposition 2.1 is expressed as
a rational function in b; and p; multiplied by d3. By Proposition 2.2, the eigenfunction
Ay(z) in Eq.(2.5) is also expressed in the form of the Hermite-Krichever Ansatz. Namely,
it is expressed as

(4.6) Ay(z) = exp (kx) Z 3 l;y) (dia:) O, (x, )

(4.7) Ay(x) = exp (kz) p(z)

for some doubly-periodic function p(z), where [ = lo+ 1 + 1o+ 13+ 1, lo = lp+ 1 and
l; =1; (i=1,2,3). For the values o and &, we have

Proposition 4.1. [15] Assume that M = 1, ry = 1, lo,l1,l2,l3 € Z>¢ and the value p
satisfies Eq.(4.4). Let a and k be the values determined by the Hermite-Krichever Ansatz
(see Eq.(4.6)). Then p(«) is expressed as a rational function in variables by and p1, ¢'(«)
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15 expressed as a product of \/—Q and a rational function in variables by and py, and K
15 expressed as a product of \/—Q and a rational function in variables by and py.

If @ # 0 (mod 2w, Z @ 2wsZ), then the function A,(z) is expressed as Eq.(4.6) and we
have

(4.8) Ay(z 4 2wy) = exp(—2npa + 2w; () + 26wy ) Ay (), (K =1,3).

We now discuss the relationship between the monodromy preserving deformation of
Fuchsian equations and the sixth Painlevé equation. For this purpose we recall other
expressions of the sixth Painlevé equation. The sixth Painlevé equation given as Eq.(1.3)
is also written in terms of a Hamiltonian system by adding the variable u, which is called
the sixth Painlevé system:

d\ . aHV] d,u . 8HV]
dt — op ' dt O\

(4.9)

with the Hamiltonian
1

4.10 Hyj=—{O) = 1)\ —t)i?

(A10)  Hys =g (MO - DOt

—{koA =1 A =t) + s AN —t) + (ke = DAXA = 1)} p+ (A —1)},

where k = ((ko + r1 + ¢ — 1)* — k%) /4. The sixth Painlevé equation for \ is obtained by
eliminating p in Eq.(4.9). Set w; = 1/2, wy = 7/2 and write
€3 — €

5) —
(4.11) p= 370 Ao Pl —e
€y — €1 €2 — €
Then the sixth Painlevé equation is equivalent to the following equation (see [6,10]):
(4.12)

d?6 1 (K%, KZ 1 K, T4+1 K, T
ﬁ—‘m{ﬂ’“)*ﬂ) (‘”5)*7@ (“ 2 )*5@ (‘”5)}’

where ¢'(z) = (0/0z)p(z). In the appendix, we obtain the elliptic form of the sixth
Painlevé equation (i.e., Eq.(4.12)) from the original sixth Painlevé equation (i.e., Eq.(1.3)).

It is widely known that the sixth Painlevé equation is obtained by the monodnomy
preserving deformation of a certain linear differential equation. Let us introduce the
following Fuchsian differential equation:

d’y dy
(4.13) T’ + (w)% + pa(w)y = 0,
where
1—ry 11—k 1— Ky 1
4.14 = -
(4.14) pi(w) w w—1 w—t w-=X\

ww—1) ww—-1)(w—1t) ww-—1)(w-—N)
This equation has five regular singular points {0, 1,¢, 00, A} and the exponents at w = A
are 0 and 2. It follows from Eq.(4.10) that the regular singular point w = A is apparent.
Then the sixth Painlevé equation is obtained by the monodromy preserving deformation
of Eq.(4.9), i.e., the condition that the monodromy of Eq.(4.13) is preserved as deforming
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the variable ¢ is equivalent to that p and A satisfy the Painlevé system (see Eq.(4.9)),
provided Ko, K1, K¢, Koo & Z. For details, see [5].
We transform Eq.(4.13) into the form of Eq.(4.1). We set

3
p(r) — el 1;/2

4.16 W= ———o, = f,(x T)—e;)”,
(416) el L 0) ) CORE

(4.17) t="2""1 A= h © 6 =b

€y — €1 €y — €1
Then we obtain Eq.(4.1) by setting
(418) I€0:l1—|—1/2, /€1212+1/2, I{t:lg—l—l/Q, /foo:l0+1/2,
(419) "= (62—61)M1, R = (ll+l2+lg+l0+1)(ll+l2+l3—lo),
1 P+ Kes
4.20 Hyr = A=A
( ) VI t(l—t){eg—el + ( ),U},

(see Egs.(4.2-4.3)), and Eq.(4.10) is equivalent to Eq.(4.4), that means that the apparency
of regular singularity is inheritted. Note that the monodromy preserving deformation of
Eq.(4.13) in ¢ corresponds to the monodromy preserving deformation of Eq.(4.1) in 7.

