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1. INTRODUCTION

1.1. Background. €2 (Omega) surfaces are a part of the study of projective, M&bius
and Lie sphere geometries. Classically, Demoulin and Eisenhart studied €2 surfaces,
with recent renewed interest in them created by F. Burstall, D. Calderbank and U.
Hertrich-Jeromin. These surfaces are a natural generalization of isothermic surfaces.
Isothermic surfaces are those for which there exist conformal curvature line coordi-
nates, and for which we can conclude the existence of useful additional associated
structures. Even though a surface itself might not be isothermic, when some sphere
congruence of the surface has conformal curvature line coordinates, and hence is
isothermic (in a sense to be explained in this text), then we say that the surface is
Q). There are many more €2 surfaces than there are isothermic surfaces, but much of
the additional associated structure for isothermic surfaces still exists for 2 surfaces
as well.

We now describe two interesting characteristics of 2 surfaces. The first is not
something that we focus on in this text, but is one motivation for the viewpoint
taken here. The second illustrates an important theme in Lie sphere geometry.

(1) Q surfaces are Legendre immersions, which can be regarded as 2-parameter
families of null planes with certain regularity conditions in a 6-dimensional
vector space with non-positive-definite metric, and as such, we will have a
method to investige them without explicit concern for the singularities that
result when these (2 surfaces are projected to surfaces in 3-dimensional space-
forms. Figure 1.1 shows examples of the singularities that can occur in the
projections. We are interested in these kinds of singularities, but are also
interested in having uniform methods of studying €2 surfaces that put regular
points and singular points in the projections on an equal footing. Singularities
in surfaces play an implicit background role, although they are never explicitly
described here.

(2) A central idea in Lie sphere geometry is that surfaces and sphere congruences
appear as objects of the same type. We will see this in Section 3.5. An example
of an isothermic sphere congruence of an () surface is shown in Figure 1.2. In
this figure, although the surface and the sphere congruence appear as very
different types of objects, they will become the same type of object when
lifted to Lie sphere geometry.

1.2. Purpose of this text. Three of the primary purposes of this text are as follows:
(1) Purpose:
To introduce Mobius geometry and Lie sphere geometry.

Of course, Mobius geometry and Lie sphere geometry themselves are clas-
sical fields, and we introduce Mobius geometry in the second chapter and Lie
sphere geometry in the third chapter.

(2) Purpose:
To examine linear Weingarten surfaces.

All linear Weingarten surfaces in any of the 3-dimensional spaceforms are
(2, but generally are not isothermic. We will study characterizations of these
surfaces in general, and will also study the special cases of constant mean
curvature (CMC) surfaces in all 3-dimensional spaceforms, and also of flat
surfaces in hyperbolic 3-space, in further detail.




FicUure 1.1. A swallowtail singularity on the left, and a more unusual
singularity on the right. In the left-hand figure we see two cuspidal
edge singularities converging to a single swallowtail singularity. This
surface is shown twice, from opposite sides, and it lifts to an 2 surface
in the 6-dimensional space. The right-hand figure shows a surface that
again lifts to an 2 surface, and has four cuspidal edges converging to a
more unusual singularity.

(3) Purpose:
To prepare for a study of discrete surfaces.

Having the additional mathematical structures available for isothermic sur-
faces extended to similar structures for () surfaces provides a framework for
considering discrete versions of surfaces in a more general setting, which we in-
tend to do in a separate text. This is the underlying viewpoint we take here.
We will prove preparatory results that are especially useful for considering
discrete surfaces, such as

e Lemmas 2.10, 2.11, 2.13-2.19, 2.27, 2.46, 2.57, 2.61-2.63, 2.73, 2.76, 3.17,

3.19, 3.20, 4.8, 4.13, 4.15, 4.19, 4.25, 4.29, 4.34, 4.57,

e Corollaries 2.29, 4.5, 4.14, 4.31, 4.43, 4.49, 4.60, 4.61, 4.69, and

e Theorems 2.53, 2.54, 2.71, 2.81, 4.42, 4.58, 4.67.

In that subsequent text, we will present an approach to discrete surfaces
originating in significant part from a work of Burstall and Calderbank [20)]
for the case of smooth surfaces. For the time being, in this text, we consider
smooth surfaces.

1.3. Organization of this text. This text is arranged as follows:

e In Chapter 2, we give an introduction to Mobius geometry, and a way to repre-
sent 3-dimensional spacefoms via Mobius geometry, and also a way to consider
isothermic surfaces within the context of Mobius geometry. CMC surfaces in
general spaceforms and flat surfaces in hyperbolic 3-space are given particular
attention. Transformations of surfaces are considered as well, such as Christof-
fel transformations, Calapso (T-) transformations, Darboux transformations
and Backlund transformations.

e In Chapter 3, we introduce Lie sphere geometry and Lie sphere transforma-
tions — then surfaces in spaceforms are considered in the context of Lie sphere
geometry, and, in particular, lifts of those surfaces to Legendre immersions



FIGURE 1.2. A surface of revolution (shown on the left) with a rota-
tionally symmetric isothermic sphere congruence (shown on the right).
The left side shows a surface of revolution with a cone-type singularity
that lies within a fixed outer sphere. On the right side we have inserted
spheres, which are members of the sphere congruence enveloped by both
the surface and the outer fixed sphere. This surface is actually a flat
surface in hyperbolic 3-space, in the Poincare ball model whose ideal
boundary is that outer sphere, and this sphere congruence is isothermic.

in Lie sphere geometry are examined. After looking at the core example of
Dupin cyclides, we describe Lie cyclides. Finally, as a further example, we
describe a representation for flat surfaces in hyperbolic 3-space in terms of the
language just used for Lie cyclides.

e In Chapter 4, we begin our study of €2 surfaces, starting with an explanation
of the normal bundles of Legendre immersions in Lie sphere geometry, which
is necessary for understanding the definition of {2 surfaces. We then look at
other means for determining {2 surfaces:

— Demoulin’s equation,
— existence of Moutard lifts,
— harmonic separation of the principal curvature sphere congruences and
isothermic sphere congurences,
— existence of Christoffel dual lifts (as in Lemma 4.57 here, which is espe-
cially useful for the discretization of the theory).
We also study Calapso transformations of €2 surfaces, and their properties.
As examples of §2 surfaces, we look at Guichard surfaces, and at flat surfaces
in hyperbolic 3-space, and then more generally at linear Weingarten surfaces.
All the while, we compile results that have applications to discrete {2 surfaces
(as noted in Purpose 3 above), as we will see in a subsequent text.

Acknowledgements. The author expresses his gratitute to Fran Burstall, David Calder-
bank, Udo Hertrich-Jeromin, Tim Hoffmann, Masatoshi Kokubu, Mason Pember,



Yuta Ogata, Masaaki Umehara, Kotaro Yamada and Masashi Yasumoto for discus-
sions that are the basis for the material in this text.



2. ISOTHERMIC AND CMC SURFACES, AND THEIR TRANSFORMATIONS

We begin by describing the 3-dimensional spaceforms using the 5-dimensional
Minkowski space R*1.

2.1. Minkowski 5-space.

ia|
X2
(2.1) RM=¢X=|z3||2,€R
Ty
Ty

with Minkowski metric of signature (+, 4+, +, +, —), that is, for

T n
T2 Y2
X=|zz3|, Y=1]uy3
Ty Ya
Is Ys

in R*!,
(X,Y) = 2151 + Tayz + T3y3 + TaYs — T5Ys5
and || X||* denotes (X, X). The 4-dimensional light cone is

L' ={X e R"|||X]|]*=0}.

