ELLIPTIC INTEGRABLE SYSTEMS

PADE INTERPOLATION TABLE
AND BIORTHOGONAL RATIONAL FUNCTIONS

A.S. ZHEDANOV

ABSTRACT. We study recurrence relations and biorthogonality properties for polynomi-
als and rational functions in the problem of the Padé interpolation in the usual scheme
and in the scheme with prescribed poles and zeros. The main result is deriving explicit
orthogonality and biorthogonality relations for polynomials and rational functions in
both schemes. We show that the simplest linear restrictions in the Padé table (so-called,
diagonal, anti-diagonal and vertical strings) lead to different explicit types of biorthogo-
nality relations. Finally, we apply our general theory to a concrete example of the Padé
interpolation with prescribed poles and zeros on the elliptic grid. This leads to two types
of biorthogonality for elliptic hypergeometric functions 12F11. The first type arises from
the Kronecker (anti-diagonal) string and coincides with previously known elliptic BRF.
The second type arises from the vertical string. It generates a biorthogonality relation
in an infinite set of orthogonality points. This biorthogonality relation is assumed to be
new.

CONTENTS

1. Introduction

2. The ordinary Padé interpolation table. Strings and orthogonality
2.1. The Kronecker strings and the ordinary orthogonal polynomials
2.2.  The Kronecker algorithm revisited

2.3. Horizontal and vertical strings

3. Diagonal strings and biorthogonal rational functions

3.1.  Explicit biorthogonality relation on the scheme with shifted grid
4. Reduction to a special case of orthogonal rational functions

5. Scheme with prescribed poles and zeroes

6. Shifted PPZ scheme

7. Simple explicit example of the PPZ scheme

8. Strings and biorthogonality in the scheme with prescribed poles and zeros
8.1.  Vertical string

8.2. The Kronecker string

8.3. Biorthogonal rational functions on elliptic grid and PPZ scheme
9. The case of finite orthogonal rational functions

10. Conclusions

11.  Acknowledgements.

References

1. INTRODUCTION

323
325
327
331
334
336
337
340
341
347
348
349
349
353
353
358
359
361
361

The Cauchy-Jacobi interpolation problem (CJIP) for the sequence Y; of (nonzero) com-
plex numbers can be formulated as follows [2], [28]. Given two nonnegative integers n, m,
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324 A.S. Zhedanov

choose a system of (distinct) points z;,5 =0,1,...,n+ m on the complex plane. We are
seeking polynomials @, (z;n), P, (x;m) of degrees m and n correspondingly such that
y, = @i o e (1.0.1)

7 Py(z;m)’

(in our notation we stress, e.g. that polynomial @Q,,(z;n), being degree m in z, depends
on n as a parameter).

It can happens that solution of the CJIP doesn’t exist. In this case it is reasonable to
consider a modified CJIP:

Y;P,(xj;m) — Qum(z;;n) =0, j=0,1,...,n+m, (1.0.2)

where polynomials P,(z;m), Q,,(z;n) can be now unrestricted. The problem (1.0.2) al-
ways has a nontrivial solution. In exceptional case, if the system (1.0.1) has no solutions,
some zeroes of polynomials P, (z;m) and Q,,(z;n) coincide with interpolated points z;.
Such points, in this case, are called unattainable [28].

The CJIP is called normal if polynomials @,,(x;n), P,(x;m) exist for all values of
m,n =0,1,... and polynomials @Q,,(x;n), P,(x; m) have no common zeroes. This means,
in particulary, that polynomials Q,,(x;n), P,(z; m) have no roots, coinciding with inter-
polation points, i.e.

Qm(zj;n) #0, Py(xj;m)#0, j=0,1,...n+m (1.0.3)

In a special case when there exists an analytic function f(z) of complex variable such that
f(z;) =Y; the corresponding CJIP is called multipoint Padé approximation problem [2].

There is a modification of CJIP with prescribed poles and zeros [39]. Let a; and b; be
two given sequences. We will assume that a; # a;, b; # b; if @ # j and moreover a; # b; for
alli,7. Foralln =0, 1,... introduce n-th degree polynomials A, (z) = (z—ay) ... (z—ay,)
and B,(z) = (x — by)...(x — b,) (of course it is assumed that Ay = By = 1). Then we
are seeking again polynomials Q,,(z;n), P,(z;m) such that

_ An(®) Qulzsn)

Y, = , 7=0,1,...n+m. 1.04
' Bla) Pagim)” oy
Note that in this case we extract explicitly the part A, (z) with prescribed zeros ay, as, ..., n

and the part B,,(z) with prescribed poles by, by, ..., b,,. Equivalently, conditions (1.0.4)
can be rewritten in the form

- Vm(%‘;n) -
Yj—m, j=0,1,...n+m, (1.0.5)
where
Vin(@) = Qu(z;n)/Bn(z), Un(z) = Py(2;m)/An() (1.0.6)

are rational functions with prescribed poles. Thus, the scheme with prescribed poles and
zeros is obtained from the ordinary CJIP by replacing polynomials Q,,(z;n), P,(x;m)
with rational functions V,,(z;n), U, (z;m).

Recall that the standard Padé approzimation [2] problem consists in finding polynomials
Qm(x;n), P,(xr;m) such that for given function f(z) (which is assumed to be analytical
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near x = 0) we have the condition

Qm(z;n)

It is clear that the ordinary Padé problem can be obtained by the limiting process z; — 0

for all j. In this respect, CJIP can be considered as a generalization of the ordinary Padé
problem.

It is well known [2] that diagonal strings in the usual Padé table, (ie. n —m = N

with fixed N) correspond to orthogonal polynomials S, (z) = v,2" P,(1/z;n — N) =

= O(a™™ ), (1.0.7)

2"+ 02" 1), n=0,1,... with some constants ,. This means that there exists a linear
functional ¢ defined on the space of polynomials such that
(0, Sp(2)Sm(x)) = hyplpm, (1.0.8)

with some normalization constants h,. Under some natural restrictions we have h,, # 0.
In this (general) case the scheme is nondegenerated. Equivalently, polynomials S, (z)
satisfy three-term recurrence relation

Snt1() + b, Sn(x) + upSp—1(x) = S, (x) (1.0.9)

which together with initial conditions Sy = 1,57 = = — by completely determines (for
up, # 0) the linear functional o [8].

Thus general orthogonal polynomials can be interpreted as denominator polynomials
in diagonal Padé approximations. Note that historically orthogonal polynomials first
appeared in works by Chebyshev and Stieltjes just in this way [2].

Rational functions can form orthogonal systems as well as polynomials [6]. However, in
contrast to the case of polynomials, the rational functions admits biorthogonality property.
Many special examples of biorthogonal rational functions (BRF) were constructed [45],
[31]. In these examples a remarkable duality property was observed: BRF satisfy both
3-term recurrence relation and second-order difference equation on some grid with respect
to argument. Moreover, in all these examples the orthogonality grid x, coincides with
the grid for the Askey-Wilson polynomials (i.e. ”quadratic”, or ”q-quadratic” grid using
terminology of [30]).

In [49] it was established that theory of BRF is equivalent to generalized eigenvalue
problem (GEVP) for two arbitrary tri-diagonal matrices Ji, Jo with the eigenvalue z:

— —

JlR: ZJQR, (1010)

where R = {Ry(z), Ri(2),...} is a vector constructed from BRF R,(z). In [35], [36] a
new explicit family of BRF was constructed. These BRF appeared to be biorthogonal on
so-called elliptic grid. Corresponding BRF are closely related with the so-called elliptic
67-symbols expressed in terms of modular hypergeometric functions introduced by Frenkel
and Turaev [15]. These BRF satisfy dual property and today it is assumed that they are
the most general BRF with such property.

The main goal of this paper is to analyze how orthogonality and biorthogonality rela-
tions arise from different strings of the Padé interpolation table. Our main result is that
theory of BRF naturally arises from the Padé interpolation table. This can be considered
as a generalization of the well known results concerning relations between the ordinary
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orthogonal polynomials and the Padé approximation table. Some preliminary and special
results were published earlier in our papers [37, 38, 50, 51, 52].

2. THE ORDINARY PADE INTERPOLATION TABLE. STRINGS AND ORTHOGONALITY

In this section we consider the ordinary Padé interpolation scheme. We will assume
that the the interpolation scheme is normal.

In what follows we will use basic important relations for the Padé interpolants. The
first one is so-called generalized orthogonality property. In order to get it we rewrite
(1.0.1) in the form

YiP,(zs;m) = Qum(zs;n) (2.0.1)

This form is equivalent to (1.0.1) in case of nondegenerate Padé interpolation problem
(i.e. none of interpolated points x coincide with zeroes of P,(z;m) or Qn(z; N)).

Introduce the so-called divided-difference operator [17], [29] [z, 21, ..., 2y] which is
defined on a finite set of N + 1 points {z, 21, ..., 2y} by the formula
N
z
o2 () = 3 (202)

=0 Qv a(ze)’
where
On(z) =(z—20)(z —21) ... (2 — 2n) (2.0.3)

There is an equivalent (Hermite) form of this operator which sometimes is much more
convenient for analysis:

- (€)d¢
20,21, . 2n| = (2mi) L [ 22 2.0.4
v o] = 2mi) ! [ 80 (204
where the contour I' in complex plane is chosen such that points zg, 21, ..., 2y lie inside

the contour whereas all singularities of the function f(z) lie outside the contour. The
divided-difference operator has many properties similar to those for the ordinary derivative
operator. In particular,

[20,21,...,ZN]f(Z) =0 (205)

if f(z) is any polynomial of degree < N. For every polynomial f(z) = ryz" + O(zN"1)
of degree N with leading coefficient ry we have also

[20, 21, .-, 2n|f(2) = TN (2.0.6)
Apply property (2.0.2) to (2.0.1) to get
[0, T1, ..y Tnym){qj(2) f(2)Po(z;m)} =0, 5=0,1,...,n—1 (2.0.7)

where ¢;(2) is any polynomial of degree j and and we assume that the function f(z) exists
such that f(z,) = Y;. Relation can be rewritten in the Hermite form

LOFQOPCmYC )
/F Wntnt1(C) =0.7=01....n=1 (2.0.8)

where wy,(x) is defined in (2.0.3) with z; = ;.
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In general case, if the function f(z) doesn’t exists, this relation can be presented in the
form

m+n

E:K%@J&@am)

—o Wi tn+1(Ts)

=0,j=01,...,n—1 (2.0.9)

The property (2.0.9) is a generalized orthogonality property of the Padé interpolants
[28]. In what follows we will use this property to derive orthogonality and biorthogonality
properties for polynomials and rational functions.

We will use also the fundamental Frobenius-type relations for the Padé interpolants
[3]. We will assume that denominator polynomials P, (z;m) are monic P,(z;m) = 2" +
O(z"1), whereas numerator polynomials Q,,(z; n) have the leading term ,,,: Qun(2;n) =
Q2™+ O(2™1). As the scheme is assumed to be normal, we have necessarily v, # 0.
Then the Frobenius-type relations for denominator polynomials P,(z;m) are [3]

P (2:m) — (2 — Znimsr) Pa(z:m) + ao‘”m Pu(zim+1) =0
n,m-+1

Puii(zm) — Pooa(zim + 1) + %mz; m+1)=0 (2.0.10)
n,m—+1

Similar relations can be written for numerator polynomials:

Qm(z;n + 1) - (Z - mn+m+1)@m(2;n) + Cnm Qm+1('z;n> =0

an,m+1
an m
Qm(zin+1) = Quir(zin+ 1) + %Qmﬂ(z n)=0 (2.0.11)
n,m+1
These relations are compatible if condition
Opt1,m + Anm . Opm—1 . Onm F Tl — Trgm = 0 (2012)

Onm an,m—H AOnm an—l,m

is fulfilled [3].

In what follows we will consider some one-dimensional strings in the two-dimensional
table m,n. These strings will appear by imposing simple linear relations ¢(m,n) = 0
upon variables m,n. Any such string will generate corresponding one-dimensional set
of polynomials, say {P,(z;m), ¢(m,n) = 0}. As we will see, such one-dimensional sets
possess remarkable orthogonality or biorthogonality properties. Note that recurrence
relations for different kinds of strings in the Padé interpolation problem were considered
e.g. in [19].

Finally, we give a simplest explicit example of the Padé interpolation table for the
exponential function on the uniform grid [20], [50]. This example will be used in next
subsections to illustrate all obtained formulas.

Assume that the interpolated grid coincides with nonnegative integers 4, = s =0, 1,.. ..
For interpolated sequence Y, we take simple exponential grid Y, = ¢°. Clearly, this is
equivalent to interpolation of the exponential function f(z) = exp(wz) with ¢ = exp(w).
The parameter ¢ is an arbitrary nonzero complex number with the only restriction ¢V # 1
for N=0,1,....