Now we consider the monodromy preserving deformation in the variable 7 (w; =
1/2,ws = 7/2) by applying solutions obtained by the Hermite-Krichever Ansatz for the
case l; € Z>o (1 =0,1,2,3). Let a and « be values determined by the Hermite-Krichever
Ansats (see Eq.(4.6)). We consider the case ) # 0. Then a basis for solutions to Eq.(2.2)
is given by Ay(x) and Ay(—=z), and the monodromy matrix with respect to the cycle
r — x4+ 2w (k= 1,3) is diagonal with the eigenvalues exp(+(—2mpa + 2wy (@) + 2Kwy))
(see Eq.(4.8)). The values —2nar + 2wi((a) + 2kwy, (K = 1,3) are preserved by the
monodromy preserving deformation. We set

(4.21) —2ma + 2w () + 25wy = TV —1CY,
(4.22) — 2nga + 2ws( (@) + 2kw3 = TV —1C5,

for contants C; and C3. By Legendre’s relation nyws — nsw; = mv/—1/2, we have

(4.23) a = Cswy — Chws,
(4.24) k= ((Crw;z — Cawr) + C3my — Cins,

;From Proposition 4.1, the values p(Csw; — Ciws))(= p(a)), 9'(Caw; — Crws)/+/—Q and
(C(Crws — Cswy) + C3my — C1n3) /+/—Q are expressed as rational functions in variables b,
and 1. By solving these equations for b; and p; and evaluating them into Eq.(4.1), the
monodromy of the solutions to the differential equation (4.1) on the cycles x — x + 2wy
(k = 1,3) are preserved for the fixed values C7 and C3. Thus we obtain the following
proposition which was established in [15].

Proposition 4.2. [15] We setw, = 1/2, ws = 7/2 and assume thatl; € Z>y (1 =0, 1,2, 3)
and @ # 0. By solving the equations in Proposition 4.1 in variable by = p(61) and p,
we express (01) and py in terms of p(a), ¢ (a) and k, and we replace p(a), (o) and
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K with p(Csw; — Ciws), ¢ (Cawy — Ciws) and ((Crws — Cawy) + Csmy — Cinz. Then 0y
satisfies the sixth Painlevé equation in the elliptic form
3

(4.25) % = —% {Z(Zi +1/2)%¢/ (6, + wi)} :

=0
We observe the expressions of b; and p; in detail for the cases [ =1, =1, =13 = 0 and
l():l,ll:lgzlgzo.

4.1. The case M =1, ry =1, lp = l; = [ = I3 = 0. We investigate the case M = 1,
r1=1,1lp =1 =1y =3 =0 in detail. The differential equation (4.1) is written as

d? ¢ (@) d  pi(4b} — gaby — gs) B
{_@ p(z) —brdr @1(90) — b - p} folw) =0,

We assume that b; # eq, eg, e3. The condition that the regular singular points z = +04;
©(d1) = by) are apparent is written as

4.27) p = —(4b} — gab1 — g3)pit + (667 — g2/2)
see Eq.(4.4)). The doubly-periodic function Z(x) (see Eq.(4.5)) is calculated as

(4.26)

(
(
(
(

£.98) () = 211 + ——
. Z(x) = _
@) — b
The value @) is calculated as
(429) Q = 2/14(2/14(61 - b1> + 1)(2(62 — bl)ﬂl + 1)(2/1,1(63 - bl) + 1)

We set

= Vv —Qdx
(4.30) Ay(z) = \/:(a:)(p(x) —b) exp/ =)
Then a solution to Eq.(4.26) is written as A,(z), and is expressed in the form of the
Hermite-Krichever Ansatz as

(4.31) Ay(z) = l;(()o) exp(kz)Po(z, @)

for generic (p1,b1). The values « and « are determined as

1 — —
(4.32) o) =bi— ——, o)=Y =%
241 247 211
Hence we have
K o' (a)
4. = () = Y
(4.33) pa ) () o

. From Proposition 4.2, the function ¢; determined by
o' (Crws — Cswy)
(¢(Crws — Cswr) — (Cims — Cam))

is a solution to the sixth Painlevé equation in the elliptic form (see Eq.(4.25)). This
solution coincides with the one found by Hitchin [3].