We can make the 3-dimensional spaceforms as follows: A spaceform M, is (see Figure
2.1)

(2.2) M, ={X € L'|(X,Qu,) = -1}

for any nonzero Q. € R*!. It will turn out (see the upcoming Lemma 2.5) that M,
has constant sectional curvature k, where kK = —|Q s, |*, so without loss of generality
we can obtain any spaceform by choosing

0

0
51 x)
Remark 2.1. There is no real computational advantage to restricting to the form in
(2.3). However, we frequently do this, as it gives us a convenient way to explicitly
separate out 3-dimensional spaceforms, surfaces, normal vector fields, and such.

Letting R? U {oo} denote the one point compactification of
R® = {z = (21,29, 73) | 7; € R},
with |z|*> = 2§ + 23 + 23, we can write

27!
||sz—1 x€R3U{oo},|x|27é_71 ,
x4+ 1

1

2.4 Mo=dx=-_ 1t
(24) 1+ klz|?



+

FiGure 2.1. The Mobius geometric model for 3-dimensional space-
forms M,, = M 5’

which is in 1-1 correspondence with
R = {(x1,72,73) € RPU {oo}||z]* # -k} .
The form in (2.4) follows from this:
Lemma 2.2. Any point X € L* such that (X,Qu;.) = —1 can be written as

1 2!
X = Tl lz|> — 1
+alzl® |2 41
for some x € R.
Proof. Write
yt
X = Ya
Ys

with y = (y1, Y2, ¥3)-
Suppose that ys # y4. Setting x = (y5 — y4) 'y, one can confirm that

th yt
L+wlz)™ (e =1) = [y ]
|z]? + 1 Ys

since @y, is as in (2.3) and (X, X) = 0 and (X, Q) = —1, giving us the equations
K(ys +y1) =2 — (Y5 — ya) ,

2(ys —y1) = (ys —va)” + sly|>  when k #0,
2(ys +y4) = |y\2 when k =0 .
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F1GURE 2.2. Physical models of lightcone cuts, representing Euclidean
space on the left, spherical space in the middle, and hyperbolic space
on the right (owned by the geometry group at the Technical University
of Vienna)

If y5 = y4, then || X|]* = 0 gives y = (0,0,0), and then (X, Q) = —1 gives
Ys = Ya = ’%71 )
so x = oo works when k # 0, and the case k = 0 does not occur. 0

When k < 0, M, becomes two copies of hyperbolic 3-space with sectional curvature
k. Also, note that

1+ k|z|* is never zero for points in M,.

M, is called a quadric, because it is determined by a quadratic equation (for the light
cone L*) and a linear equation ((X,Qys.) = —1). (We sometimes abbreviate M, to
just M.)

Remark 2.3. We will often regard X as living in the projectivized light cone PL*, so
X can be equivalently considered as « - X for any nonzero real scalar a.

The tangent space of M, at X is

5 at + k|zfat — 2k(x - )t
(1+k)(x-a) :

TeMe =470 = TPy (1) (z-a)

for a = (a1, as,a3) € R®, where x - a is the standard R?® inner product. When X =
X(t) € M is a smooth function of a real variable ¢, and when 7 denotes differentiation
with respect to ¢, we have

X' =T .
A computation gives
4
2. T = o (a-b),
(25) T = (e )

17all =1 la| = 3|1 + &2 .

Remark 2.4. Note that the R*! metric (7, 7;) is 4 times the usual R® metric a - b of
a and b, when k = 0. We distinguish between these two metrics by using (,) in the
first case, and a dot - in the second case. We denote norm squared of a vector with
respect to the R*! metric with a pair of doubled lines as in ||7;||?, and norm squared
of a vector with respect to the usual R® metric with a pair of single lines as in |al?.

We tolerate this difference by a factor of 4 in order to conform with the usual
expression of the metric in the cases when x # 0.
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Also,

N
&w

4|ZL’I|2
2.6 X =T ot I
( ) ;i,gmz)'x/-i-x” (1 + l€|$’2)2

(—
(—1+k)

—
|
=
~—

DO |0 |

Note that generally X” is not contained in Ty M.
The following lemma follows from (2.5).

Lemma 2.5. M, as determined by Q. in (2.3) has constant sectional curvature k.

Proof. We can make the standard computations (see [94], for example): Take

k

where
Ffj = %ngkm(aigjm + 0jGim — Omij)
with
gij = 4055 (1 + wz[*) 72,
and

[‘D'w Dw] =D,Dy — DyD, [a“aj] =0.
We can then compute the sectional curvature via
—<D[v’w]1} + [Dv, Dw]v, U)>

K(v,w) = (v, v)(w, w) — (v, w)?

O

Remark 2.6. To avoid the somewhat long computations in the above proof of Lemma
2.5, we could instead do the following:

When we have a vector space V with metric (-,-) given by (g;;) = (£0;;) with
respect to some rectangular coordinates (z1, ..., x,) of V determined by some choice
of orthonormal basis, and a quadric (a submanifold) {¢ € V||o]|* = ¢}, one can
compute the sectional curvature of the quadric without using Christoffel symbols. In
our case, V will be R* when x > 0, and will be R*! with signature (—, +, +, +) when
Kk < 0.

For example, take

M=H ={occR?||g]*= -1} CR*'.
Take independent U,V € T,,M and a local coordinate chart
¢ (u,v,w) — H?
in a neighborhood of 0 = gy = ¢(ug,vo,wy) € M so that U = 9, and V = 0, at
(ug, vo, wp). We then have U identified with o, = dp(U), and V with o, = dp(V), at
the point 0¢. Then, for the connection V induced by the metric of H? C R3!,
VuVyd — VyVyd =

<qu= n>

(n,n)

ol

-1
Vau d¢ (qu - <n’ Tl)

where n = o L T,M. Thus

n) — Vavdgb*l(ouu —

VuVyud — VyVyd =
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Vo,d0™  (Ouws + (Ouw, 0)0) — Vo,dd ™ (0wy + (0w, 0)0) =
d¢~ (A — B — (part of A normal to H*) + (part of B normal to H?)) ,

where

A = upu + (Ouin; 0)0 + (Oupy 0u)0 + (O, 0) 04
and

B = 0y + (Owww, 0)0 + (Ouu, 00)0 + (O, 0) 0y -
Since the normal direction to M is o, we have

VuVyld — VyVyuld = dop (—{0y, 00) 00 + (0w, 04)0y)
and then
(dp(Vy VU — VyVylh), dd(V)) = (04, 0u) {0y, 04) — (0w, 04)7 .

This implies the sectional curvature of M is constantly —1, justifying our naming H?

for M.
In this way, we now know that

H? = {oc € R*!||o|* = -1}
has constant sectional curvature x = —1, and similarly that
S*={oeR||o|* =1}

has constant sectional curvature x = 1. H? can be inserted into R*! with signature

(+,+,+, +, —) by replacing o = (¢, 01, 09, 03) With (01, 09,03, —1,0¢)*. Similarly, S

can be inserted into R*! by replacing o = (01, 09,03, 04) with (01,09, 03,04, 1)".
General values k for the sectional curvature can be dealt with in the same way.