328 A.S. Zhedanov

Explicit solutions for the numerator and denominator polynomials are [50]

Qulzim) = (=1)"(L = 1/g)™" (L +m)u 2Fy (jg_—;; 1- q> ,

—n,—2

_n;l—l/q) (2.0.13)

Polynomials P,(z;m) are monic and the leading term of the polynomials @,,(z;n) is
(1+m),
(14+n)m
It is easily verified that relation (2.0.12) holds identically for coefficients (2.0.14). The

Frobenius-type relations (2.0.10) and (2.0.11) can be verified using standard transforma-
tion formulas for the Gauss hypergeometric function [13].

P.(z;m)=(-1D)"1-=1/¢)™ (1 +m), oF1 (

A, = (=1)"q" (1 —q)™™" (2.0.14)

2.1. The Kronecker strings and the ordinary orthogonal polynomials. By the
Kronecker string we mean an antidiagonal n +m = N in the Padé table with fixed N.
The term is justified by the Kronecker method in numerical interpolation [2], where just
antidiagonals of the Padé interpolation tables are exploited. Clearly, for every N > 0 we
have exactly N + 1 different denominator polynomials Py(z; N), Pi(z; N —1),... Py(z;0)
(and the same number of numerator polynomials Qy_,(2;n)).

It is convenient to denote S, (z; N) = P,(2; N—n), n=0,1,..., N and o, y—r, = an(N)
From Frobenius-type relations (2.0.10) we have

Sn(z; N +1) = 8,(zN) + %Snl(z; N),
. _ . an(N—-1) o
(Z - xN)Sn(z, N — 1) = Sn+1<Z, N) + WSR(Z, N) (211)

From these relations we immediately derive three-term recurrence relation for polynomial
Sp(z; N) with fixed N:
Spt1(2; N)4+0,(N)Sp(2; N) +un(N)Sp-1(2; N) = 25,(2;N), n=0,1,...,N—1 (2.1.2)
where
(V1) | an(N) (V)
+ N1, Up = — =~
an(N) an(N +1) an_1(N)
We see that polynomials S, (z; N) satisfy standard recurrence relation (1.0.9) defining
orthogonal polynomials. These polynomials are nondegenerate because w, # 0, n =

1,2,...,N —1. From generalized orthogonality relation (2.0.9) we derive that these poly-
nomials satisfy discrete orthogonality relation on the interpolation grid z,:

bn(N) =

(2.1.3)

D wi(N) Sy (@s; N) S (25; N) = s (N) G (2.1.4)

where the weights are

wy(N) = —

- G (2.1.5)
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The normalization constants
hn(N) = up (N)ug(N) ... upy(N) #0

are nonzero due to nondegeneracy of the Padé interpolation problem.

The fact that anti-diagonal string of the Padé interpolation table gives rise to finite-
orthogonal polynomials was noticed earlier [12] (see also [11]). It is important to note
that relations (2.1.1) coincide with the so-called Geronimus and Christoffel transforms
for orthogonal polynomials [48], [34]. On the other hand, condition (2.0.12) in this case
is equivalent to so-called shifted qd-algorithm. Recall, that the shifted qd-algorithm is a
powerful computational tool in linear algebra [14] which generalizes famous gd-algorithm
by Rutishauser.

Our next result will be identification of numerator polynomials Qy_,(z;n) in the Kro-
necker string with so-called ”dual” orthogonal polynomials introduced in [4], [5]. Let
Sn(2), n=0,1,..., N be a finite system of nondegenerate orthogonal polynomials satis-
fying recurrence relation (1.0.9) forn =0,1,..., N —1. The "dual” polynomials are finite
OoP gn(z), n=20,1,..., N satisfying three-term recurrence relation

gnﬂ(x) + bN,nSn(:c) + uNH,ngn,l(a:) = xgn(:c), n=01...N-1 (2.1.6)

and the initial conditions 3 3
i.e. the Jacobi matrix J for polynomials S’n(z) is obtained from Jacobi matrix J for OP
Sn(z) by reflection from its main antidiagonal. This means, in particular, that transfor-
mation S,,(z) — S,(2) is an involution, i.e. the dual polynomials with respect to Sy (z)
coincide with initial polynomials S,,(z).

Assume that w;, be discrete weights for polynomials S,,(z) on a set of (distinct) orthog-
onality points x,:

N
> weSn(ws) S (25) = PG, (2.1.8)
s=0

Analogously let w, be discrete weights for polynomials gn(z) on a set ys:

N
wsgn(ys>gn’ (ys) = Bnénn’u (219>
s=0

Normalization factors are h,, = ujus ... u, and iLn = UNUN_1 -+ UNL]_n-
Note that orthogonality points x; and y, are zeroes of the polynomial Sy.;(z) and

Sna1(2):
Sni(2) = (z—x0)(z—x1) ... (z—xn), Svi1(2) = (2 —=%0)(z—11) ... (z —yn) (2.1.10)
In [4], [5] it was shown that i
(i) the orthogonality points for polynomials S, (z) and S,(z) coincide, i.e. ys = x5, s =
0,1,...,N;
(ii) the weights are related as

waw! = s=0,1,...N. (2.1.11)
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In fact, properties (i)and (ii) characterize dual polynomials S, (z).
In [42] these properties were explained by a simple observation that the ”dual” polyno-

mials S, (z) coincide with N + 1 — n-associated polynomials S, (z): Sp(z) = ST(LNH_")(z).

Theorem 1. For the Kronecker string m +n = N the numerator polynomials Qy_,(z;n)

coincide with ”dual” polynomials with respect to denominator polynomials S,,(z; N) =
P,(z; N —n). More exactly, denote T,,(z; N) = Qn(2; N — n)/an_n,. Then T,(z; N) =

Sn(z; N), or, equivalently, T,,(z; N) are monic orthogonal polynomials satisfying recur-
rence relation

Tn+1(x; N) + bN—n(N)Tn(xa N) + uN-i—l—n(N)Tn—l(:E; N) = ZUTn(CE, N)? n = Oa 17 oN =1
(2.1.12)
and the initial conditions

To(z) =1, Ti(x) =z —bn(N), (2.1.13)
where b, (N), u,(NN) are recurrence coefficients defined by (2.1.3).

Proof. The simplest way to prove this theorem is to notice that the sequence 1/Yj
is interpolated sequence for the the same grid x, and with exchanged numerator and
denominator polynomials. Hence, for the Kronecker string, the polynomials Q,(z; N —
n)/an—nn are monic orthogonal polynomials with the weights (see (2.1.5)):

Wiy 11(2s)
Note that wyy1(x) = Syi1(x) = S]\H_l(.?}). This leads to formula (2.1.11) which charac-
terizes "dual” polynomials.

We thus see that the "dual” orthogonal polynomials Sn(z) have a very natural inter-
pretation as the numerator polynomials in the Kronecker string of the Padé table.

Moreover, there is an important ”inverse” theorem allowing to reconstruct the whole
Padé interpolation table starting from given set of finite orthogonal polynomials S, (z; N).

Let S, (z; N) be a set of finite orthogonal polynomials with the properties:

(i) for every N > 0 polynomials S, (x; N) are orthogonal on a finite set of distinct points
x5, s=0,1,...,N:

(2.1.14)

iws(N)Sn(xs;N)Sn/(xs;N) = hp(N)dp, (2.1.15)

(ii) the discrete weights wg(N + 1) are related with ws(NN) by the Geronimus transform
48], i.e.

(N

N1y =) 0N (2.1.16)
Ts — TN+1

and w41 (N +1) = Ayyq with arbitrary nonzero Ay4. In more details, this means that

transition N — N + 1 consists in division of all weights ws(N) at points xg, z1,...,zx by

multipliers (s — xy41) and moreover by adding of a new arbitrary weight Ay, at the
point 1. It is clear from (2.1.16) that we can express ws(/N) by the explicit formula

wy(N) = —

- (2.1.17)
W§v+1<xs)
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where wyy1(2) = [[1_y(z — %) = Sy1(x) and Y, = ( A, . Let S, (z; N)

xsfxo)(xs7x1l)...(xsfxs_1)
be the monic ”dual” polynomials corresponding to S, (z; V) defined by (2.1.6). There is
an identity [42]

hnSy_1(z; N) = Sy (z; N)S, (z; N) — SNH(x;N)ngl(x; N) (2.1.18)

where ST(Lljl(x; N) are associated polynomials. Putting © = z, and resembling that =, are
zeroes of Syi1(x) we get

P SN _n(s; N) = Sy (25; N)Sn(z5) (2.1.19)

On the other hand, from general theory it follows [42]

g]\f(Is)

wo(N) = 2N Es) 2.1.20
() Snga(s) ( )

and thus we have an important relation [4]
huSy—n(s) = ws(N)Sh i1 (2)Sn(2s), s=0,1,...N (2.1.21)

Substituting expression wg(N) from (2.1.17) we get finally

TN—n(Is; N)
y, = N\ Y 0.1, N, 2.1.22
Sn(zs; N) s=0 ( )

where Qu—n(w; N) = hySy—a(2: N).

We thus see that starting from a sequence of finite orthogonal polynomials S,,(z; N) and
their duals S, (x; N) we can construct a whole Padé interpolation table for the interpolated
sequence Y, on the interpolated grid xs. Sequence Y; in general is an arbitrary, but we
should exclude (exceptional) cases when the Padé scheme becomes non-normal, i.e. when
some of interpolated points z, coincide with zeroes of Sy (z; N) or S,(z; N).

Using this approach, one can construct explicit Padé interpolation tables starting from
known systems of finite orthogonal polynomials [53], [38].

We present here only the simplest example connected with interpolation (2.0.13) of the
exponential function. From (2.1.5) we immediately find the discrete weights

N
w, = ( )psu e, (2.1.23)
s
where p = ¢/(q — 1). The weights (2.1.23) describe the usual binomial distribution and

hence corresponding polynomials S, (z) = P,(z; N — n) are the Krawtchouk polynomials
[22]:

Su(2) = ko (_Z\;Z 1/p> , (2.1.24)

where k,, = p"(—N),, is a normalization factor in order for polynomials S, (z) to be monic.
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2.2. The Kronecker algorithm revisited. The Kronecker algorithm [2] consists in
reconstructing of all entries Qn_n(2z;n), Py(2; N —n),n = 0,1,..., N of the Kronecker
string in the Padé interpolation table. In this section we consider the Kronecker algorithm
from the point of view of orthogonal polynomials and their ”duals”.

Assume that all interpolation values are nonzero: Y, # 0. Fix the positive integer
N > 0 and define the monic polynomial

Sn+1(2) = Pyyi(z;—1) = (z —2zo)(z —21) ... (2 — zn) (2.2.1)

Next, we should determine the polynomial Sy(z) = Pn(z;0). In order to do this, we
notice that by definition of the Padé interpolation we have:

Qo(zs; N) — ano

Py(250)  Py(240)
because Qy(z; N) = ano = const. Hence, the (non-monic!) polynomial Py(z;0)/ano
coincides with the ordinary Lagrange interpolation polynomial which interpolates the
given sequence Yp,Y1,...,Yxy on the given grid zg,z1,...,2xy. We thus have by the
Lagrange formula

=Y, s=0,1,...,N (2.2.2)

N

Pn(z0) _ Z SN—H('IZ) (2.2.3)
QanNo —0 Yi(z — ) Sy (2s)
The value ayg is determined directly from (2.2.3) by examining of leading term of
the Lagrange interpolation polynomial Py(z;0)/ano. Thus we obtain the first entry
Qo(z; N —n) = ang and Py(z;0) of the Kronecker string. The only non-trivial procedure
is determining of other entries Py_,(z;n) and Q,(z; N —n) for n = 1,2,..., N. This
can be done using so-called backward algorithm for orthogonal polynomials (see, e.g.
[24]). This algorithm works as follows. Let Sy;1(z) and Sy(2) be two given polynomials
of degrees N + 1 and N. We assume that these polynomials belong to a family of finite

monic orthogonal polynomials Sy(z), S1(2), ..., Sy, Sn+1(2). This means that there exists
a 3-term recurrence relation
Snt1(2) + b,Sn(2) + upSp—1(2) = 25,(2) (2.2.4)

with initial conditions S_; = 0,5y = 1. But in our case we have different initial conditions:
polynomials Syy1(z) and Sy(z) are given and all polynomials S,,, 0 < n < N should be
restored together with the recurrence coefficients u,,, b,,.

In principle, there are several ways to reconstruct polynomials S,(z) and recurrence
coefficients wu,,, b,. We describe here the simplest one which is equivalent to the Kronecker
algorithm.