(4.34) ©(01) = by = p(Crws — Cswy) + 5
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Now we consider the case @ = 0. If Q = 0, then u; =0 or py = 1/(2(by — ¢;)) for some
i € {1,2,3}. For the case p; = 0, the function ¢, which is determined by

_ Dyng — D3m
D1W3 - D3w1 ’

is a solution to the sixth Painlevé equation for constants D; and Dj3. For the case puy =
1/(2(by —e;)) (i € {1,2,3}), the function ¢, determined by

(92/4 — 2€7)(D1ws — Dswi) + ei(Dins — Dsm)
ei(Diws — Dawr) + (D1ns — Dsm)
is a solution to the sixth Painlevé equation.

Eqgs.(4.35 ,4.36) are also obtained by suitable limits from Eq.(4.34) (see [15]), and the
space of the parameters of the solutions to the sixth Painlevé equation (i.e. the space of
initial conditions) for the case Iy =1 = I, = I3 = 0 is obtained by blowing up four points
on the surface C/2Z x C/27Z. This reflects the A; x A; x A; x Ay structure of Riccati
solutions by Saito and Terajima [8].

(4.35) ©(61) = by =

(4.36) p(61) = by =

4.2. The case M =1, r; =1, I =1, Iy = [ = I3 = 0. The differential equation (4.1)
for this case is written as
&’ Ox)  d  m(4b} — gabi — g3)
4.37 SIS 7N - 20(z) — =0
(4.37) { i " o(x) — by dx o(x) — by +20(x) =p folw) =0,

We assume that b; # eq, es, e3. The condition that the regular singular points x = +04;
(p(d1) = by) are apparent is written as

(4.38) p = —(4b] — gabi — ga)pii + (607 — g2/2)p1 + 201
The doubly-periodic function Z(z) is calculated as
(4.39) E(x) =p(x) + ((—4b7 + biga + ga)ui + (667 — g2/2)p1 — by)

+ ((—4b7 +biga + g3 /2 + 3T — g2/4) / (p(x) — br),
and the value () is calculated as

(4.40)
Q = —((2(4b] — bigs — g3)p7 — (1207 — ga) i 4 4)(2(b7 + exby + eze3) i1 — 2by — €1)
(2(6% —+ €2b1 + 6162)/1,1 — 2b1 — 62)(2([)? + €3b1 + 6163),[1,1 — 2b1 — 63).
We set

(4.41) Ay(o) = VE@G e [ Y22

Then a solution to Eq.(4.37) is written as A (z), and it is expressed in the form of the
Hermite-Krichever Ansatz as

(4.42) Ay(x) = exp(kx) {z;gm%(x, a) + 1350)%@0(;5, a)}
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for generic (y11,b1). The values o and k are determined as

(4.43)
o(a) = 2(4b3 — brgs — g3)bipd + (—24b3 + dgoby + 3g3) i3 + (242 — 2g5) 11 — 8by
2(4b — bigs — g3)uf — (1267 — go)u + 4 )
o(a) = —4((463 — bigs — g3)p3 — (1263 — go)pid + 12Dy 11 — 4) Were

(2(4b3 — b1go — gs)pd — (1207 — go) 7 + 4)?

21
V¢

2(45? —bigs — 93)#? - (1252 g2) M1

Hence we have

 2p(a)? — 3¢k + (6p(a)? — g2)i — pla)g/(@)
(14 b= 2(w5 — Bpla)s + /(@) ’
2k — 3p(a)r + ()

—2¢/(@)r3 + (12p(a)? — g2)K? — 6p(a) g/ (a)k + ¢ (a)?