We see from (2.5) that the collection of M, given by the above choice (2.3) for @,
for various k, are all conformally equivalent (or Mébius equivalent). In fact, the map
M, > X — x € R is stereographic projection when x # 0.

2.2. Surfaces in spaceforms. We now consider surfaces in the spaceforms. Let
= (21(u,v), zo(u,v), x3(u,v)) < X = X(u,v) € M,

be a surface in M, without umbilic points. Assume x has conformal curvature-line
coordinates (u,v). We call such coordinates isothermic coordinates. Thus z is an
isothermic surface (where ”isothermic surface” means any surface for which isothermic
coordinates exist).

Note that the surface x can be defined before the space form M, is chosen, and
only once M, is chosen do we know the form of X as in (2.4).

Notation: With @, as in (2.3), we let n denote the unit normal vector for z,
once M, is chosen. ngy denotes the unit normal with respect to Euclidean 3-space M,.
We sometimes write H, for the mean curvature of the surface = with respect to the
spaceform M,, because the mean curvature depends on the choice of k.

Lemma 2.7. The mean curvature H, of x with respect to the space form M, given
by Qu, as in (2.3), with Ax = 0,0, + 0,0,x, is

H, = 3|z, ?(Az - n) +2 (x-n)=

1+ klz|?
= 5(1+ w2z (A - o) + 26(2 - o) =
(14 klz|*)Hy + 2k(z - ng)
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Then H, is constant exactly when 0,H, = 0,H, = 0, which is equivalent to
(2.7) (OuHy) - (1 + Klzl?) = k8520, (12*) ;. (0,Ho) - (1 + Klaf?) = w¥2520,(|2[?) |

where the k; € R are the principal curvatures with respect to the Euclidean spaceform
My, i.e. Oyng = —k10,x and Oyng = —koOy,x. Furthermore, the Gaussian curvature
of x with respect to the spaceform M, is

K, = (1 + &l2|*)?Ko + 4Hor(x - ng) + 4% (x - ng)? .

Proof. Letting x1, denote %(1‘1), and similarly taking other notations, the unit nor-
mal vector to the surface is 7,,, where n = (1 + k|x|*)ny and
_ 1 (L2030 — T3uT20, T3uT10 — T1uT30, T1uT2y — T2uT1)
"2 \/($2ul’3v — T34 T20)% + (T3uT10 — T1uT30)% + (T1uT20 — T2uT1y)? .
The first fundamental form (g;;) satisfies (7,, 7z,) = 0 = g12 = g21, and

A [? 4, |?
— (T5 To) = - — (Te To) = 922
g1 < u u> (1+/€|!)§'|2)2 (1+/€|IL‘|2)2 < v v> 922
Then using (2.6), with the symbol ’ denoting either 0, or 0,, we have (where the
superscript 71”7 denotes the perpendicular projection to a vector tangent to M,, i.e

in TxMK)

bt = (X T5) = (X To) = 1) + o)
11 — uuw?) 'n/ T uuy 'n/ T (1+I{‘CE|2)2 uu (1+H‘I|2)3 I
b12 = b21 = <X5v;771> = <Xuv77;L> =0 )
8k, |?
b = (X, n) = (Xow, Tn) = 755 (Tow - :
22 < vv7T> < T> (1+/£\:L‘]2)2 (x n)—i— (1_1_5‘1.’2)3( n)
The result about H, follows, using Hy = (k; + k2)/2. The form of K, is similarly
obtained. O

2.3. Mobius transformations. The Mobius transformations are the maps from S3
to S* that take 2-spheres to 2-spheres, and they are equivalent to the orthogonal
transformations O, ; of R*!. We will not prove that here, and instead just give
some examples. Identifying S* with R3 U {oo}, the group of Mobius transformations
(including orientation reversing maps), i.e. the group of maps that preserve the
collection of spheres and planes in R? U {co}, is generated (via repeated composition
of maps) by:
(yh Y2, ?/3) — (Ty17 Y2, T?JS) ;
(Y1, Y2,93) = (Y1, Y2, ¥3) + (Yo.1, Yo.2: Yo.3) »
(Y1, Y2,93) = (=1, Y2, Y3) ,
(Y1, Y2,y3) = (y1cos® — yosin®, yy sin 6 + yo cos 0, y3)
(Y1, Y2,Y3) = (Y1 cos — yzsinb, ys, y1 sinf + yz cos )
(1,92, Y3) = (Y1, Y2 cos 6 — yzsin 6, ya sin 0 + yz cos 9)

(Y142, 3) = (Y1592, 93)/ (i + 95 +93)
where 0,7, Y01, %02, Yo,3 are any real constants. These seven maps are a dilation, a
translation, a reflection, three rotations, and an inversion, respectively.



14

The Mobius transformations are given by the application of O4; matrices to the
vectors X in (2.4). The identity map (a M&bius transformation of course) is given by
left multiplication to X by the identity matrix in O4;. The map

(Y1, Y2, y3) = (1,92, ¥3)

is similarly given by the diagonal matrix

-1 0 0 0 0
0 1 00O
0 0100
0 0010
0 0001

The map
(yla Yo, 93) — (yh Y2, 3/3)/(?/% + yg + yg)

is given by the diagonal matrix

100 0 0
010 0 0
001 0 0],
000 —1 0
000 0 1

after invoking Remark 2.3. The map

(Y1, Y2, y3) = (ry1,7y2, rY3)

for positive constants r is given by

1 00 0 0
010 0 0

0 01 0 0 ,
0 0 0 coshf sinh#

0 0 0 sinh# coshé

where 6 satisfies cosh 6 + sinh § = r, again invoking Remark 2.3. The map

(Y1, Y2, y3) = (Y1,Y2,Y3) + (Yo,15 Y02 Yo,3)

is given by
1 0 0 —Yo,1 Yo,1
0 1 0 —Yo,2 Yo,2
0 0 1 —Yo0,3 Yo,3 )

Yo, Yo2 Yo3 1—1%|y02|2 %|‘1{0|2 ,
You Yoz Yo3  —35lYl 1+ 3wl

where |yo|* = 5, + Y52 + Y45, once again using Remark 2.3. The map

(y1>y27 y3) — (91 cos ) — ypsin 6, y; sin 0 + y, cos 9793)
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is given by
cosf —sinf 0 0 O
sinf cosf 0 0 O
0 0 1 00
0 0 010
0 0 0 01

When k # 0, i.e. when @ as in (2.3) is not null, M, has a particular Mo6bius
transformation called the antipodal map, which we now describe: A point X in M,
can be decomposed as

X=A+r1'Q,
where A | (). The antipodal map is
A+r7'Q - —A+r71Q,

that is, we are moving the point X to another point in M, that is on the opposite
side of @. In detail, X as in (2.4) is

1 2t
T+ rlal? %(“71 +D)(Rz> 1) | ++7'Q
s = 1D)(slz* = 1)
and is mapped to
=S YRS 1 L

——— | s D2 =) | + Q= ——— | W= 1],

Lol AL = 1)l — 1) Ll \Jyf2 41
where y = —x/(x|z|?). Hence this map is represented by

v — —x/(klz|*) .