We can present every polynomial S, (2) as

Sp(2) = 2" 4+ & 2"+ 02" 4 O(2"P) (2.2.5)

with some coefficients &, 7,,. Then from recurrence relation (2.2.4) we find expression for
the recurrence coefficients b,, u,, in terms of the expansion coefficients &,, n,:

bn = fn - £n+17 Up = Tn — Mn+1 — bngn (226)

Start from the relation
SN+1(Z) + bNSN(Z) + UNSN_l(Z) == ZSN(Z), (227)
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where the polynomial Sy_1(z) and the coefficients uy, by are unknown. As polynomi-
als Sy(z), Syi1(z) are known, we know their expansion coefficients &n,Eni1, N, IN11-
Hence, by (2.2.6), we can reconstruct recurrence coefficients by, uy. Then we reconstruct
polynomial Sy_1(z) by

(2 = bn)Sn(2) — Sn1(2)

Un

Sy-1(z) = (2.2.8)

It is seen from (2.2.8) that our procedure leads to the unique polynomial Sy_i(z) iff
uy # 0. And if this condition is fulfilled, then Sy_; = 2V=! + O(2"~?) is indeed a monic
polynomial of degree N — 1. This procedure can be repeated forn =N -1, N —2,... 1.
And at each step we reconstruct recurrence coefficients uy_,, by_, and monic polynomial
Sn_n(2). If u, # 0 at each step, then the scheme is nondegenerated, i.e. all poly-

nomials Sy_1(2), Sn_2(2),...,50(z) = 1 are uniquely reconstructed from the given two
polynomials Sy41(2), Sy(2). Thus the denominator polynomials Py_,(z;n) = Sy_n(2)
are reconstructed uniquely step-by-step for n = N, N — 1,.... What about numerator

polynomials @, (z; N —n)? We know, that, up to a constant factor o, y_,, this polyno-
mials coincide with the "dual” OP T, (z) with respect to S,(z). From (2.1.12) we can
rewrite recurrence relation for polynomials @, (z; N —n) in the form

UN—nQni1(z; N—=n—1)+bn_Qn(z; N —n)+Qpn_1(2; N —n+1) = 2Q,(2; N —n) (2.2.9)
with initial conditions
Q_l(Z; N + 1) = 0, QQ(Z; N) = O Np (2210)

Thus numerator polynomials @,(z; N — n) can be determined simultaneously with de-
nominator polynomials if the process is normal. Indeed, for the first step we have
un@i(z; N—1) = (2—=bn)Qo(z; N) = (2 —bn)ano. We thus can find @ (z; N —1) because
coefficients uy, by were determined already at the first step. If the scheme is nondegen-
erate (i.e. ux # 0)) then Q1(z; N — 1) is a first degree polynomial in z. This process
can be continued: at the n-th step we reconstruct uniquely polynomial @, 1(z; N — n)
from recurrence relation (2.2.9) using already determined coefficients by_,, uny_,. Again
we should assume wu,, # 0 for all n = 1,2,..., N. Thus, if the process is nondegener-
ate, the backward algorithm for orthogonal polynomials leads uniquely to polynomials
Qn(z; N —n) and Py_,(z,n) from the Kronecker string.

The Kronecker process will be nondegenerated, e.g. in the case if the sequence x; is
real and monotonic, say xs;11 > z, for all s and sequence Y is real and sign-changed:
YY1 < 0 for all s. Indeed, in this case the weights w; are all positive or negative as is
easily sen from (2.1.5). But this means that u, # 0 [8] and hence the Kronecker process
is nondegenerated.

Note, however, that for many practically important cases we usually have monotonic
sequence Y; = f(x;), because it is naturally to assume that the function f(z) is sufficiently
monotonic on an interval containing many interpolation points x;. Then we have Y Y, >
0 for corresponding points of grid. This may, in principle, lead to a situation when the
Kronecker algorithm is degenerated. But such a situation is exclusive.

Nondegeneracy of the Kronecker algorithm doesn’t guarantee that unattainable points
xs are absent. This means that sometimes the roots of orthogonal polynomials S, (z) =
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P,(z; N —n) can coincide with one or more grid point x,. We illustrate such possibility by
an elementary example. Consider the sequence Y; = (—1)%, s =0, 1,... while the inter-
polation grid z; is an arbitrary (all points x are distinct). Then for diagonal interpolants
(i.e. m =n) we have two interpolation conditions [27]:

P (x95;n) = Qn(xas;n), s=0,1,...,n and
—Pn(xgsﬂ;n) = Qn($23+1; n), S = 0, 1, e, — 1 (2211)

From the first of these relation we see that polynomials P,(z;n) and @Q,(z;n) should
coincide, then from the second relation we find

P.(z;n) = Qun(z;n) = (z —x1)(z — x3) ... (2 — T2y 1) (2.2.12)

Thus diagonal Padé interpolants in this case have all odd interpolation points xy, x3, ..., To,_1
as unattainable.

Consider concrete example (2.1.24) connected with the Krawtchouk polynomials. For
the positively definite case (i.e. ws > 0, s =0,..., N) it is necessary and sufficient that
0 < p < 1. This means that —oo < ¢ < 0. Thus for positively definite case we have
Y.Y,11 = ¢®¢*™ < 0 as expected. Hence we can expect (exclusive) cases when some
points z; become unattainable. This is equivalent to the case when one or several zeroes
of the Krawtchouk polynomials are integer. The problem of finding of all integer zeroes
of the Krawtchouk polynomials is one of the interesting and important problem which is
connected with many branches in modern mathematics (see, e.g. [23]). We thus have

Theorem 2. The problem of existence of integer zeros of the Krawtchouk polynomials is
equivalent to the problem of existence of unattainable points in Padé interpolation for
the exponential function on uniform grid.

Using this observation we can immediately conclude that for Y, = (—1)® the points
T(n+m)/2 are unattainable for all odd numbers n and m. Indeed, in this case we have so-
called symmetric Krawtchouk polynomials p = 1/2 [23]. But for symmetric Krawtchouk
polynomials there are ”trivial” zeros x = N/2 when n is odd and N is even [23].

2.3. Horizontal and vertical strings. Consider now the case when either m = const
(vertical string) or n = const (horizontal string). These cases are closely related with the
Newton-Lagrange interpolation problem. Indeed, consider, e.g. the horizontal string n =
0. Then we have the problem: find polynomials @,,(z;0) such that Y = Q(zs;0), s =
0,1,...,m). Thus @,,(z;0) is the Newton-Lagrange interpolation polynomial for sequence
Y; [17]. Analogously, if m = 0 then P,(2;0)/a,o is the Newton-Lagrange interpolation
polynomial for sequence 1/Y; (recall that o, is leading coefficient of @, (z; n) and we can
put Qo(z;n) = ayg). For m = const # 0 we have Padé interpolation problem with fixed
degree m of numerator, analogously for n = const we have fixed degree n of denominator.
In what follows we consider only the vertical strings m = const (for the horizontal
string all results are similar due to obvious replacement Y; — 1/Y; when m < n).
Consider the rational functions

P.(z;m+1)

Wn4+m+2 (Z)

R.(z;m) = (2.3.1)
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where wy1(2) = (2 —x0)(2 — x1) ... (2 — xy) is the characteristic polynomial of interpo-
lation points. We have

Theorem 3. For fixed m the polynomials P,(z;m) and rational functions R, (z;m) form
a biorthogonal system:

N
Z YiP,(zs;m) Res(Ri(z;m)) |z, = Qnmt1 Onks (2.3.2)
s=0

where N is any positive integer such that N > k + m + 1 or, equivalently,

1
37 / F(O)P(Cm)R(C;m)dC = ayms16nk, 1k =0,1,.. ., (2.3.3)
r

where the poles g, z1, ... Tx1ms1 of the rational function Ry (z;m) lie inside the contour
I

Proof. For n > k and n < k the statement of the theorem follows easily from basic
orthogonality relation (2.0.8). The only nontrivial part is calculation of the integral for
k = n. In this case we have

1 F(QPa(Gm)Po(G;m + 1)
2mi Jr (C—20)(C — 1) -+ - (€ — Ttm+1)

”*i":“ Py(xg;m)Py(xg;m+1)Y, nin:ﬂ Po(xg;m)Qumi1(xs;n)

P Wr 2 (Ts) P W pm42(Ts)

d¢ =

where in the last equation we used the main interpolation property (1.0.1). The last
expression can be presented in the form (see (2.0.2))

n—if_l Pn<xs; m)Qm-H (.175; n)

7 = [wOv .- 'xn+m+1]{Pn($; m)Qm—i—l(m; TL)} (2'3-4)
s=0 Whtm+2 (375)

i.e. we have divided difference of order n +m + 1 from polynomial of degree n + m + 1.
From (2.0.6) we immediately have that this expression is equal to leading coefficient of
the polynomial and thus

= Opm+1

n—§1 Pn(xs; m)Qm—H(xs; n)

=0 Wt my2(Ts)

and the theorem is proven.

Note that in [51] we obtained the special case of this theorem for m = 0. In this case
P,(2z;0)/ano are the Newton-Lagrange interpolants for the sequence 1/Y;. Biorthogonal
partners for these polynomials are rational functions R, (2;0) = P,(2;1)/wpy2(2). Thus,
in order to construct biorthogonal partners for the Newton-Lagrange interpolants we need
to know the "next vertical” (i.e. m = 1) polynomials P,(z;1). In [51] these polynomials
were explicitly expressed in terms of P,(z;0) using Frobenius-type relations (2.0.10).
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Now we derive three-term recurrence relation for polynomials P, (z;m) for fixed m.
Excluding P, (z;m + 1) from (2.0.10) we arrive at the recurrence relation

&nm anm
Posi(zim) + (—z e+ 2 ) Pu(zm) +
Oén,erl anfl,m

anm

(z = Zpim)Pro1(z;m) =0 (2.3.5)
an—l,m

Recurrence relation (2.3.5) belongs to the class of so-called R; recurrence relations intro-

duced by Ismail and Masson [21]. These relations determine monic polynomials P(z) of

Ry type and in general form they can be written as [21]

Poi1(2)+ (& — 2)Pu(2) + (2 — vn)Poq1(2) =0,n = 1,2, ... (2.3.6)
with initial conditions
P():l,Pl(Z) :Z—SO

Thus recurrence relation of R; type have 3 arbitrary parameters &, n,, V.
Comparing (2.3.5) with (2.3.6) we have

o Qpm Qpm
én = Tp+m+1 + - )
Qn om+1 On—1,m

Th = o y  Un = Tpntm (237)
Qpn—1,m

We see that polynomials of R; type appear naturally as denominators of the vertical
strings (m = const) in the Padé interpolation. In the simplest case of pure Newton-
Lagrange interpolation (i.e. m = 0) corresponding recurrence relation was derived in
[51].

We illustrate results of this subsection by the simplest example of the exponential
function (2.0.13). In this case Y; = ¢° and biorthogonal partners R,(z are rational
functions (2.3.1):

P,(z;m+1)
2(z=1)...(z=n—-m—=1)
Using standard transformation formulas for the Gauss hypergeometric function [13] we
can rewrite (2.3.8) in the form

Rn(z§ m) =

(2.3.8)

(2.3.9)

— 2 1
Rn(Z;m):2F1( e )

24+m—z 1 q
In [51] we obtain a special case m = 0 of formula (2.3.9) corresponding to the Lagrange-
Newton interpolation of the exponential function.

We see that for fixed m the polynomials P,(z;m) (2.0.13) and rational functions (2.3.9)
form a biorthogonal system.

3. DIAGONAL STRINGS AND BIORTHOGONAL RATIONAL FUNCTIONS

In previous sections we showed that for Kronecker string the denominator polynomials
P,(z;m) are finite orthogonal polynomials; for the vertical string (m = const) they coin-
cide with so-called polynomials of R; type. In this section we show that for diagonal string
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the denominator polynomials are of R;; type (in terminology of [21]). These polynomials
allow one to construct a pair of biorthogonal rational functions.

Assume that m = n + M, where M is a fixed positive or negative integer. Every M
defines a straight line parallel to the main diagonal m = n. We say that such straight line
corresponds to diagonal string of the Padé interpolants.

Consider denominator polynomials G,,(z; M) = P,(z;n+ M ). We should derive 3-term
recurrence relation for polynomials Gy,(z; j) for fixed j.