JFrom Proposition 4.2, the function ¢; determined by

(4.45) M1 =

(4.46) (51)

by
2p(w)(¢

( ) —0)* + 3¢ (W) (C(w) —n)* + (6p(w)? = g2)(C(w) — 1) + p(w)g' (W)
2((C(w) = n)? = 3p(w)(C(w) —n) — ¢'(w)) 7
(w=Ciwz — Cswi, n=Cinz— Csm),

is a solution to the sixth Painlevé equation in the elliptic form (see Eq.(4.25)). In the
sixth Painlevé equation, it is known that the case (ko, k1, ki, foo) = (1/2,1/2,1/2,3/2)
is linked to the case (Ko, K1, ki, koo) = (1/2,1/2,1/2,1/2) by Bécklund transformation
(see [17]). By transformating the solution in Eq.(4.34) of the case (ko, k1, ki, Koo) =
(1/2,1/2,1/2,1/2) to the one of the case (ko, K1, ki, ko) = (1/2,1/2,1/2,3/2), we recover
the solution in Eq.(4.46).

Now we consider the case ) = 0. If Q = 0, then u; is a solution to the equation
2(4b7 = bigs — ga) i — (1267 — go)pi +4 = 0 or p1 = (201 + €;) /(2(b7 + e;b1 + € — g /4)) for
some i € {1,2,3}. We set w = Dyws — Dsw; and nn = Dyn3 — D3ny, where Dy and D3 are
constants. For the case that g is a solution to the equation 2(4b3 — by go — g3) 3 — (1203 —
g2)pt + 4 = 0, the corresponding solutions to the sixth Painlevé equation are written as
the function d;, where

4?7 + gow?n — 2g3w?®
w(gow? — 12n?)

(4.47) p(01) = by

For the case py = (201 + ¢;)/(2(02 + e;b1 + €2 — g2/4)) (i € {1,2,3}), we have

—goiw/2 4 (6€7 — g2)1

(448) @(51) = b1 = (6612 _ 92)(4) — 6621’]
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5. SUMMARY AND CONCLUDING REMARKS

The Heun equation (see Eq.(1.1)) is the standard canonical form of a Fuchsian equation
with four singularities. By transforming the Heun equation to the form of elliptic func-
tions, we find that solving the Heun equation is equivalent to investigating spectral and
eigenstates of quantum BC Inozemtsev model (see Eq.(3.1)). Note that the Hamiltonian
of the quantum BC; Inozemtsev model [4] is given by

2 <
(5.1) H= —@+;zi<zi+1)p<x+%).

On the other hand, by adding an apparent singularity to the Heun equation, we obtain
Fuchsian differential equations that produce the sixth Painlevé equation by monodromy
preserving deformation (see section 4).

The sixth Painlevé equation is rewritten as Eq.(4.12), and it is equivalent to the Hamil-
tonian system (see [10])

G dy oM
(52) 2’7'('\/ —].E = E, 27'('\/ —15 = %,
3
12 . 2 .
(5.3) H= i <7 ;(lZ +1/2) p(5+wz)> :

If we replace 27r\/—_1£ by % (s: time variable, independent of 7) formally, we obtain
the classical BC} Inozemtsev system [4]. In other words, the sixth Painlevé equation is
a non-autonomous version of the classical BC) Inozemtsev system. To summarize, we
present the following diagram.

adding apparent

Heun equation singularity . Fuchsian equation with
(quamtum BC; Inozemtsev model) an apparent singularity

monodromy preserving

classical limit deformation

non-autonomous

Classical BCy version . Sixth Painlevé equation
Inozemtsec model

Before starting this work, the author noticed that the parameters, that the monodromy
of solutions to the Heun equation have expressions in terms of elliptic or hyperelliptic
integrals, resemble the ones in the sixth Painlevé equation that has explicit two-parameter
solutions. Typical two-parameter solutions are Picard’s and Hitchin’s solutions. In this
paper, we partially obtain an explanation of this phenomena by intermediating Fuchsian
differential equations with an apparent singularity, though the corresponding parameters
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on the sixth Painlevé equation are a little off as O; and O; U Oy, where

1
(54) Ol - {(KJO)Kl?"itaﬁoo”"i()u’ihﬁtﬂ‘ioo € Z+ 5} )
_ Ko, K1, Kty Koo € Z
(5-5) 0y = {(ﬁo’m’l{t’/{"o) Ko + K1+ K¢ + Koo € 27 } '