Remark 2.8. Mobius transformations of the ambient space preserve the conformal
structure of the space, so will preserve the conformal structure of any surface inside
the space as well. Furthermore, Mobius transformations will preserve contact orders
of any spheres tangent to the surface, and so will preserve the principal curvature
spheres. It follows that if x(u,v) is an isothermic parametrization of a surface, it will
remain an isothermic parametrization even after a Mobius transformation is applied.
Furthermore, an umbilic point of x will remain an umbilic point after the Mobius
transformation is applied.

2.4. Cross ratios. There is no evidently simple geometric interpretation for the cross
ratio, but it is still very useful. It is an invariant of projective geometry. (See [124],
for example.) We use cross ratios in this text, and they will be vital to understanding
discrete €2 surfaces (in a subsequent text).

Definition 2.9. The cross ratio of four points x,, ¥, x, and xs in R? is

Zp 24 Zr 2
R R h (s B ()5 7)
(Zq - ZT)(ZS - ZP) det <Zq zlr) det (Zs zp)

1 1 1

where the points z,, 24, 2 and zs are complex numbers whose real and imaginary parts
are given by the first two coordinates in R* of the four image points of x,, x,, x, and
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x5 under a Mobius transformation of R* U {oo} that takes all four points x,, x4, x,
and x, to points with third coordinate zero in R3.

Lemma 2.10. The cross ratio given in Definition 2.9 is well defined up to complex
conjugation.

Proving Lemma 2.10 amounts to showing that the resulting value for cry ;. o2, Will
be the same, up to complex conjugation, regardless of which Mobius transformation
we choose. Lemma 2.10 follows because any two choices of Mobius transformation in
Definition 2.9 will differ, when restricted to

{ys =0} N{R*U{o0}},
by a Mobius transformation of the complex plane in which z,, 2,4, 2, and z; lie.
For x5, x, € R3, taking corresponding Xg, X, € M,; as in (2.4), we have
—2Jzg — x|

(1 + &lag?) (L + Klz,?)

As in Remark 2.3, we can freely scale X3 and X, to asXg and a,X,, and then
(Xg, X,) will scale to aga,(Xg, X,). However, writing the cross ratio in terms of
such inner products, we find it is invariant under such scalings, because, using the
fact that Mobius transformations can be represented by matrices in Oy ;, and using
(2.8), a direct computation gives:

(2.8) (X5, X, gas =

Lemma 2.11. For x,, ., z,,xs € R®, we have

SpaSrs — SprSqs + SpsSqr £ VE
28psSqr

Crxpqurxs -

Y

where
Sy = <X/3’ X7>
and

202 2 .2 2 2
£ = SpgSrs T SprSqs T SpsSaqr — 2SprSpsSqrSqs — 25pqSpsSqrSrs — 2SpgSprSgsSrs < 0.

Remark 2.12. Because the X, X,, X,, X all lie in the light cone, the induced metric
on the subspace span{X,, X,, X,, X} is not positive definite. Therefore, we can
choose a basis ey, s, e3, e4 of this subspace so that

llex|” = Ileal|* = llesl]* = —lleal[? = 1 and (es,e;) =0 (i # j) .
Writing X3 = aige; + agges + asges + aspeq in terms of the basis ey, eg, €3, €4, we have
€ = det((Xs, X)g=pgss) =

t

a1p A1 A1r A1s 1 00 0 A1p A1 A1r Als
— det Qop QA2q A2r A2s 010 0 Ap  QA2q Q2r A2s
azp a3q A3y A3s 0 0 1 0 azp A3¢q A3y A3s
Qgp Q4q A4y Q4s 000 -1 Q4p  Q4q A4y A4s

This provides a reason why £ < 0.

We finish this section with some further comments on how we can interpret cross
ratios:

Comment 1: Given four points p; < py < p3 < ps along the real line R in the
complex plane C, we can consider the two half circles from p; to ps and from ps to
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P P2 Ps Py

FIGURE 2.3. The situation in Comment 1

p4, respectively, in the upper half plane C*" = {x + iy |y > 0}. These are images
of geodesics (straight lines, and “diagonals” of the “quadrilateral” {pi, ps, p3, p4}) in
C* when C** is given the hyperbolic metric. At the point where these two circles
intersect, we can consider the angle # between the two circles with respect to the
uppermost adjacent region. This angle € can be regarded as a geometric quantity,
since it is a notion that is invariant under Mébius transformations of C U {oo} that
preserve the set R U {co}. See Figure 2.3. Let

(29) Cr:PQ—pl'P4—P3
P3 — P2 P1— P4

be the cross ratio of pq, po, p3 and ps. Here we determine the precise relationship
between 6 and cr, thus giving cr also a geometric meaning.

Lemma 2.13. For four points p1 < ps < p3 < pg in the real line R in C, and for 0
and cr as defined above,

0+1
CT:M:_COJC2Q .
cosf — 1 2

Proof. Without loss of generality, applying a Mobius transformation fixing R U {oc}
as a set if necessary, we may assume that

pa=00, pr=1>py>p3=—1.
Then one half-circle is
{e" |t € [0,7]}
and the other is the half-line
{p2 +it|t >0}.

Then 6 is the angle between these two half-circles with respect to the adjacent region
to the upper right. It can be immediately checked that cos# = —py and that

or — po— 1 'oo—(—l):pg—l

1—p, 1-—00 gl
The result follows. O
Comment 2: Consider R*! = {(x1,22,70) |2; € R} with metric of signature

(+,+, —) and with 2-dimensional light cone L?. Let {1, fo, {3, £4 be four lines in L?
that are pairwise nonparallel.
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Let P be a plane in R*! that does not contain the origin. Then C = L?N P will be
a conic section. There will be four intersection points y; = ¢; N C (possibly including
one or two points at infinity of the conic section C). Let £ be a line in P and Y
a line in L?. Then one can stereographically project y; within P though the point
Y NP € C toapoint p; € L. See Figure 2.4. We have the following fact:

Lemma 2.14. Regarding L as the real line, and then computing the cross ratio cr of
the four points py, p2, p3, s as in (2.9), the value of cr is independent of the choices
of P andY and L.

Proof. We first show that cr is independent of choice of P. Suppose we have chosen
one line Y in L? and have made two different choices P; and P; for the plane. Choosing
the line £ to be £L = P; N P,, stereographic projection of either

¢; N Py to £ though Y N P, within P
or
¢; N Py to £ though Y N P, within P,

will produce the same four points p; in £, and so cr does not depend on whether P,
or P, was used.

Thus, without loss of generality, we may fix one choice of P. Then elementary
calculations will show that cr also does not depend on the choices of Y and L. 0

Comment 3: When the plane P in Comment 2 is chosen to be
P = {(.%1,1'2, 1) |.Z’1,£L'2 S R} ,

clearly P can be regarded as a plane in the standard Euclidean R®, and it follows
that cr € R can be computed using the formula in Lemma 2.11, with X3 replaced by
y;. More explicitly, we could consider

yi = (1,24, 1) € L?
and translate these points to (y1,;,425,0) € R® with 37 ; + 45 ; = 1, which would then
lift to
2y1,
2ya,j
Y, = 0
0
2

via the L* representation in (2.4). We already know we can insert Y; into the formula
in Lemma 2.11 to determine the cross ratio. However, Y; ~ 2y;, so we know it is
legitimate to use y; in the formula in Lemma 2.11 as well.