For this goal we use Frobenius-type relations (2.0.10). It is convenient to introduce
notation

Gn(z; M) = P,(z,n+ M), F,(z; M) =P, (2,n+ M + 1) (3.0.1)
Then from (2.0.10) we get relations between polynomials F,(z; M) and G, (z; M):

G125 M) — (2 — Topyags1) G2y M) + SmmtM = Snlant Ml o 7y —

an,n+M+1
On—1.n+M
QML (gt ) Fo (25 M) = 0 (3.0.2)

Qp—1,n+M
Excluding F,,(z; M) from the first relation (3.0.2) and substituting to the second relation,
we obtain 3-term recurrence relation for polynomials G, (z; M):
Grs1(z; M) + 0 (M)(2 — Zonm) (2 — Tonsnr—1)Gro1(2; M) +
(En(M)z + ani mrir + M0 (M) Z2nar + G (M))Gr(2; M) = 0, (3.0.3)
where
ﬁn(M _ OptintM+1 — O‘n,n-ﬁ—M? fn(M _ Op—1n+M—1 — Ont1 n+M+1

Onn+M — Op—1n+M-1 Apnn+M — Op—1n+M-—1

Ca(M) = (nnenr = Wit 1) (Qn— 1M — Qg ) (3.0.4)
Qp—1,n4+M®n nt+M+1
Note that &,(M) + n,(M) = —1 as follows from comparing terms z"*! in (3.0.3).
Recurrence relation (3.0.3) belongs to the class of so-called R;; 3-term relations [21].
As shown in [49] (see also [37], [36]) this relation is equivalent to GEVP (1.0.10) defining
a pair of biorthogonal rational functions (BRF).

3.1. Explicit biorthogonality relation on the scheme with shifted grid. In our
case this pair of BRF can be constructed directly. For this goal we first rearrange inter-
polation points x, in the following order. In what follows we will assume for simplicity
that M > 0. Let ys be the same grid x5 but with another numeration:

Y; = Ty, if izO,l,...,M,

Yoi = TM42i—1> YM+i = Tmy2i, 1 =1,2,....n (3.1.1)
Thus for any n = 0,1,2,... the grid y_pn,Y—ni1,--->Y0,Y1,---,Yniny coincide with the
grid xg, x1, ... Tonyn. Hence we can rewrite orthogonality property (2.0.8) in the form

/ F(Q)Gn(C M)g;(2)d¢
r (C - y—n)(g - y—n+1) s (C - yn-i—M)

=0, j=0,1,...,n—1 (3.1.2)



338 A.S. Zhedanov

or, equivalently

n—+M
Yan(ys; M)Qj<ys) .
., J=0,1,...,n—1, (3.1.3)
s;n H (ys)
where H,(z; M) = (z —y_pn) - .- (2 — Ynsnr)-

This scheme can be further generalized if one admits to start with s = —n + j with
arbitrary integer parameter j. In this case we have the following Padé interpolation
problem

Qun(ys;n, Jj) . . .
Y,=—""""5 s=-n+j,-n+j+1,....m+j (3.1.4)
Pﬂ(ysa n, j)

If 7 =0 we return to the scheme (3.1.1). For fixed j the Frobenius-type relations remain
valid with the only difference that the coefficients a,,,(j) will depend on j:

Bupa(zim + 1,7) + pam () Pa(z3m +1,§) = (2 = Ymyrag) Pa(zm, ) =0 (3.1.5)

Po(z;m+1, )+ (Wam(J) = 1) Pos1(z5m, §) = Ve () (2 = Y—n—14) Pu(z;m, j) = 0 (3.1.6)

where

Onm (]) — Qnilmi1 (])
AnomA-1 (])

U N 04n+1,m+1(j)
() o)

Hnm (]) =

Y

There are also relations with different j:

Po(z;mA41,5) +0mm(5) (2 =Y-ntj) Pu(z;m, §+1) = 00 (3) (2 = Ymiji1) Pu(zsm, j) (3.1.7)
and

Pn+1(z; m—+ 17]) +/€nm(])(z _ym+j+1)Pn(Z; m?]) = (1 +K'nm(j))(z _y—n-i-j)Pn(Z; ma]"’ 1)

(3.1.8)
where )
. an,m—i—l J
Onm\J) = . .
and
K}nm(]) _ Qpi1, +1(]) Q (] + )
O‘nm(] + 1) - anm(])
Introduce the following rational functions:
P (z; M, j : Po(z; M, 5 +1
Rz M, j) = 2D p g gy TalE M) (3.1.9)
Qnj145(2) Qnrvorjnsmjri(2)
where now

Qi (2) = (2 = Yp ) (2 = Ypy1) - (2 — Yps) (3.1.10)
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where py, po are arbitrary integers such that p; < py. Clearly, deg(€2,, p,(2)) = p2 —p1+ 1.
By definition, these rational functions are of type [n/n] (in case of normal Padé scheme

zeroes of polynomials P,(z; M, j) do not coincide with zeroes of denominators in (3.1.9)).
Orthogonality property (2.0.9) now can be rewritten as

m—+j

Y P (ys;m, j s
s= Y Q@vnﬁ%@)za E=01.. n—1 (31.11)

s=—n-+j —n+j,m+j (ys)

where gx(2) is an arbitrary polynomial of degree k.

Theorem 4. The functions R, (z; M, j),T,(z; M, j) are biorthogonal with respect to the
following scalar product

SO R (M, §)T(¢; M, ) .
27TZ / ]M+]+1(C) hn(Maj)(snk (3112)

or, equivalently,

k+M+4+j+1 . .
M, )T (z: M
s=—n+j Qj’M+j+1(z) 2=Ys
where normalization coefficient is
hn(M j) — O4n,n+M+1(])an71,n+M(j) (3114)

On—1.n+M (]) — OpnyM+1 (])

Proof. Denote by I the integral in lhs of (3.1.12). When n # k it is easily obtained that
I = 0 from orthogonality relation (3.1.11). So, we need only to check relation (3.1.12) for
n = k. From relation (3.1.6) we can express the first polynomial in (3.1.12) as

Pn(Za m + 1) - Vn—l,m(j)(z - y—n-l-j)Pn—l(Z; ma])
11— Vn—l,m(j)

Substituting (3.1.15) into (3.1.12) we can express the integral in (3.1.12) as [ = I + I,
where

(3.1.15)

Po(z;m, j) =

[1:21 (1= var () /f zn—l—M—l—l J)Pu(z,n+ M,j+1) (3.1.16)
u Qntjntm+j+1(2)
and
1 Vn—1,m(J /f P, 1(z,n+M,j)P(z,n+ M,j+1) (3.1.17)
T2 T+ vt () Q_njrimegri(2) o

In I; we can replace f(2)P,(z;n+ M + 1,7) with Quia41(2;n,7) using interpolation
property (3.1.4). Then I; becomes

[1 = (1 - anl,m(j))il[_n—i_jan_'— M +.7 + 1]{Pn(zan + Ma] + 1>Qn+M+1(2;n7j)} =

Oén,n+M+1(j)Oénfl,n+M(j) (3 1 18)
an—l,n+M(j) - an,n—i—M—i—l(j)

(in the last equality we exploited formula (2.0.6)).
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The second integral I, = 0. Indeed, we can replace f(z)P,(z;n + M,j + 1) with
Qnir(z;n, 5+ 1). Then we have

Li=[-n+j+1ln+M+j+1{Pa(zn+Mj+1)Qunim(z;n,j)} =0

because the order of divided difference operator is 2n + M, which is greater than degree
2n + M — 1 of the polynomial P,(z;n+ M, j + 1)Qnins1(2;n, 7).

Thus we have finally I = I} = h,(M, j), where h, (M, j) is given by (3.1.14).

We introduced the new grid y; by rearranging points x,. But it is possible to consider
the grid ys independently of the grid xs. In this case all results concerning biorthogonal
rational functions R,,(z; M) and T,,(z; M) remain valid.

We illustrate this using our example of the interpolation of the exponential function.

Take the polynomials P,(z;m), Qm(z;n) in (2.0.13) and change the argument z — z+n:

Om(zin) = (=1)"(1 = 1/q)™ (1 + m), o F) (_m’ IR q) ,

-m—-n
(3.1.19)
. —n,—z—n
Pa(sim) = (17(1 = /o)™ (14 mhu o 1-1/1)
-m—-n
Clearly, these polynomials again satisfy the interpolation property
Qm(ys; 1)
—— =explwys) = ¢°, 3.1.20
Po(ye ) (wys) ( )
where ys =s=-—-n,—n-+1,...,m.

In what follows we will assume that m = n+ M > n. By (3.1.9) we can construct a
pair of corresponding rational functions:

Rn(Z; M) _ (_1)n<1 — 1(/2(/])_;7;)(711 +n—|—M)n 2F1 <__n27n_i;\4n71 B 1/(]) ’

Tn(z; M) = (—1)”(12—_17{?1_;4(2_4—1)714— M)n 2 I (—_277?—_?\4_—”1; 11— 1/Q>

For more general explicit examples of BRF connected with diagonal strings in the Padé
interpolation table as well as for their algebraic treatment see [54].

4. REDUCTION TO A SPECIAL CASE OF ORTHOGONAL RATIONAL FUNCTIONS

So far, we considered the case when all points x4 of the interpolated grid are distinct
Tp # Ty if n # m. Equivalently, this means y,, # y,, in the scheme with modified grid
ys. In this case for diagonal strings m = n + M with fixed M we obtained biorthogonal
rational functions R,,(2; M, j), T, (z; M, 7) on the shifted grid ¥+, Y—ntj+1 - - - YntM+jt1-
Note that denominators of rational functions R,,(z; M, j), T, (z; M, 7) are distinct as is seen
from expression (3.1.9) . Hence for the scheme with distinct interpolated points ys we
obtain non-coinciding rational functions: R, (z; M, j) # T,(z; M,j). Nevertheless, it is
possible to obtain coinciding rational functions:

R.(z;M,j)=0,T.(z;M,5), n=0,1,... (4.0.1)
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by some degenerating procedure. Here o, is a nonzero constant (we will not distinguish
rational functions which differ by a common constant factor). If condition (4.0.1) holds,
we then deal with the special case of orthogonal rational functions [6]. In what follows
we restrict ourselves with the case j = 0. The case of arbitrary j can be considered in
a similar manner. Consider, when condition (4.0.1) holds. First of all, denominators of
the functions R, (z; M), T,(z; M) should coincide for all n = 1,2,3.... (For simplicity,
we will not indicate the variable j = 0 in notation). From (3.1.9) we see that this is
equivalent to the condition

Yr = YMant1, N =1,2,.... (4.0.2)

Next, numerators of the rational functions R,(z; M), T, (z; M) should coincide up to a
common constant factor. From (3.1.9) we conclude that this is equivalent to the con-
dition that the shifted grid y_,i1,%-ni2, ... Ynimr+1 should coincide with initial grid
Yoy Y—ntls - - - Ynanr for all m = 1,2,.... This is possible iff y_, = y,41a11, i.e. under
the same conditions (4.0.2) as for coinciding of denominators. Thus condition (4.0.2) is
necessary and sufficient in order for rational functions R, (z; M), T,,(z; M) to coincide up
to a common constant factor (4.0.1).

But in this case we obtain a set of orthogonal rational functions R,(z; M). Indeed,
biorthogonality property (3.1.12) is transformed to

1 fORN(GM)R(GM) B (M6 (4.0.3)

27t Jr (€= yo)(C — 1) -+ (€ — Ynr1)
Some remarks should be done concerning Padé interpolating scheme corresponding to
the degenerating case (4.0.2). It is seen that in this case for any n the interpolated grid
consists of M + 3 simple (i.e. pairwise distinct) points yo, ¥1, - -, Ysr+1, Yntar+1 and n— 1
double points yario, Yares, - - - Ymren- This means that in n — 1 double points we should
interpolate not only values of the function f(z) but its derivative f’(z) as well. Le. the
interpolated scheme now can be presented as

Qn+M («rs; M)
) = ————F—= 4.0.4
for s=0,1,...,M +n+ 1 (as in the usual Padé interpolation scheme) and in addition
Nxg) = — 2222 7 4.0.5
P = & —p.Gn . (1.0:5)

for double nodes s = M + 2, M + 3,..., M + n of the interpolation grid.
The orthogonal rational functions R, (z; M) are constructed now from the denominator
polynomials P,(z; M) of the osculatory interpolation scheme by the formula
P2 M)
(2 — ym+2) (2 — Ynrsa) - (2 — Yurtnn)
The Padé interpolation schemes with double (and multiple, in general) interpolation

nodes is called Hermite-Padé interpolation scheme, or, sometimes, rational osculatory
interpolation problem. For theory of this problem see e.g. [9], [47].

R.(z;m) = (4.0.6)
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We thus showed that the theory of rational orthogonal functions developed in [6] can be
considered as a special, degenerated case of general diagonal Padé interpolation scheme
when some pairs of interpolated nodes merge and become double points. For such double
points we should apply osculatory rational interpolation problem. In general case for non-
coinciding interpolation nodes we obtain only non-coinciding (i.e. biorthogonal) pairs of
rational functions R, (z; M), T,,(z; M).