For the case (kg, K1, Kt, Kso) € O1, solutions of the linear differential equation are investi-
gated by our method, and solutions of the sixth Painlevé equation follow from them (see
Proposition 4.2). By Bécklund transformation of the sixth Painlevé equation (see [17]
etc.), Hitchin’s solution (i.e., solutions for the case (ko, K1, k¢, Koo) = (3,3, 5, 3)) is trans-
formed to the solutions for the case (kg, k1, ki, Koo) € O1 U Oz, But we cannot obtain
results on integral representation and the Hermite-Krichever Ansatz by our method for
the case (Ko, K1, ki, Koo) € O2. Note that the condition (Ko, K1, ki, Koo) € Oz corresponds
to the condition ly,...,l3 € Z+ %, lo+ 11+ 1+ 13 € 2Z. How can we investigate solutions
and their monodromy of the linear differential equation for the cases ly,...,ls € Z + %,
lo+ 1+ 1y + 13 € 277

APPENDIX A. ELLIPTIC FORM OF SIXTH PAINVE EQUATION

We calculate the differentiation of modular functions, which will be used to rewrite the
sixth Painlevé equation.

Proposition A.1. (c.f. [6]) Set wy = 1/2, w3 = 7/2, t = (e3 —e1)/(ea — e1). Then we
have

dt  (ex —ep)t(t—1)
dr m/—1 7

(A1)

dr \ (e —e)2) v/ —1(es — e1)1/2’
A3 dir ((eg — €1)*) = _a(2m +7T€3)\/£_€12 — e1)a'

Proof. Set uw = (z —e1)/(e2 — e1). Then

. (1471)/2 e s
A 3= /1/2 = / o/ (z)
:/62 dz _ 1 /1 du
o 2/(z—e)(z—e)(z—e3) 2(e2—e)? )y Julu—1)(u—t)
1 < dz 1 > du
(A5) - 2 /61 2¢/(z —e1)(z — e2)(z — e3)  2(ep —eq)'/? /0 Vulu —1)(u—t)’
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By differentiating Eq.(A.4) in variable 7, we have

(A.6) 5= ( 2(es — 1) 1/2)/ \/uu—l )(u—1)

(dT) 2(e2 —161)1/2 /01 (u— t)\/u(ciu— D(u—t)

and it follows from Eq.(A.4) that

1 1 du €2 dz
(A7) 2(eg —e1)1/2 /0 (u—t)y/u(u —1)(u —t) =(e-a) /61 (p(z) — e3)p'(x)

_ (147)/2
- “2 -4 / (p(x +7/2) — e3)dz

(e3 —e2)(ez —e1) 1/2
€y — €1

= (63 — 62)(63 _ 61) (_77(1/2 + 7') —+ 77(1/2 + 7-/2) o 637‘/2)
B (e5 — e3)(es — 1) (—=n3 — e37/2).

Hence

(A.8) % ~(ep— )2 L ((;) +% (@) (c2 = e1) (=3 — es7/2)

dr \2(ey — e1)1/? dr (e3 — eg)(e3 — €1)

Similarly it follows from differentiating Eq.(A.5) that

(A9) 0= —(er— 61)1/2% (ﬁ) . <£) (c2 = e1)(m +e3/2).

ey — €1) dr ) (es —es)(es —eq)

JFrom these equalities we have

(A.10) (ﬁ> (2 —e)(rm —m) _ 4

dr ) (es —ez)(es —e1)

By Legendre’s relation n;7 — n3 = mv/—1 and definition of ¢, it follows that
dt . (62 — 61)t(t — 1)

A1l — =
(A.11) - ——=
Combining with Eq.(A.9), we obtain that

d 1 m + 63/2
A12 — = :
( ) dr ((62—61)1/2) T/ —1(ey — e)l/?