By the homogeneous nature of the formula in Lemma 2.11, we know that formula
applies regardless of which points

g =ry; (r; € R\{0})
in /; are chosen.
Comment 4: When the plane P in Comment 2 is again chosen as in Comment 3,
the points y; can be regarded as unitary complex numbers

N o . _ 1/9
Yj ‘=Y Ty, =€
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FIGURE 2.4. The situation in Comment 2

for 6, € R, and then

02 _ gi01 it _ ifs

U2 — 11 Us— U3 €

2.10 cr = . = — — . — .

( ) y3 _ QZ @1 _ @4 6103 _ 6192 6291 _ 6194
will give the same value for cr.

Comment 5: Here we give a way to compute cr using matrices in the Lie algebra
suy 1. Identifying R?*! with sup; via

iZEO X1 +ZCL’2
T3 = (x1,Ta, Tg) <> ) . =X
B ( 1,42, 0) <I’1 — iz —ixg > B

and then taking X, X,, X,, X € su;; ~ R*!, let us denote the eigenvalues of
(2.11) (Xp o Xq)(Xq B Xr)_l(Xr — X)(Xs — Xp>_1

by A1, As.

Lemma 2.15. \;, \y are invariant under isometries and homotheties of R%1.

Proof. It is evident that a homothety Xz — Xz for some r € R\ {0} will not change
AL, Ao
A rotation of R?! is represented by

su;; > X — FXF'e suj 1
for some F' € SU; ;. This transformation also will not change Aq, As. 0J

One can also check the following:
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Lemma 2.16. The A\; and Ay in Lemma 2.15 are either real or complex conjugate,
that is,

/\1,/\2€R or /\_1:)\2
Furthermore, when Xg € L?, i.e. when det X5 =0 for 8 =p,q,r,s, then
A=A =XMeR.

Lemma 2.17. When o has the same value for all four points X,, X, X, Xs € L?,
then A is equal to cTy o 2,0, -

Proof. Setting X, = X, Xy = X, X3 = X, and X, = X, and rewriting correspond-
ing x; as (x1;, T2, To), and noting that x, is independent of j, we have

(X1 — Xo)(Xy — X3) "M X3 — X)) (X4 — X)L =

4 . j+1
0 T115 — P11+ i(Toy — Tojy1) _
L \T1g = T — (T — T250) 0

J

where
o — T11 — 12 + (X271 — To2) T3~ T4t i(xa3 — 24) .
T1o — 13+ i(To2 — To3) T4 — T11 + 1(Toa — T21)
Applying Comment 4, it follows that A\ = cr. 0

A computation shows:
Lemma 2.18. When
Xi=X, X=X, X3=X,, Xyu=X,€L?,
then, for any r; € R\ {0},
(r1 X1 — 12 X5)(raXo — r3X3) " (13 X3 — 1y Xy) (raXy — m X)) ™!
and (2.11) will have the same eigenvalue X = ¢y 4 2,2, -

We conclude that cr will be the eigenvalue of (2.11), regardless of how the X are
scaled, when X; € L.

Comment 6: Similarly to Comment 5, we can use the Lie algebra sus to compute
the cross ratio cr in the case of four points (z1, 29, 23,) € R® (j = 1,...,4). We
identify R3 with su, via

il’g T+ il’g
(21, T2, x3) <> . . = X .
—X1 + 122 —1x3

Then cr will again be the eigenvalues of (2.11), with the X; now in su,. The analog
of Lemma 2.15 will still hold. However, there will be no analog of Lemma 2.18 here,
as R? has no comparable light cone, so we will not be free to scale the X; in this case.
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FIGURE 2.5. A physical model of an ellipsoid in R3, with curvature
lines carved into it (owned by the geometry group at the Technical
University of Vienna)

2.5. Isothermicity. Take a smooth surface z in R? with unit normal ny. Away from
umbilics, there exist curvature line coordinates (u,v) of z = z(u,v), i.e.

x, L x, and (nO)Uqu ) (nO)VHLJ :

Then the first and second fundamental forms are, like in the proof of Lemma 2.7 with

k=0,
g O b1 0
( 0 922) ’ ( 0 bz2>

One can always stretch the coordinates, so that © = x(u,v) = z(a(u),0(v)) for any
strictly monotonic functions @ depending only on u, and v depending only on v. Note
that xz - x5 = 0, and xz3 = muvZ—g% implies x5 - np = 0, so (4, D) are also curvature
line coordinates. The surface is then isothermic if and only if there exist w, v such
that the metric becomes conformal, i.e. x; - r4 = x5 - 5, and this is equivalent to

g _ alw)
g2 b(v)
where the function a depends only on u, and b depends only on v.
Now consider the cross ratio cr. of the four points z(u,v), z(u+¢€,v), x(u+¢€,v+¢€)

and x(u,v + €). A computation gives

(2.12) limer, = — 21
e—0 922

So x is isothermic if and only if

. a(u)
(2.13) ll_I%Cl“e— o)
This description of isothermicity does not involve any stretching by @ or v, which
we would not be able to do in the case of discrete surfaces anyways, and discrete
surfaces, as noted in the introduction, are one of our primary motivations here. The
corresponding statement for discrete surfaces, where stretching of coordinates is no
longer possible, is that the surface is discrete isothermic if and only if the cross ratio
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factorizing function can be chosen so that a,, = a,s and a,s = a4 for vertices p,q,r, s
(in order) about a given quadrilateral, but this will be explained in a separate text.

2.6. The third fundamental form. When z has curvature line coordinates, the
first and second fundamental forms are

E 0 kB0
I= (.%j)z%j:l = (O G) , I = (bij)?,jil - ( b k‘QG) .

Because (ng), = —kiz, and (ng), = —kax,, the third fundamental form is

= (3 0 30 ) = (7 )

and then it is immediate that
IIT—-2H - I+ K-1=0.
In fact, for any (not necessarily curvature line) choice of coordinates u and v,
g22b11 — 2g12b12 + g11ba2 2 b11b2g — b%z 2
B (bij)i,jzl - —Q(gij)i,jzl .
911922 — Gi2 911922 — 9i2
2.7. Moutard lifts. Given an immersion x(u,v) in R3, the light cone lift
X = X(u,v) € My

could also be represented by « - X for any choice of nonzero real-valued function
a = afu,v) (see Remark 2.3). If we can choose a and coordinates u, v so that

(2.14) 9,0, (aX)|| X,

or equivalently o, x, + a,x, + ax,, = 0, then we say that aX is a Moutard lift. We
will see the usefulness of Moutard lifts later.

11l =

Lemma 2.19. Moutard lifts exist for any isothermic immersion.

Proof. Let z(u,v) be a smooth isothermic immersion with isothermic coordinates u, v.
Because b13 = 0, there exist real-valued functions A, B so that

(2.15) Tyo = Axy + Bz, .
Taking the inner product of this with x, and with z,, and using that

Ty Ty =Ty 2Ty >0 and z,-2,=0,

we find that

(2.16) A=0,(3log(w, - 24)), B =0u(Llog(w, - 3)) .
and thus

(2.17) A, =B, .

The existence of a solution « to the equation
QyTy + Ty + Ay = 0
is equivalent to solving the system
o, = —aB, «a,=—aA,
because of (2.15). The compatibility condition of this system is (2.17), seen as follows:
Qyy = Qg — (—aB), = (—aA), —
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oa,B + aB, = a,A+ oA, —
(—aA)B +aB, = (—aB)A+ aA, —» B, = A, .