5. SCHEME WITH PRESCRIBED POLES AND ZEROES

In this section we derive fundamental properties of the Padé interpolation with pre-
scribed poles and zeroes (PPZ scheme for shorten notation).

In what follows we will assume that the Padé scheme (1.0.4) is normal, i.e. all zeroes
of polynomials P,(z;m) do not coincide with zeroes of polynomial @,,(z;n) and with
prescribed zeroes a;. Analogously, we assume that zeroes of Q,,(z;n) do not coincide
with prescribed poles b;. We will assume also that sets of prescribed zeroes and poles
do not overlap. Moreover it is assumed that Yy # 0. Clearly, polynomials P,(z;m) and
Qm(z;n) have degrees n and m correspondingly. As for the case of the ordinary Padé
interpolation scheme [28] we have

Theorem 5. If the Padé interpolation scheme (1.0.4) is normal, then polynomials P, (z;m)
and Q,,(z;n) are unique up to a common factor.

The proof of this theorem is almost the same as for the ordinary case [28] and we omit
it.

The normal PPZ-scheme has an important property of invariance under linear rational
substitutions:

Proposition 1. Assume that the PPZ scheme (1.0.4) is normal. Perform the Mobius
transformation xs — T, = (x5 + an)/(azrs + a4) with some constants a; such that
ajay # asag Replace zeros and poles a,, b, by similar expressions (with the same coeffi-
cients a;) and replace P,(z;m) — P,(x;m) = (asz + ay)"P,(#;m) (and similar replace-
ments for Q,,(z;n), A,(z), B,(x)). Then we obtain a new normal PPZ-scheme (1.0.4)
with the same interpolated sequence Y, and with modified grid s — 2, and interpolants
P,(z;m) — P,(x;m),. ...

The proof of this proposition is almost obvious and we omit it (see e.g. our paper [49]
concerning general case of BRF). Nevertheless, this property is useful because sometimes
it is possible to reduce the grid z, to as simple form as possible using an appropriate
Mobius transform.

As for the ordinary case, we have generalized orthogonality property for the denomina-
tor polynomials:

(20, Z1, - - - Treom)] {qf(z)f(zfj(f))P”(Z; m) } —0,j=0,1,....,n—1 (5.0.1)
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where ¢;(z) is any polynomial of degree j. Formula (5.0.1) is a trivial consequence of the
scheme (1.0.4). If function f(z) doesn’t exist, one can rewrite (5.0.1) in equivalent form

m+nYS (@) P m) By (2
3 45 (%) Pr(xs; m) Bin ()

=0,7=01,...,n—1 (5.0.2)
=0 An(@s)wnni1 (@)

In contrast to the ordinary Padé interpolation scheme, we will not fix condition that
polynomials P, (z;m) are monic. The reason is that sometimes it is more convenient not
to fix the leading coefficients of polynomials P,(z;m), Q. (z;n).

Now we present the Frobenius-type relations for the Padé interpolants:

'Linmpn—i-l(z; m) - (Z - xn-i—m-kl)Pn(Z; m) - pnm(z - bm+1>Pn(z; m+ 1) = Oa
tnm Pri1(z;m) — Poyr(z;m 4+ 1) — vpm(2 — apy1)Pa(z;m+1) =0 (5.0.3)

with some nonzero coefficients K, Prms am, Vim.-
Similar relations can be written for numerator polynomials:

Knm@Qm(2;1n +1)(2 = @ny1) = (2 = Tngms1)Q@m(2;1) — prm@ma1(251) =0,
L (2 = by 1)Qm(z;n 4+ 1) — Qi (z;n 4+ 1) — Uy @Qmai(z;n) =0 (5.0.4)
Sometimes, it is convenient to rewrite these relations in an equivalent form using ra-

tional functions U, (z;m) = P,(z;m)/A,(2) and V,,(2;n) = Qun(z;n)/ B, (2) instead of
polynomials P, (z;m), Qm(z;n):

"inm(z - an+1)Un+1 (Z, m) - (Z - xn+m+1>Un(Z; m) -
Prm (2 = bmng1)Un(z;m + 1) = 0,
tnmUns1(z;m) — Upyq(z;m 4+ 1) — Uy Un(z;m +1) =0 (5.0.5)

and

Knm (2 = @ni1)Vin(z;n + 1) = (2 = Tpgmsr) Vin(25n) —
Prm (2 = bmi1)Vimp1(z;n) = 0,
Lo Vi (z;n +1) = Vi (z;n+ 1) — v Vi (2;n) =0 (5.0.6)

Relations (5.0.3) and (5.0.4) are exact analogues of corresponding relations (2.0.10) and
(2.0.11). As far as we know, these relations were not appeared in literature yet. The proof
of these relations is almost the same as for the ordinary case [3]. We provide, e.g. proof
of the first of relations (5.0.5).

Consider expressions

Ur(z;m) = Knm (2 = @n1)Uns1(2;m) — (2 — Tingni 1) Un(2;m) _
Z = bm+1
Knm Pot1(z;m) — (2 — xm—l—n—l—l)PTZ(Z; m)
An(2)(z = bmnt1)

(5.0.7)

and
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Enm (2 — ani1)Vi(z;n + 1) — (2 — Zpgns1) Vin(2;n)

VTZ-i-l (Z7 n) = Y bm+1 =
@ni(zin) (5.0.8)
Bm—l—l(z)
where Q.. (2;n) is a polynomial of degree < m + 1.

Choose
(b1 = Tngms1) Pu(bmy1;m)
a Prt1(bmir;m)
Such Ky, does exist because roots of P,(z;m) do not coincide with b;. Moreover, K, # 0

because interpolation points z; do not coincide with prescribed poles and zeroes. Then
the pole z = b,,,1 in (5.0.7) disappears and we have

Pi(z;m+1)
AN(Z) 7

Knm

Usi(z;m) =

where Pf(z;m + 1) is a polynomial of degree < n.
Now from (1.0.4) we have

v S5 ; 59 An s
Y, = 1 (T n) _ Q1 (25 1) An () ,s=0,1,...,n+m+1 (5.0.9)

Ui(rg;m + 1) Byi(xs) Pr(zs;m + 1)’

From uniqueness of the Padé interpolation scheme we see that
Un(zim+1) = pumUn(z;m + 1), Vi (20) = pamVinga (2i1)

with some nonzero coefficients p,,,,,. This leads to the first relations in (5.0.3) and (5.0.4).
Second relations are derived analogously.
In what follows we need two statements concerning polynomials denominator P,(z;m).

Lemma 1. For the normal scheme of the PI with prescribed poles and zeroes the roots
of polynomials P,(z;m) and P,.(z;m) do not coincide. Similarly, roots of polynomials
P,(z;m) and P,;1(z;m — 1) do not coincide

For the proof, let us assume that there exists zy such that P,(zo;m) = P,i1(z0;m) =
0, i.e. 2o is a common root. Then from Frobenius-type relations (as all coefficients
Koy Prmy tnm, Ve are nonzero) it is seen that also P,_1(zp;m) = 0. Repeating this
procedure we arrive at Py(zo;m) = 0 which is impossible because for the normal scheme
we should Py(z;m) = const # 0. Quite analogously we can prove the statement for roots
of polynomials P,(z;m) and P,,1(z;m — 1).

Lemma 2. Assume that for fixed m one has relation
Fi(z;n,m)P,(z;m) + Fa(z;n,m)P,11(z;m) =0 (5.0.10)

where Fj(z;n,m) are polynomials in z of fized degrees (i.e. not depending on n,m).
Then necessarily Fi(z;n,m) = Fy(z;n,m) =0.
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Proof. Assume that polynomials F(z;n,m), F5(z;n,m) do not vanish identically. Then
Fi(z;n,m)/Fy(z;n,m) = P,y1(2;m)/P,(z;m). But the lhs of this relation is a rational
function of fixed degree, whereas the degree of rhs increases infinitely with n. (Indeed, by
Lemma 1 we know that roots of polynomials P,,1(z;m) and P,(z;m) do not coincide).
This is impossible, hence both polynomials F(z), F»(2) should vanish identically.

Using these statements it is easily to prove that for the normal scheme all the Frobenius
coefficients fim, Vnms Knms Pum are nonzero. Indeed, assume that, say, p,, = 0 for some
n,m. Then from (5.0.3) it follows that either polynomials P, (z;m + 1), P, (z;m + 1)
have a common zero, or the polynomial P, ;(z;m + 1) has a zero coinciding with the
prescribed zero a,1. Both possibilities are forbidden by our assumptions of normality.

The Lemma 2 allows one to obtain a compatibility conditions for 4 parameters k.,
Prms Mnms Vnm- T0 do this, we obtain 3-term recurrence relations for polynomials P, (z;m)
with fixed parameter m. There are two possibilities:

(i) first, express P,(z;m + 1) in terms of P,(z;m) from the first relation (5.0.3) and
substitute it to the second relation. We get

Py (zm) — Bl 1) Pa(zm) —

Z — Tptm+1 PrmBn—1,mVn—1,m
T TP (2 ’ —(z — an)Pp(z;m) —
Rnm (Z m) i pnfl,m"ﬁnm (Z ¢ ) <Z m)
M(Z - xn+m)(z - an)Pnfl<Z; m) =0 (5011>

pnfl,mﬁnm

(ii) one can express P,(z;m) in terms of P,(z;m + 1) from the second relation (5.0.3),
then substitute it to the first relation and then to shift m — m — 1. We get:

Poi1(z;m) — anl—p"lml(z — b)) P(z;m) —
ﬂn,mfl

(z — Tpam) P.(z;m) + vym-1(2 — ani1)Po(z;m) —

Hn—1m—1Kn,m—1

Zn,rri_lV;Ll;l,m—i (2 = Tpim) (2 — a) Po_i(z;m) = 0 (5.0.12)

Subtracting then (5.0.11) and (5.0.12) we obtain relation of the type

Fi(z;n,m)P,(z;m) + Fa(z;n,m)P,—1(z;m) = 0, (5.0.13)

where Fi(z;n,m) is a polynomial of the first degree in z and Fy(z;n,m) is a polynomial
of the second degree in z. By Lemma 2 we have Fi(z;n,m) = Fy(z;n,m) = 0 which leads
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to 3 conditions:
PrmVn—1,m o Pn—1,mVn—1,m—1 .

; (5.0.14)
Kpm n,m—1 Knm—1HMn—1,m—1
1 + RnmVn,m—1 + PrmMn—1,m _
Hnmﬂn,mfl
1+ Rn—1,mVn—1,m—1 + Prnm—1Hn—1,m—1 7 (5015)
Rnm—1Hn—1,m—1
Tn4m+1 + Kvnmyn,mflanJrl + pnm,unfl,mberl _
RnmMn,m—1
Tn4+m + "infl,mynfl,mflan + pn,mfl,unfl,mflbm (5016)
/{'n,m—lﬂn—l,m—l
Of course, coefficients Kpm,, - . - , tnm are not independent. They can be further specified

under some normalization conditions for polynomials P,(z;m), Q,,(z;n). For example, if
P,(z;m) = 2"+ O(2""!) are chosen to be monic and Q,,,(2;n) = apmz™ + O(z™ ! (as for
the case of the ordinary Padé interpolation) we have

o Anm — Oén,m+1

Knm = y Pnm = Knm — L,
Ont+1,m — Onm+1

o = L O, — 1, (5.0.17)
Apt1,m — Opm+1
Then it is easily verified that conditions (5.0.14) and (5.0.15) hold identically, and the

only remaining condition is (5.0.16) which is rewritten as

(_an—l,m + an—l,m+1)(_an+1,m—1 + anm) a, + an+1,m—1 - an+1,m st +
(anm - an—l,m+1)(anm - an—l,m) A, — an+1,m

Upm—1 — Qniplm—1 b,, + (an,m—i-l — an—l,m+1)(an,m — a”+1:m—1)bm+1 4

Ay, — Oén,mfl (anm - anfl,m+1)(anm - an,m+1)
(Ofn,m - OénJrl,mfl)(Oénfl,m - an,mfl)

Tm4n +

(anm - O‘nfl,m)(anm - Oén,mfl)

(an,m - Oén+1,m71)(an+1,m - O4n,m+1)xm+n+1 (5018)

(anm - an,m—i—l)(anm - an+1,m)

Relations similar to (5.0.14) — (5.0.16) appeared in [35] as some compatibility conditions

for a set of two linear Darboux transformations for polynomials of R;;-type. Careful

analysis of these nonlinear equations lead to some explicit solution in terms of elliptic

functions (see details in [35]). In the present approach these relations arise naturally as
compatibility condition for the Frobenius-type relations for PPZ-scheme.