The derivation of the function (es — e1)® is calculated as

d

d 1 a(2m; + e3)(e2 — e1)”
o o — _ a+1/2_ - = —
(A.13) dr (e2 — €1) 2a(ez —e1) dr ((62 — 61)1/2) T —1 .
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Proposition A.2. Set go = —4(ejes + ezes + ezer). We have
de; — —2mie; + e? — go/6

A.14 — =
( ) dT 7_‘_\/__1 Y
fori=1,2,3.
Proof. Tt follows from Proposition A.1 that
d (2m1 +es)(e2 — e1)*™!
A.15 —(e2 — €)™ = :
( ) dT(€2 e1) + 1
Combining with Eq.(A.1), we obtain that
d (2m1 + ez)(e3 — e1)
A.16 —(e3 — = — .
(4.16) a4 ) m/~1
By adding two functions, we have
d —6e1m + 2eqe3 — €3
A7 —(—3e1) = — .
( ) dT( 1) 7v/—1
Hence, we obtain Eq.(A.14) for the case i = 1. Eq.(A.14) for the case i = 2 (resp. i = 3)
follows from Eqs.(A.17, A.15) (resp. Eqgs.(A.17, A.16)). O

Proposition A.3.

2
—ni +g2/4

Nl
Proof. It follows similarly to Eq.(A.7) that
1 [ du (e — 61)3/2
e _/ = + e3/2).
( ) 2Jo (u—t)y/ulu—1)(u—t) (63_62)(63—61>(n1 es/2)

We differentiate Eq.(A.19) in ¢. From the Lh.s, we have

3 [ d 3 (e [
: / 2 u _3_ (e—e) / (0(x +7/2) — e3)%dz,
0 1

(=t alu - D5 2les—e(ea— el S
/1/2(9(:1: +7/2) — e5)*de = /1/2 (M — 2e30(x +7/2) 4+ €5 + %) dx
Lo, g
= —2eqm — 5 (+2).

JFrom the r.h.s, we have

e L+ 2) (- %) T ()}

Hence, we obtain

d €3 1 e g2
A2 = (m+2) = =t G _ 2L
(4.20) ar " W\/—_1{ oM TS T 16

and Eq.(A.18). O
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We now we show that the sixth Painlevé equation (see Eq.(1.3)) can be rewritten to an
elliptic form (see Eq.(4.12)).

Proposition A.4. [6] Set

_ 5 —
(A.Ql) w; = 1/2’ Wy = 7-/27 b= €3 61’ P @( ) 61'
€2 — € €y — €1

Then the sizth Painlevé equation

2x 11 1 1 1\ dA

(4.22) Wzﬁ(XJr)\—l _)( ) <t e )dt
AA=1)(A—1t) [kE K2 /ef (t—1) (A —=rDtlt—-1)

- t2t—1 {7 - }

15 equivalent to the equation

(A.23)
d?6 1 (K%, K2, 1 K2, T4+1 K7, T
W—‘R{TWHQ (“z)*?p(“ 2 )*7@(“5)}

Proof. 1t follows from the relation A = (p(d) — e1)/(e2 — e1) that

(a20) 0= / = /oo = ey /oo NET _dlfxu =)

We differentiate Eq.(A.24) by the variable 7. Then we have

s m + 63/25 N (g —e)'Pt(t = 1) [ dA 1
dr — w/—1 2my/—1 dt /AN —1)(A—t)

1 [ du
+5Amu—o¢mu—nw—o}'

Note that we used Proposition A.1. We differentiate Eq.(A.25) once more. By applying
formulae on the differentiation of modular functions, we obtain that

@ B t2(t — 1)%(e; — e3)/? 1 {d%\
dr? —272 \/)\(/\_1)()\_75) dt?

_11+1+1 d)\2+1+1+1 d\
2\N T A1 A—t) \at tt—1 " A=t/ dt

1 //\ (u? + 2tu — 2u — t)du
4t = 1) Joo (u—t)2\/ulu—1)(u—1t)

?F 2 (A—1)2 2 (A—t)?

(A.25)

(A.26)

+

and we have

(A.27)

oo (u—1)2/u(u—1)(u—1t) B (A—1)3"

/’\ (u® + 2tu — 2u —t)du AA—1)
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It follows from A = (p(d) —e1)/(e2 — e1) that

O (0+1/2) t

(A28 g0 =2 - e VAB- D1, LA L
PO+ (r+1)/2) t—1 O'O0+7/2)  t(1-1)
©'(0) (A= @) (A=)

By combining Eqs.(A.26-A.28), we obtain the equivalence of Eq.(A.22) and Eq.(A.23).
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