This proves the lemma. O

From the above proof, we see that the isothermic coordinates u, v are the same as
the coordinates for which the Moutard equation (2.14) holds.

2.8. Spheres. The spheres in any of the spaceforms M, are the surfaces x such that
4|z — Cy|* (the square of the radius r( in the case of Euclidean space) is constant for
some constant Cy € R3, generically. In the case k = 0, with a sphere has radius 7,
then roHy = 1. The sphere can be parametrized, and then

r =x(u,v) = (=1/Hy)ng(u,v) + Cy

for some constant Cy. Then the equation H, = (1 + s|z|?)Hy + 2k(z - ng) in Lemma
2.7 implies the following formula (note that |ng|* = 1)

K
2.18 H,. = Hy— — + Hyrx|Cy|?
(2.18) 0= 17 + HorlCol

for the relationships between the different mean curvatures for a sphere considered in

the different spaceforms M,,.
A point

S = <4 , R = (21722723) )

in R*! with positive norm

ISI2 = 22 + 22 — 22 > 0
determines a sphere S in the spaceform M, as follows: Set
(2.19) S={Y eM,|({Y,S)=0}.

See Figure 2.6.

Note that Y € & implies Y is perpendicular to S — Y, so S is the base of the
tangent cone from S to M,, once S is scaled so that (S, Q)..) = —1. (Note that S
is invariant under scalings of S.) In fact, Y — S is then a normal vector field to S
within the tangent space of M,.

So we have now seen how both points and spheres in the spaceforms can be de-
scribed by using vectors in the single space R*!, respectively lightlike and spacelike
vectors, which is a valuable property from the viewpoint of Mobius geometry.

If S satisfies 25 = 0, then S is a great sphere in M; = S3. Also, note that if
||S]|> = 0, then S is a point in S* and S consists of just a real scalar multiple of S,
hence S simply gives back the same point S.

Let ¢ be the horizontal line segment from S to the timelike axis

0

teR

-+ O O O
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FIGURE 2.6. The sphere S

FIGURE 2.7. Two depictions of the setting in Lemma 2.20

Then m = £N L* is a single point, which, when considered as being in S* = M, gives
the center of S in S?.

Lemma 2.20. Let S;, S, be two intersecting spheres in S® produced from Sy, Ss,
respectively, and suppose ||S1||* = ||Sa||> = 1. Let v be the intersection angle between
31 and 32. Then cos a« = £(S1, S2), where the sign on the right hand side depends on
the orientations of S; and S,. (See Figure 2.7.)

Proof. As k =1, any p € S* = M, has x5 coordinate equal to 1. Take p € S; NSy C
M. Scale 8§ and S, so that they also have x5 coordina~tes equa}l to 1. Then & —p
and Sy — p are normals (in the tangent space of S*) to S; and S,, respectively, at p.

So
cosa:< Simp  S-p >:
181 = pll " [1S2 = pl]
1 1 1 1
(81,82) = e
1Sy = Dl [IS2 = pll SIS
Returning to the scalings for S; and S, so that ||Si|]* = ||Ss||* = 1, the lemma is
proved. 0

S1,Ss) .

Remark 2.21. Lemma 2.20 implies that if S gives a sphere S containing Y € M,,
then {S +tY [t € R} gives a pencil of spheres at Y, i.e. the collection of spheres of
arbitrary radius through Y and tangent to S. See Figure 2.8.
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FIGURE 2.8. A pencil of spheres

Lemma 2.22. Inversion through S is the map
fip—=p=2(p35)S,
when ||S]]? = 1.
Proof. First note that p € L* implies p — 2(p,S)S € L*. Now let C be a circle that

intersects S perpendicularly. We wish to show that p € C' implies f (zz) e C. Note
that C' = S NS,y for some spheres §; and S;. Then §; L. S and S, 1. S, and so

<8781> = <8782> =0 )

by Lemma 2.20. Then p € C implies p € §; NS, which implies (p, S;) = (p, S;) = 0.
Thus
<p - 2<p7 S>8731> = <p - 2(]77 8>8782> =0 s

and so f(p) € C. O
Lemma 2.23. S is a sphere with mean curvature
25 — 24
HO == :E
2[|S]|
and center
z
25 — 24

i My, and is a sphere in M, with mean curvature
(25 — 24)* + 6|2 — |IS|*)

H,=+
2(z5 — z4)||S]]
Proof. Consider the case k = 0. Take
29! )
Y = |y|2_1 ES? y:(y17y27y3)'
lyl* + 1

Then (S,Y) = 0 implies
Aly — (25 — za)7'2l* = (2(25 — 24) T ISI)*
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FI1GURE 2.9. The Christoffel transformation

and thus S is a sphere of radius 2||S||/|z5 — 24| and center z/(z5 — z4). (By Remark
2.4, the coefficient 4 on the right-hand side of the above equation is needed.) Hence
Hyj is as in the lemma. The final statement of the lemma now follows from Equation
(2.18). O

Remark 2.24. If x,, x,, x, and z, in R*® (with associated lifts X,, X,, X, and Xj
in My) all lie in the circle of positive radius determined by the intersection of two
distinct spheres S; and S, given by spacelike vectors S; and Sy, see (2.19), then the
fact that X, X,, X,, X, € S NS, is equivalent to

Xp,Xq7XT,XS 1 span{Sl,SQ} .

Because $; NS, is a circle of positive radius, the R4 metric restricted to span{S;, S}
is positive definite. This implies, in particular, that X,, X,, X, and X, all lie in a
3-dimensional space.

Remark 2.25. Looking back at Section 2.4, let us take points x,, x4, z,, x5 that are
concircular, with corresponding X, X, X,, X, € M,. This makes the cross ratio
Cl = CI'y q,2,2, Teal-valued, by Remark 2.24 (i.e., £ = 0 by Remark 2.12). Then, once
cr is real, the value cr, along with the values of X, and X, and Xj, determine X, via

(220) X, =« (Xp + {(cr — 1){(Xp, X)X, + (7t = 1)(X,, Xq>XS})

1
(Xg, X)
for some real scalar o, by Lemma 2.11. In this way, the cross ratio is a parameter for
parametrizing the circle containing x,, z, and z.

2.9. Christoffel transformations. We now define the Christoffel transformation
x*, or “dual surface”. For a CMC (constant mean curvature) surface in R?, this gives
the parallel CMC surface.

Let = be a surface in R? with mean curvature Hy and unit normal ng (with respect
to the metric in (2.5)). The Christoffel transformation xz* satisfies that (see Figure
2.9)

e z* is defined on the same domain as x (to avoid issues related to global be-
havior of z*, we consider only simply-connected domains here),

e r* has the same conformal structure as x,

e and x and z* have parallel tangent planes with opposite orientations at cor-
responding points.
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One can check that automatically the principal curvature directions at corresponding
points of x and x* will themselves also be parallel.

This description above of the Christoffel transformations turns out to be equivalent
to the following definition, and the existence of the integrating factor p below is
equivalent to the existence of isothermic coordinates. Then, we will see in Corollary
2.29 that we can choose z* so that

We avoid umbilic points in this discussion.

Definition 2.26. A Christoffel transformation x* of an umbilic-free surface x in R?
1 a surface that satisfies

dz* = p(dng + Hodz)

for some nonzero real-valued function p on the surface x (here x* is determined only
up to translations and dilations).