In applications, however, we will use another representation of the functions U, (z;m),

Vin(z;m). Indeed, these functions are rational ones with prescribed poles {ay,...,a,}
and {by, ..., by} correspondingly. Hence, one can decompose these functions in terms of
elementary rational functions with prescribed poles

_ wa(2) wi(2)

or(2) = A(2) Yi(z) = B (5.0.19)
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where, recall, wi(z) = (z — o) ... (2 — xx_1). The function ¢(z) has prescribed poles

ai, . ..,a; whereas the function xx(z) has prescribed poles by, . .., by.
We have
Un(zim) =Y Ei(n,m)os(2), Vi(zin) = Dy(n,m)x.(2) (5.0.20)
s=0 s=0

with some coefficients Fs(n, m), Ds(n, m) not depending on z. Decomposition (5.0.20) is
especially convenient when rational functions U, (z;m), V,,,(z;n) are presented in terms of
hypergeometric functions (or their basic and elliptic analogues) as we will see below.

Note that from our conditions of normality and nondegeneracy it follows that E,,(n, m) #
0, Dy(m,n) # 0. Indeed, if, say, F,(n,m) = 0 then the rational function U, (z;m) will
be a ratio of two polynomials of degree n — 1. But this means that at least one root of the
polynomial P,(z;m) coincides with a,, which is forbidden by our conditions. Moreover, it
is obvious, that the expansion coefficients Fq(n,m), Ds(n, m) are defined uniquely for the
given rational functions U, (z;m), V,,(z;n).

Substituting (5.0.20) to Frobenius-type relations (5.0.5) and (5.0.6) and equating coef-
ficients in front of terms with highest poles we arrive at the relations

E, 1om+1 D, Lom+1
gy = Lot bm A D) o Dt Lm 1) (5.0.21)
Eppi(n+1,m) Dpy1(n,m+1)

which allow to express the Frobenius coefficients fi,m,, Vum in terms of the expansion
coefficients. Note that from (5.0.21) it follows again that coefficients pi,m, Vnm are well-
defined and nonzero, as we already proved.

The second pair of relations

K'nm(an - xn)EnJrl(n + 17 m) + /fnm(an - anJrl)En(n + 17 m) -
(an - xn—&-m—i—l)En(na m) - pnm(an - bm—l—l)En(n; m + 1) = 07

(5.0.22)
Knm (bm — @nt1) Di(n 4+ 1,m) — (b, — Zpgmg1) D (n,m) —
pnm(bm - xm)Dm—i-l(nu m + 1) - pnm(bm - bm—l—l)Dm(n)m + ]-) = O

allows one to express the second pair of the Frobenius coefficients k,,, ppm in terms of
expansion coefficients.

6. SHIFTED PPZ SCHEME

In this section we consider a generalization of the PPZ scheme with two arbitrary shifts
71, J2, where ji1, jo are two arbitrary positive integers. Fix these integers and consider the
interpolation problem

(s —a1)(xs — ag) ... (Ts — Qpyy) %I’h)(xs; n)

(s = b) (s = o) - (25 = brs) PI) (z,;m)

Yy = ,s=0,1,...,n+m, n>j,m>7j

(6.0.1)
We see that the scheme (6.0.1) differs from the scheme (1.0.4) only by the numbers of
prescribed poles and zeros taken into account: the number of prescribed zeros is n — jy,
the number of prescribed poles is m — js.
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Note that our shifted PPZ scheme is not defined for n < j; and m < jo. We can define
shifted PPZ scheme for these values of n, m by different possible ways. In what follows
we will deal only with case j; = jo = 1. In this case it is natural to introduce two new
parameters ag, by and then (1, 1)-shifted PPZ-scheme can be presented in the form

L (@e—a0). (= an) QW (zain)

f(xs) - (5(75 _ bo) o (IS . am—l) Pr(LLl)<:ES; m>7
where f(2) = (2 — ao) f(2)/(z — bo)-

Then for new interpolated function f(z) we obtain the same (non-shifted) interpolated
PPZ-scheme but with ”shifted” zeros and poles: a,, — a,_1, b, — b,,—1. Thus all formulas
including the Frobenius-type relations (5.0.3), (5.0.4) are still valid for the shifted PPZ-
scheme (but of course, with modified coefficients K m, . . . Vpm)-

In many explicit cases of PPZ-scheme (see below) the shifted (1, 1)-scheme differs from
unshifted (0, 0)-scheme only by a shift of one or more parameters of the interpolated func-
tion f(z) (or, equivalently, the sequence Y;). This means some ”self-similarity” property
of the PPZ-scheme. Only for schemes with such property it is possible to construct ex-
plicit examples in terms of known special functions (say, hypergeometric ones), as we will
see below.

The ordinary PPZ scheme corresponds to the case j; = jo = 0. Of course, the values
J1,J2 may be negative as well. Then no restrictions for n, m are imposed.

For adjacent polynomials Péjhj?)(z; m) and P,gjg”j‘*)(z; m) with |j3—j1| < 1,|ja— 72| <1
there are algebraic relations similar to the Frobenius-type relations. We will not write
down them here.

=0,1,...,n+m, (6.0.2)

7. SIMPLE EXPLICIT EXAMPLE OF THE PPZ SCHEME

In this section we construct a simple concrete example of the PPZ scheme. This example
is connected with a ratio of two gamma-functions.
Choose the interpolated function

MNa—p—2)

= 0.1
2) = R it (101)
where x is an arbitrary non-zero constant. We choose for convenience
[(a)
K= ——"— 7.0.2
Ta— 7 (02

In what follows we will assume that both a and 3 do not take integer values, and
moreover, the difference @ — (3 is not integer as well. This means in particular, that
function f(z) is not rational in z. Moreover, all zeros and poles of the function f(z) are
not integer and don’t overlap .

Function f(z) has zeros and poles at

a,=a+n—1,b,=a—F+n—-1,n=12,.... (7.0.3)
So it is natural to choose PPZ scheme for the function f(z) with explicit prescribed zeros

a,, and poles b,,.
Choose 3 = s =0,1,2,... (uniform grid).
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Then obviously

(%éi%%ﬁvAM@I%—Dﬂa—x%,BA@z%—D%a—ﬂ—x%(70@

where (), = x(z+1)...(x +n — 1) is shifted factorial (Pochhammer symbol).
Then we have

}/s:f(xs):

—m,—T, _6 —m 1)

Quiain) = (-1 = Bare (TN

fz@;m):(—1wgwngg<_f"“ﬂ“_ﬁ‘"l;1) (7.0.5)

Equivalently, we have rational functions

Vilain) = Qi) Bute) = (57070 1)
U (aim) = Pufason)[Anfe) = (2170070 (700

Now it is directly verified that the main interpolation property (1.0.5) holds (it is
sufficient to use standard transformation formulas for hypergeometric function 3F5(1)).

The PPZ scheme holds for all m,n =0,1,2,....

The Frobenius-type relations (5.0.3), (5.0.4) follow from contiguous relations for hyper-
geometric function 3F5(1). We obtain

- m+n+1
 B+n—m
(m+1)(5—m—1)
(m+n+2)(B+n—m)
(n+1)(B+n+1)
(m+n+2)(B+n—m)

Rnm = Pnm

Hnm =

)

Vnm -

Compatibility conditions (5.0.14) - (5.0.16), or, equivalently, (5.0.21), (5.0.22) are easily
verified to hold.

The shifted PPZ scheme with j5 = j; = j in our case is equivalent to initial scheme
with a — a — 7.

Indeed, consider the usual PPZ-scheme for our case:

1—-a)s (=5 Qu(sin)

Y, = - L s=0,1,..., 7.0.7
(1—a+0)s (a—pB—=59), Pu(s;m) ° nem ( )
For the (1,1) shifted PPZ-scheme we have
(1,1)
1 - s - n— m 7
Y, = (1-a) (=81 € (Sn),s:(),l,...,n—i—m (7.0.8)

(I—a+0)s (@=B—m1 B (s;m)



350 A.S. Zhedanov

After elementary transformations expression (7.0.8) can be rewritten in the form

2-0) _ __(a=1-9), Q4 (s:n)

2—a+p5)s (@=1=8=8)m PMY(s;m)

where k = (1 —a+()/(1 —a). We thus see that (7.0.9) coincides with usual PPZ-scheme
(7.0.7) with

P (zim) = Pu(z;m)|aa-1, QW (20) = £Qm(2n)lama

i.e. we should take polynomials from ordinary PPZ-scheme and just shift the parameter
«. By induction, it can be easily proven that for (7, j) shifted PPZ-scheme we obtain the
same polynomials @Q,,(z;n), P,(z;m) with o« — a — j.

This remarkable observation allows one to construct biorthogonal functions which have
both the same structure in terms of hypergeometric functions. Of course, such phenome-
non can occurs only for exceptional cases of interpolated sequences Y, ay,, b, xs.

,s=0,1,....n+m (7.0.9)

8. STRINGS AND BIORTHOGONALITY IN THE SCHEME WITH PRESCRIBED POLES AND
ZEROS

8.1. Vertical string. Consider the case of vertical string m = const in the PPZ scheme.
We already found 3-term recurrence relations for these polynomials (5.0.11), or, equiva-
lently, (5.0.12). From structure of these relations it follows that for fixed m polynomials
P,(z;m) in the PPZ scheme belong to the polynomials of R;/-type in terms of [21]. As
was shown in [49] this means that corresponding rational functions U,(z;m) should sat-
isfy a biorthogonality property with respect to another set U(z;m) of rational functions.
In this section we show that the biorthogonal partners U (z;m) belong to some modified
PPZ scheme.
Indeed, introduce the shifted j; = j, = 1 PPZ scheme for the same function f(z):

(xs—ay)...(xs — an_1) Q%’l)(:vs; n)
((xs—b1)...(xs — bm_1)) Prgl’l)(xs; m)

Define rational functions

f(zs) =

,s=0,1,...,n+m,n,m>1 (81.1)

P,El’l)(z; m+ 1)

Ur(z;m) = (8.1.2)
(2 = Trmy2) (2 = Trny3) - (2 = Topmy)
We then have
Theorem 6. Rational functions U,(z;m) and U;(z;m) are biorthogonal:
1 *
50 [ wGm)Un(Gm)UF(Gm)dC = ha(m) dnj, (8.1.3)
where the weight functlon is
By,
w(z) = J(2)Bn(2) (8.1.4)
(z—x0)(z—21) ... (2 — Tyny1)
and the contour I' should contain all interpolation points xg, x1,...,Tpime1 inside and
not contain prescribed zeros a;,i = 1,2,...,n. The normalization coefficient h,,(m) will

be calculated below.
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Proof. Assume first that j < n. Then we have

= : ) f(¢m (C;m)Pj(l’l)(C;m—{—l)
i = /Fw@’ UG m) myd¢ = / (z — fEO) (2 = Tjrme1)

Multiply numerator and denominator of the last expression by a polynomial g,,—;_1(¢) =
(€ — Zjrms2) - - - (( — Tpgm) of degree n — j — 1. Then we have

d¢

/me (Q)n—j-1(C) PalG;m) P (Cerl)d<

”] )(Z - .’L'o) (Z - anrm)

In the last expression we can change the contour I' extending it to encircle additional

PoINts Tjym+2, Tjgm+3, - - - Tnym- ouch modification of the contour is admissible because

it leads to adding of zero terms coming from zero residues from these added points. But

now the last expression is zero I,,; = 0, j < n due to main orthogonality property (5.0.1).
Assume that j > n. Then

/ F(¢m) Bo(€) Pa(Gm) P (G 4 1)
m nC)( 0) (Z 5Uj+m+1)
(

/ f(¢Gm) c Pa(G:m) PPV (¢ m 4 1)y s (€)
dg
Aj-1(Q)(z = x0) .- - (2 — Tjimt1)
(we multiplied numerator and denominator by the polynomial 7;_,,_1(¢) = ((—@y+1) . .. ((—
aj_1)). Again the orthogonality property (5.0.1) yields I,,; = 0 for j > n.

The remaining problem is calculation of the normalization coefficient h,(m). From
(8.1.3) it follows that

¢ =

hn(m)

F(G:m) B (Q)Un (¢;m) PV (¢ + 1)
- / = dc. (8.1.5)

o) ... (2 $J+m+1)
Now we use the expansion (5.0.20) for U, (z;m). Substituting this expansion to (8.1.5)
and using orthogonality property, we arrive at the expression

i o B (Qwn(G;m) P (Gm + 1)

hy, = E,(n,m)
2mi ¢ —x0) .- (€ = Tjim+1)

From the PPZ-scheme (1.0. 4) we can replace under the integral the expression f (Z)Bm(z)P(1 1)(z m+
1)/An_1(z) with Q" +1( n), hence, after simplification

E,(n,m) / Qﬁil(c n)
2mi r (€= an)(C—an) . (¢ = Tngmi1)

Using Frobenius-type relation (5.0.4) we can replace in the integral:

dc. (8.1.6)

hn(m) = d¢ (8.1.7)

1,1) /. ~ L)/,.
Q£n+)1(z)n) _ ’fan(l Dizin+1) — (z — flfaj+m+1)@§n )(z,n)
Z— Qp Prnm pnm(’z - Cln)
where by Kum, Pnm We denote for simplicity the Frobenius coefficients for polynomials

%’1) (z;n).
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Thus

n,m)k (11 n
) = e [ Gl

2700 Prm, —Zp) o (= Tpymi1)

En(n,m) Qw(¢in)
= /F(C_an)(C d¢ (8.1.8)

2701 Prm —xp) . (C— Tpim)
The first integral in (8.1.8) is zero because it is reduced to divided difference derivative of

order m + 1 from the m-th degree polynomial Q%’l)(z; n). The second integral in (8.1.8)
has the same structure as the integral (8.1.7) but with m — m — 1. This process can be
repeated and we arrive after m + 1 steps at the expression

_ i Bn(nm) Q" (¢:n)
h”<m) B ( 1) 27mﬁnmﬁn,m—1 s lanO / (g - an)(g - xn)dc (819)

The last integral is calculated elementary: Q(()l’l) (z;n) = Dy(n,0) is a constant and

1 1
o | a
2mi Jp (€ —an)(C — zn)
is a complex integral with contour I' encircling the point z = x,, but avoiding the point
2z = a,. Hence, by the Cauchy theorem, we have

En(na m>D0(n7 0)
ﬁnmﬁn,mfl oo ﬁn() (xn - an)
Note that h,(m) is well-defined and nonzero because all quantities in (8.1.9) are nonzero
due to normality of the PPZ-scheme. Thus, the normalization constant h,(m) can be
expressed in terms of expansion and Frobenius coefficients.

The expression for the normalization coefficient h,,(m) can be presented in an equivalent

form. Indeed, from the first Frobenius-type relation in the pair (5.0.4) we have (for normal
PPZ-scheme)

hn(m) = (_1)m+1

(8.1.10)

5%’”(@ in)
ﬁnm - (an - 'rn—&—m—l—l) (1,1)
m+1<an; n)
and hence

(1’1) (a . n)
ﬁnmﬁn,m—l o ﬁnO ?1 1) 7 (

Qerl(aTM )
Substituting this to (8.1.10) we get

Ap — :L‘n-l—l)(an - xn—&—Q) R (an - xn—&-m-{—l)

En(n; m)Qm+1 (an;n)

ho,(m) = (—1)"™ 8.1.11
( ) ( ) (an - mn)(an - xn—i—l) s (an xn—i—m—&—l) ( )
Note that the biorthogonality property can be rewritten in equivalent form as

> U, (U (2

> Y.By(x,) Res ( (2)U; ) ) = Ry O (8.1.12)

— (z—x0)(z—21) ... (2 — Tyna1) e

The summation in (8.1.12) is really restricted by a finite number of terms, because
Res(...)|,=z, = 0if s > j+m—+1. Nevertheless, biorthogonality relation (8.1.12) generates
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an infinite system of functions U,(z),U(z), n = 0,1,... in case if the PPZ scheme exists
for alln,m =0,1,....

Consider a simple explicit example of the biorthogonal functions for a vertical string.
We choose solutions (7.0.5) for PPZ scheme for f(z) a ratio of two gamma-functions
(7.0.1). The rational functions U, (z;m) for fixed m are already known (7.0.6). We need
only to construct their biorthogonal partners U (z;m) using recipe (8.1.2). Polynomials

Pél’l)(x; m + 1) are obtained from P, (x;m + 1) by shifting the parameter « — o — 1:

PO (zim 4 1) = (—1)* (o — 1),, 3 F° s —B-n 8.1.13
O am 1) = (1) = Daaa (0T (3.1.13)
Thus for corresponding rational functions we have
(OZ— 1)71 -n,—, _ﬁ_n
Ur(x;m) = ————— 3F 1) =
al@im) m+2—2)," *\-n-m—-12-n—a’
-1 n e 72 -
L Y S e (8..14)
(m+2), 24m—z,2—n—«
In this case we have an infinite system of rational functions satisfying biorthogonality
property (8.1.12) with 3, = s = 0,1,2,.... The normalization constant h,, in this case

can be easily calculated using formula (8.1.10):

_ (B—=m)n(=B = 1n)mi
m(m) = B (m T Dan + Do (8.1.15)

8.2. The Kronecker string. In this section we consider the Kronecker (i.e. anti-
diagonal) string for the PPZ scheme.

Fix N = n+m and denote P(z; N —n) = K, (z; N) and u™) = p,, y_, and so on. Then
from Frobenius-type relations (5.0.3) we get 3-term recurrence relation for polynomials
K,(z;N):

kM EN=VEC (2 N) — kNN (5 — VK (2 N) —

n n

(z = an1) Kal(2; N) = oM (2 = by ngn) iy Kon(25 N) =
PN (0 (2 = byt K1 (2, N) =0 (8.2.1)

We recognize again the recurrence relation of Rj; type for polynomials K,(z; N) with
fixed N. Hence we can expect that there are pairs of corresponding biorthogonal rational
functions.

Indeed, define a pair of rational functions of type [n/n]:

Kn(Z; N)
(z—a1)(z—az)...(z —ay)
Rgl’l)(z;N —n)

(Z — bN_n)(Z — bN—n—i—l) e (Z — bN—l)

Tn(ZQ N) =

T (zN) =

(8.2.2)

where Pél’l)(z;m) denotes denominator polynomials in the shifted PPZ scheme (6.0.1)
We have
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Theorem 7. Rational functions T,,(z; N), T)*(z; N) are biorthogonal with respect to scalar
product

()B

/f vl To(G N)T (G N)AC = i (N) S (8.2.3)
wn+1(¢

where w,1(2) = (2 — z9) . .. (z — x,) and h, are some normalization constants. The

contour I' should contain all interpolation points xg,x1,...xy inside but not the points
a;, b;. Equivalently, we have finite biorthogonality relation

Zws (xs; N)T; (25; N) = hypOpg, (8.2.4)
with discrete weights
Y;By_1(zs
w, = /N—l(x) (8.2.5)
Wiy 1(Ts)

Expression for the normalization coefficient is

E,(n; N —n)QS""(0;n)

(mn - an)ﬁn,N—n—lpn,N—n—Q cee ﬁnO

ho(N) = (=1)N " (8.2.6)
The proof of this proposition is almost the same as for vertical string of the PPZ scheme,
i.e. we should consider separately case £ < n and k > n and apply orthogonality property
(5.0.1). Expression (8.2.6) for h,(N) is obtained if one considers the case k = n by the
same procedure as for the case of vertical string.
Just as in the case of the Kronecker string for the ordinary Padé interpolation problem,
one can prove the ”inverse” statement:

Theorem 8. Assume that there exists three finite sequences of pairwise non-coinciding
points xg, x;, a;,b;,1 = 1..., N and a system of rational functions

K, (2)

(x —a1)(x —ag)...(x —a,)’

K (x)
(33 — b]v_l)(ﬂf — bN_Q) e (.T — bN—n)
where K, (x), K} (x) are polynomials of n-th degree having no common zeros and no zeros
coinciding with z;, a;, b;. Let T,,(x), T, (xz) be biorthogonal (8.2.4) with respect to some
nonzero discrete weights ws.

Then there exists a finite nonzero sequence Yy and a finite set of polynomials @, (x), n =
0,1,..., N such that anti-diagonal Padé interpolation property

An(xs)  Qn_n(zs)
Ban(xs) Kn(l’s) ’

T(2) = T (x) =

Y, =

=0,1,...,N (8.2.7)

holds.

The proof of this proposition is similar to that for the ordinary Padé interpolation case
(see section 2.1) and we omit it.

Thus any pair of rational functions with finite orthogonality property (8.2.4) (and with
conditions of nondegeneracy) corresponds to some Kronecker string in the PPZ scheme.
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Consider an explicit example connected with PPZ scheme for ratio of to gamma-
functions. As we already seen, the shifted PPZ-scheme for j; = j, = 1 is equivalent
to initial scheme with o — o — 1. Hence we have

PR aim) = (1P~ Dar (500 1)

—n—m,2—n—a’

From (8.2.2), using transformation formulas for hypergeometric function 3F5(1) we easily
obtain expression for biorthogonal partners

—n,x—N,8+n—N
T (x; N) = 3F: ’ ’ i1 8.2.8
n(7: ) 32(—N,x+6+2—N—a’ ) (8.28)
The discrete weight function (8.2.5) in this case is
— _ 1—a)s(—N)s

N! sl24+ 08 —a— N),

i.e. wy coincides with the finite hypergeometric distribution. For the normalization con-

stant we get from (8.2.6)
_ (6 = N)(=B)n(1 + B)un!
B [ M E T )

8.3. Biorthogonal rational functions on elliptic grid and PPZ scheme. In this
section we show how BRF on elliptic grid introduced in [35], [36], [37] are related with
PPZ scheme of the Padé interpolation.

We need expression for elliptic hypergeometric functions [15], [36], [16] (in what follows
we adopt notation of [33])

o S [ul]n[ul +2n] — [u3+m]n
b =2 oy e 531

where 327 wg . = uy (r — 5)/2 + (r — 7)/2. The elliptic shifted factorials are defined as
follows
[ul, = u]fu+1]...[u+n—1], [n]l = [1],.
and [u] = 6;(whu)/01(7h), where 6;(u) is the standard theta function (see, e.g. [44]) and
h is an arbitrary (”"quantum”) parameter.
Introduce the interpolated sequence

_ [1 +a— B]s[l — 6"‘6]5[6 - a]s[€+6]s
S IFal-duBro—all+o-A. (8.3.2)

where «, 3, €, § are arbitrary parameters. Then we have solution of the Padé interpolation

problem (1.0.6) where both rational functions V,,,(x;n), U, (z;m) are expressed as elliptic
hypergeometric functions 15 F7; with the parameters:

ulza_ﬁa Uy = —N, u5:—ﬁ—n, u6:a_6+1+m+n7 'U/7:€+Oé—ﬁ,
U8:1+Oé—€—5, Ug:—t, U10:5+t
for the numerator functions V,,(z(t);n) and

U =a,u=-n,u=0—mug=a+14+m-+n, uy =€+ a— 0,
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ug=14+a—€e—90, ug=—t, ugg=0+t

for the denominator functions U, (x(t), m).
The argument z(t) is parameterized as

x(t) — [t+t0 - 5][t+t0 +§]
[t+to—nlt+to+m]
where &, 1 are arbitrary parameters (£ # 1) and 2ty = 6. The interpolation grid z; is

rs =x(s), s=0,1,...,N (8.3.4)

(8.3.3)

The prescribed zeros are a; = z(—a — j) and prescribed poles are b; = z(8 — o — j).

The interpolation property (1.0.6) in our case can be easily verified with the help of the
Bailey-type transformation for the elliptic hypergeometric functions [15], [16].

Note that expression (8.3.3) defines z(t) as an arbitrary elliptic function of second order
with prescribed periods 2w, 2w’ and with two poles in the fundamental parallelogram [44].
Thus the zeros a, and poles b, are also elliptic functions of the second order in the
argument n.

The parameters &£, 7 do not enter to the hypergeometric parameters u; of the rational
functions U, (x(t); m), V;,(z(t); n) and play the role of free (gauge) parameters. Freedom
in choice of the parameters £, 7 can be explained as follows. As we already saw, the
Mobius transform of the grid x5 — (axs+ 3)/(yxs+6) leads to similar PPZ-scheme (with
appropriately changed interpolants P, (z;m), Qm(x;n), see Proposition 1). It is easily
verified that the M&bius transform of the elliptic grid z(t) (8.3.3) is equivalent (up to a
non-essential common factor) to changing of parameters &, 7. Thus freedom in the choice
of the gauge parameters £, means freedom in choice of the Mobius transform of the
elliptic grid z(t). In particular, by an appropriate choice of £, 7 it is always possible to
reduce the grid x; to one of standard forms: either the Weierstrass function z(t) = p(qt),
or elliptic sin function: z(t) = sn(qt; k) with some parameters g, k.