Lemma 2.27. Away from umbilics of x, the Christoffel transform x* exists if and
only if x is isothermic.

Proof. First we prove one direction, by assuming z is isothermic and then showing x*
exists.

Take x to be isothermic, and take isothermic coordinates w,v for z, so x,, =
Az, + Bz, for some A, B. Then

d(—li—lupdu + ;#dv) =

16972 ((|12u)® + 120 ) Tuw — 2(T0 * Tuw) T — 2(Ty - To) 2, )du Adv =0 .
This implies that there exists an x* such that
(2.21) da” = —pPzdu+ Pdv

Also,
dng + Hodx = %(bll — bgg)(—r—"‘gdu + \xxTdev) ,

|95u
implying that z* is a Christoffel transform, since by; — by # 0 at non-umbilic points.
Now we prove the other direction, by assuming x* exists and then showing that x
has isothermic coordinates.
For any choice of coordinates u, v for x = z(u, v), the Codazzi equations are

(b11)w — (b12)u = iypbin 4+ (T'Fy — Iyp)bio — Tibas

(br2)y — (ba2)u = Dapbur + (T35 — Ty )biz — 51020 .
Here the Christoffel symbols are F?j = %22:1 ghk(aujgik + O, gk — Ou,9ij), where
u; = u and us = v. Because we are avoiding any umbilic points of x, we may assume

that v and v are curvature line coordinates for z, and so g12 = b1 = 0. It follows
that

Oy O, Oy
Tl = g1 T2, = 922 T2 = 911 ’
2911 2322 2022
3u av a’“
F;Q = g F}Q = F%l = 2 ) F%2 = Fgl = 2z ‘
2911 2911 2022
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Denoting the principal curvatures by k;, the Codazzi equations simplify to

o, 0,
(2.22) 2(ki)y = I (hy —E), 2ky)y = 20922

g1 922
Then existence of z* gives

. (k?l _kQ) .

d(pdny + pHodx) =0 ,

from which it follows that

b b bii 4 bee
(2.23) 0 o g | (Pu _ . <911 + 922)U
b2 b Po <m+m>

g22 gi1

Then because py, = pyu, We have
(k2 + k1), _ (k1 + k2)y
ky—Fky ), ko—ki ),

+ 2(k’2 - k’l)iZ ((kl)v(k‘g - kl)u + (kQ)u(kQ - kl)v) - O .

which implies
2(<(k1)v)u + ((k2)u)v)
k1 — k2
Using the Codazzi equations (2.22), we have

(log@> =0.
922 uv

In particular, there exist positive functions a(u) and b(v) depending only on w and v,
respectively, so that

(a(w))*g11 = (b(v))*g22 .
Writing u = u(4) and v = v(v) for new curvature line coordinates u and 0, we have
G12 = bs = 0 and 11 = (uq)2g11 and Gao = (v5)%gas, for the fundamental form entries
gij and b;; in terms of 4 and 9. We can choose 4 and ¥ so that ug = a(u(i)) and
vy = b(v(0)) hold. Then §1; = go2 and so @, v are isothermic coordinates. O

The last part of the above proof is reminiscent of an argument used in Section 2.5.

Proposition 2.28. The form (2.22) of the Codazzi equations, in the case of curvature
line coordinates, is invariant under different choices of the spaceform M.

Proof. Following the proof of Lemma 2.7, when changing spaceforms, i.e. when chang-
ing k = 0 to general , we have, for s = 1 + r|z|?:

gu = dn=5"g11, G2=0—=012=0, g2 = Goo =5 g2 .
b11 — 611 = 8_1b11 + 2l€g118_2(l’ . TL()) , b12 =0 [;12 =0 ,

b22 — 622 = Silbgg + 2l£g22872(.1’ . no) .

Here, by1 = 4(2y - no) and byy = 4(xy, - np). These transformations were seen in the
proof of Lemma 2.7 using © = z(u,v) with isothermic coordinates (u,v), but they
still hold with (u,v) that are just curvature line coordinates.

50

b . b
kﬁl = hi — k’l = AH
g11 g11

= ski + 2r(z - ng) .
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Similarly, 1%2 = sky+ 2k(x - ng). The Codazzi equations for curvature line coordinates
when x = 0 are as in (2.22). Then

2/%1,1) _ (G11)w

];'2 - ]Aﬁ gll
4i(z - )y + 28k, + 4k(x - no,) 483 (—kK)(x - xp)g11 + 5 2(g11)w

(kg — k1) 572911

4K k?l 1

i . 4 . - )=

= (a4 )+ ) )

4Kk 4K -
—— (2 (komy JN=—-—(2-0)=0.
S(kg - kl) (x ( 2%y + no, >) S(kQ — 1{51) (x 0) 0

Similarly,

2]%2,u <g22)u
]%1 - ]%2 g22

The proof of Lemma 2.27 gives the following corollary:

Corollary 2.29. Away from umbilic points, one Christoffel transformation x* of an
isothermic surface v = x(u,v) can be taken as a solution of

dr* = — Tu du + il dv .

With respect to isothermic coordinates (u,v), Equation (2.23) implies
9110, Hy > N 9110, Ho
guto—by

The existence of z* then automatically implies the compatibility condition (p,), =
(pv)u, with p, and p, as in the right-hand sides of the equations in (2.24).

This pair of equations (2.24) tells us that p is uniquely determined once its value is
chosen at a single point, and thus the solution p is unique up to scalar multiplication
by a constant factor. Thus the Christoffel transformation in Corollary 2.29 is essen-
tially the unique choice, up to homothety and translation in R3. As a result of this,
with no loss of generality, we can now simply take the definition of z* as follows:

2.24 w = — _ g0
( ) P g1ty — by

Definition 2.30. The Christoffel transformation of a surface x in R3 with isothermic
coordinates (u,v) is any x* (defined in R® up to translation) such that

The constant scalar factor freedom that is allowed for p still implicitly exists in Def-
inition 2.30, because of the constant scalar factor freedom allowed for the coordinates
U, v.

Remark 2.31. The function p in Definition 2.26 is a constant scalar multiple of the
multiplicative inverse of the mean curvature of x*, seen as follows: The Christoffel
transform of the Christoffel transform (x*)*, with respect to Definition 2.30, satisfies

d((z*)") = —%du + %dv = x,du + z,dv = dx |
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FIGURE 2.10. A Delaunay unduloid and its dual surface (Christoffel
transform), which is a translated copy of the same surface

so (z*)* should be the original surface x, up to translation and homothety, with

respect to Definition 2.26. Thus, by scaling and translating appropriately, we may
assume (z*)* = x. Also, if the normal of z is ng, then the normal of z* is —ngy. Thus
dx = d((z")") = p*(dny + Hjdx™) = p*(—dng + Hip(dng + Hodz)) ,
and so
(1= pp"HoHg)dx = (Hgpp™ — p*)dno -
Since dxr and dng are linearly independent away from umbilic points, it follows that
pHy =p"Hy=1.

Remark 2.32. When H, is a nonzero constant and we have isothermic coordinates,
Equation (2.24) implies p is constant. Then z* and the parallel CMC surface z!l =
x + Hy 'ng differ by only a homothety and translation of R®. Thus the Christoffel
transformation is essentially the same as the parallel CMC surface to x, as expected.