The obtained rational functions U, (z(t); m), Vi, (x(t); n) satisty the Frobenius-type re-
lations (5.0.5) and (5.0.6) with the coefficients

m+n+1]le+d+nln+1+05—¢
B+n—mlla+n+1lla—F+e+m+n+1]
[a=B4+n+2m+2a+6/24+n+1+n]a+d6/2+n+1-1]
b—a+e—n—m=2]n+m+1+5/2+nn+m+1+7/2—1

Hnm -

m+n+1]e—m—1]le+d — 3+ m]
B4+n—m|la+n+1lla—pF+e+m+n+1]
[a+2n4+m+2|[f—a+d/2—m—1+n][f—a+d/2—m—1—n]
—ate—n—m—-2n+m+1+6/2+nn+m+1+6/2—1

Prm =
[

m+1)[14+a—F+m]f—m—1][a+m+2n+ 3]
m+n+2|a—F+m+n+2|[B—-m+nlla+m-+n+2]

[+ la+n+1[B+n+1a— B+n+2m+ 3]
(m+n+2][a—B+m+n+2][B—m+nlla+m+n+2

Hnm =

Vnm =
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These coefficients can be easily found from the system of relations (5.0.22), (5.0.21). On
the other hand, the Frobenius-type relations (5.0.5) and (5.0.6) in this case are equivalent
to contiguous relations for the elliptic hypergeometric functions 15 F1; found in [36].

As we have solution for PPZ scheme with arbitrary m, n, we can construct biorthogonal
rational functions for the vertical and Kronecker strings.

First, we should consider the shifted PPZ scheme (6.0.1) for j; = jo = 1 because the

polynomials Pél’l)(z; m) are building blocks for construction the biorthogonal partners in
both schemes with vertical and Kronecker strings (see formulas (8.1.2) and (8.2.2)). It
is easily seen that the shifted scheme with j; = jo = 1 is equivalent to the non-shifted
scheme with o — a — 1. More exactly, this means

Ye = Vilasat, PV (zm) = Pa(zm)laca 1, QU0 (251) = ¢ Q% 0)|aas (8.3.5)

m

where ¢ is a constant which is inessential (this means merely, that we multiply Y; by this
constant).

Consider first the case of the Kronecker string. Fix N = m + n and for biorthogonal
partners T,,(z; N), T (x; N) we have from (8.2.2) that T,,(x) coincides with U, (z(t); N —n)
and it is elliptic hypergeometric function 15 F1; with the parameters

Uy =a, uy =-n,us=0—N+nug=a+1+ N,

(8.3.6)
ur=€e+a—Fug=1l4+a—e—0, ug=—t, ujp=0+1
For dual biorthogonal partners we have
An(z) }
T (z;N) = P.(z; N —n 8.3.7
R (= e e L) | R0

Using the elliptic analogue of the Bailey transformation [15], one can simplify expression
(8.3.7) reducing it to the function 15 £y; with the parameters

uy=Ff-a—-N+d4=-nu=0-a+i+1l,u¢=0—a+e—-N
(8.3.8)
U7:ﬂ—Oé—E—N+1, ugzﬁ—N+n,u9:—t,u10:5—l—t

For the corresponding discrete weight function w; in the biorthogonality relation (8.2.4)
we obtain after simple calculations

- BNfl(:Cs>
W= YSQNH(%)
(14 5 — €s[d — as[e + s
0+ N+1[1+8+0—a—NJ;

where ry is a coefficient which doesn’t depend on s. Expression (8.3.9) coincides with
that for the weight function of the "elliptic” BRF obtained in [36]

We obtain that for the Kronecker string corresponding BRF T,,(z; N), T*(x; N)) coincide
with those found in our previous papers [35], [36], [37]. Here we see that these BRF are
easily derived from the PPZ scheme using explicit formulas (8.2.2).

[—NJs[0]s[e — B+ N,

= KN [25+5] [5}![0&4‘ 1]3[1 _6]8[6+6_ﬁ:|8

(8.3.9)
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Consider the case of the vertical string m = const. The rational functions U,(x;m)
coincide with denominator rational functions in PPZ scheme on elliptic grid, hence they
are 1o/ elliptic hypergeometric functions with the parameters

Uy =a, Uy =—-"n,us=0—myug=a+14+m+n, ur =€+ a— 4,

U8:1—|—Oé—€—(5, ng—t, U10:5—|—t.

For biorthogonal partners U (z;m) we have formula (8.1.2). Again, after the Bailey-type
transformation we reduce this expression (up to an inessential factor which doesn’t depend
on x) to the elliptic hypergeometric function 1217 with the parameters

uy=0+m+luy=-nus=0+F—a+lusg=0—F+e+m—1, ur=m+2—c¢,

ug=14+a+m-+n, ug=—t, ug=0+t

For the vertical string we obtain a new system of BRF on elliptic grids. These BRF
form an infinite system (n = 0,1,...) in contrast to the case of the Kronecker string. It
is interesting to note that in this case the set of interpolating points z,,s = 0,1,... may
form a dense set on a finite real interval.

Indeed, the grid =, given by expression (8.3.3), is an arbitrary elliptic function of the
second degree. Using an appropriate Mobius transformation z, — (aqzs+az)/(aszs+ay)
we can reduce xg to some simple standard form, e.g. for the elliptic sine function

zs = sn(q(s — so); k) (8.3.10)

with some parameters ¢, so, k. Assume that these parameters are real and 0 < k < 1
(standard choice for k) and moreover jiq # 4K(k)js, where 4K (k) is a real period
of the elliptic function sn(x;k) [44] and ji, jo are some integers. We then obtain that
the grid x, for all s = 0,1,... is a set of real numbers dense on the interval [—1,1]. In
biorthogonality relation (8.1.12) summation is made over all interpolated points zg, 1, . . . .
We thus see that in the case of the vertical string the corresponding elliptic BRF have
unusual property: they are biorthogonal on the dense set of points on an interval. In
theory of orthogonal polynomials such measures are very interesting from both physical
and mathematical point of view (see, e.g. [40], [25], [41]). We mention also an interesting
paper by Magnus [26] where a simple explicit example of such polynomials orthogonal on
a dense set of points was constructed.

Finally, note that the interpolated sequence Y, defined by (8.3.2) has a remarkable
property: if one changes the parameters

a—a—0,0——-0,e—ec—09,0—0 (8.3.11)

then Y; — 1/Y;, ie. such transformation leads to to exchange of rational functions
Un(z;m) — Vu(z;m) Vi(z;n) — Uny(z;n). Note that transformation (8.3.11) is an
involution, i.e. square of this transformation preserves the parameters «, 3, €, 0 unchanged,
as expected. Thus, both U,(z;m) and V,(z;m) functions can equally be exploited to
construct pairs of corresponding BRF. This is also can be seen comparing hypergeometric
parameters u; corresponding to functions U, (z;m) and V,,(z;m). These parameters are
connected by transformation (8.3.11).
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9. THE CASE OF FINITE ORTHOGONAL RATIONAL FUNCTIONS

Finally, consider the case when T'(z; N) = T,(xz; N) for some fixed N, i.e. when
biorthogonal rational functions from the Kronecker string become orthogonal. Comparing
expressions (8.2.2) we see that denominators of the functions 7, (z; N) and T (z; N)
coincide iff condition

bk:a]\[,]€7 kzl,Z,N—l (901)
holds. But condition (9.0.1) for the fixed N means that in the Kronecker string the PPZ
scheme is fully degenerated: A,(r) = By_n(z). Hence the PPZ scheme becomes the
ordinary Padé interpolation scheme:

y — @n-nlwsin)
* Pu(zg N —n)

But then the shifted scheme (6.0.1) with j; = j, and with m = N — n will coincide with
(9.0.2). We thus have simple

s,n=0,1,...,N (9.0.2)

Theorem 9. Biorthogonal rational functions T (z; N), T, (z; N) in the Kronecker string
of the PPZ scheme with fixed N = 1,2,... become orthogonal if and only if condition
(9.0.1) holds.

Now we can rewrite biorthogonality condition (8.2.4) as

N
> w, Ty (a4 N)Ti(24; N) = i (9.0.3)
s=0

with discrete weights

s Y;;
w, = Eema)¥s (9.0.4)
Wi ()

where we used property By_1(z) = Ai(x) = (r — a;) which holds for the case of pure
orthogonality.

Remark. Coincidence of zeros and poles (9.0.1) for one fixed Kronecker string doesn’t
mean such coincidence for other Kronecker string (i.e. with other value of N).

In particular, for the case of 3F» BRF we see from (7.0.3) that condition (9.0.1) is
impossible for any N. Thus in this case there are no purely orthogonal functions.

For the case of elliptic BRF, nevertheless, there is a special case of pure orthogonality.
Indeed, condition (9.0.1) implies

r(—a—n)=z(f—a—-N+n),n=12...,N—1 (9.0.5)

where z(t) is an elliptic function of the second order given by formula (8.3.3). Using
well known Riemann identity for theta functions [44] one can transform the difference
x(t) — z(r) for arbitrary ¢ and r as

[t — 7]t + 7+ 260][§ — n][§ + ]
[t +to + &][t +to — &][t + to + ][t + to — 1)
Thus equation z(t) = z(r) has solutions of two types:
(i) t — r = 2mywy + 2mows;
(11) t+r+ 2t0 = 2m1w1 + 2m2w2

x(t) —z(r) = (9.0.6)
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where 2w 5 are two minimal independent periods of the elliptic function z(t) and my, moy
are arbitrary integers.

In our case t = —a—n, r = f — a — N + n. We see that condition (i) is impossible,
while condition (i) is possible if (we are restricted with the simplest choice m; = my = 0)
B—-2a+d6=N (9.0.7)

Thus under condition (9.0.7) the elliptic BRF T,,(z; N), T¥(x; N) should be orthogonal:
T.(z; N) = T (x; N). Indeed, this can be easily verified comparing hypergeometric pa-
rameters (8.3.7) and (8.3.8) under condition (9.0.7). Note that condition (9.0.7) can be
valid only for the only fixed (i.e. for the only N) Kronecker string.

10. CONCLUSIONS

To our opinion the following results obtained in the present paper are assumed to be
new:

(i) new relations between the Kronecker algorithm for rational interpolation, the finite
orthogonal polynomials and their duals;

(ii) relations between horizontal and diagonal strings in the ordinary Padé interpolation
table and corresponding systems of BRF;

(iii) explicit formulas for biorthogonality relations (3.1.12), (2.3.2);

(iv) appearance of rational orthogonal functions (in spirit of [6]) as a degenerated case
of diagonal strings in the ordinary Padé interpolation scheme.

(v) Frobenius-type relations (5.0.3), (5.0.4) for the scheme with prescribed poles and
ZET0s;

(vi) appearance of BRF in the PPZ scheme for vertical and Kronecker strings and
corresponding explicit formulas for biorthogonality.

We have showed that biorthogonal rational functions appear from the Padé interpola-
tion scheme as naturally as orthogonal polynomials from the Padé approximation scheme.
In contrast to the case of orthogonal polynomials, the Padé interpolation scheme leads
to non-coinciding, biorthogonal rational functions. Purely orthogonal rational functions
appear only as a special degenerated case of the Padé interpolation scheme when some
pairs of interpolated nodes z, merge leading to double points. It is interesting to note
that history of theory of biorthogonal functions and their relation to approximation and
interpolation schemes goes back to works of armenian mathematicians (see, e.g. review by
Djrbashian [10]). Biorthogonality was also considered, but without connections to Padé
interpolation scheme.

Theory of rational orthogonal functions was intensively developed by international group
of mathematicians during last 20 years, see monograph [6] and recent survey [7]. In
this direction many general results concerning different types of orthogonality measures,
asymptotic properties, behavior of roots etc were obtained. However, concrete examples
of such orthogonal functions connected with special functions and (or) with problems of
modern mathematical physics were not considered.

On the other hand, many concrete examples of biorthogonal rational functions connected
with generalized hypergeometric functions were constructed by experts in special functions
and orthogonal polynomials (see, e.g. [18], [21], [31], [45] and reference therein). In
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particular, some explicit systems of BRF connected with hypergeometric function ¢Fj
(or basic hypergeometric function 190®9) were constructed. In [21] it was an attempt to
understand theory of BRF starting from three-term recurrence relations of special type (R
and Rj; types of recurrence relations) and their connection with new types of continued
fractions. In [49] the general theory of BRF was shown to be equivalent to generalized
spectral problem for two arbitrary Jacobi matrices. This observation lead to a construction
of new examples of BRF on elliptic grids in [35], [36], [37]. On the other hand, these elliptic
BRF are related with important objects in modern mathematical physics - so-called elliptic
6j-symbols. Namely, Frenkel and Turaev [15] were able to express these objects in terms
of new special functions - modular hypergeometric functions. Recently, Rosengren [32]
showed how elliptic BRF are connected with elliptic 6j-symbols. He also proposed an
elegant algebraic interpretation of the elliptic BRF connected with the Sklyanin algebra.
We hope that the present paper can be considered as a bridge between approaches
of authors dealing with orthogonal functions [6] and those dealing with special systems
of BRF. Now we see that Padé interpolation problem is a natural source of these ob-
jects. Starting from simple examples of interpolation functions f(z) and corresponding
interpolation grids x; one can obtain all known explicit systems of OP and BRF [53].
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