Example 2.33. The round cylinder gives one simple example of a Christoffel trans-

form’s orientation reversing property. For the cylinder x(u,v) = (cosu,sinu,v)
in R? (with metric as in (2.5)), the normal vector is ng = %(cosu,sinu,0), and
the Christoffel transform is z*(u,v) = (—cosu, —sinw,v) with its normal vector
ny = +(—cosu, —sinw,0). Thus nf = —ny.

Example 2.34. Delaunay surfaces are CMC surfaces of revolution in R3. They can be
either embedded (unduloids) or nonembedded (nodoids). The Christoffel transforms
of Delaunay surfaces are again Delaunay surfaces. See Figure 2.10.

Lemma 2.35. We have the relation

2
dr* = ——(d Hydx) .
x = kg)lxu|2< no + Hodx)
Proof. This proof is a direct computation:
2 Ty Ty 2 __
2
P— (—k1x,du — kow,dv + @(wudu + z,dv)) + zydu — z,dv =0 .
1 — R

U

The Hopf differential (see [49], for example) for a surface in R? is defined as (the
inner products (-,-) and ”-” are bilinearly extended to apply to complex vectors)

de2 ) Q - <7;7,0a (XO)zz> = 4(”0 : xzz) (Z =u-+ ZU) .
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Corollary 2.36. If Hy is constant for the surface v = x(u,v) in R with isothermic
coordinates (u,v), then the factor Q) of the Hopf differential is a real constant.

Proof. The factor

@ = 4(710 : i('xuu - x'uv)) = (kl - k2)|xu|2
is constant by Lemma 2.35 and Remark 2.32. It is clearly also real. U

2.10. Flat connections on the tangent bundle. Let us first review what a con-
nection is. Later we will see how isothermic surfaces have a 1-parameter family of flat
connections. Although we do not show it here (see [29] for such an argument), the
converse is also true: existence of a family of flat connections implies that the surface
is isothermic.

Recall that the Riemannian connection of a Riemannian manifold is the unique
connection satisfying

(2.25) VixivZ = fVxZ+VyZ,

(2.26) Vx(fY +2)=X(f)Y + fVxY +VxZ,
(2.27) VxY - VyX =[X,Y],

(2.28) XY, Z) = (VxY,Z) + (Y,VxZ),

where XY, Z are any smooth tangent vector fields of the manifold, and f is any
smooth function from the manifold to R. The first two relations (2.25), (2.26) define
affine connections, and inserting the last two conditions (2.27), (2.28) makes the
connection a Riemannian connection.

Taking an n-dimensional manifold M™ with affine connection V, and taking a basis
Xy, Xo, ..., X, of vector fields for the tangent spaces, we define Ffj and Rf‘;j by

VxX;=> ThX,,
k=1

(2.29) Vi,V Xi = Vx, Vi, Xi = Vix,x) X = Y RE X
k=1
We define the one forms w*® and w} by (here ¢} is the Kronecker delta function)
w'(X;) =6, wl= Zszwk :
k=1
The one forms w;- are called the connection one forms. Then

n n
i Z i p__ 1 2 : i g k

p=1 73,k=1

When the connection is the Riemannian connection, the Rfjk give the Riemannian
curvature tensor. When, for an affine connection, all of the Rlijk are zero, then we say
that V is a flat connection.

Connections are equivalent to having a notion of parallel transport along each given

curve in the base manifold, and a connection is flat if and only if the parallel transport
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map depends only on the homotopy class of each curve (with fixed endpoints). In
particular, if the surface = is simply connected, parallel transport is independent of
path if and only if the connection is flat, which can be seen as follows: One direction
is immediately clear from Equation (2.29), by choosing the X; there to be constant
vector fields (that is, by choosing X; by using parallel translation, i.e. V.X; = 0),
and then all R;‘;j become 0. To see the other direction, let us restrict to the case that
M™ is a 2-dimensional simply-connected manifold given by a surface z = x(u,v) in R?
as in Section 2.2. Suppose that the connection is flat. Then Equation (2.29) implies

Vo, Va,Y =Vy,Vy Y

for any tangent vector field Y. Then we can apply an argument like in the proof of
Proposition 3.1.2 in [49] to conclude that if Y is constructed so that Vj5,Y = 0 along
one curve where v = vy is constant and so that Vy Y = 0 everywhere, then also
V,Y = 0 everywhere, and so Y is a vector field that is parallel on any curve in z.

2.11. The wedge product. In the next section, unlike the previous section, we will
consider flat connections on a bundle over a surface that is not the tangent bundle.
To prepare for that, we consider the wedge product here.

Given a vector space V over R with an inner product (, ) and fixed A, B and variable
v lieing in V', we can define the wedge operator, a map from V to V, by

(2.30) (AAB)(v) = (A,v)B — (B,v)A .

Note that
(1) (A+ ayB)AB = AA B for any oy € R,
(2) (agA) A (a3B) = asas(A A B) for any as, a3 € R.

Thus it suffices to consider A and B that form the edges of a unit square, and AN B
becomes the operator that is rotation by 90 degrees in the plane spanned by A and
B. With the inner product of A A B and A A B defined as

;oA A A) (A, B)
ANB, AN B) = det < - T
anzdnd)=e (G B3)
we find that when A and B form the edges of a unit square, we have

Incidentally, the properties (1) and (2) above give that A A B really depends only
on the plane spanned by A and B, and on the area of the parallelogram determined
by A and B. Note also that

(v, (ANB)v) =0
for all v € V. A computation gives also
I(AA B)v]* = —(v, (AA B)*v) .

Remark 2.37. The wedge product just defined here is a different type of object than
the wedge product du A dv of the two 1-forms du and dv. Sometimes both types of
wedge products can appear in the same equation, and we can distinguish between
them simply by noting what types of objects they are applied to.
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We now give two ways to define wedge products that do not use a metric:
Second definition of A: One can define A, involving neither a metric nor a choice
of basis, as a map from the alternating bilinear forms B to R, so that

(AAB)(B) = B(A,B) .

Before we defined the wedge product as in (2.30) (which we now denote by A,, since
it used the metric), which is a map taking vectors to vectors. Setting

Bay(A, B) = (& Am y)A, B) = (x, A){y, B) — (y, A){z, B) ,
then
B,,(B,A) =—-B,,(A, B),
so it is alternating (skew). Also,
B.,(A, B) = Bas(x,y)
and
B, .(A B)=—-B,,(A, B).

If 2,y can be any pair of vectors, then the B, , generate all alternating bilinear forms
(we do not prove this here), so A A B is determined by

(AN B)(Bay) = Bay(A, B) = Bap(z,y) = ((AAm B)z,y) .

This gives a one-to-one correspondence between A A B and A A, B.
For a basis of V' we can take e; = A, eo = B, e3, ..., e, with e; L span{A, B} for
all j > 3. Then

(1) ((AAm Bej,ex) =0if j >3 or k>3,

(2) ((A A B)ej,ej) =0 for all 7,

(3) ((AAm B)ej,ex) = —((A A B)eg, e;) for all j, k, and
(4) ((AAn Ber,e2) = (A, A)(B, B) — (A, B).

Thus
(AAB)(Beye) = 0
if j>3o0ork>3o0rj=k, and
(A N B)(B€1,62> = <A7 A><B7 B> - <A7 B>2 :
Third definition of A: One can define the wedge product by the following prop-
erties:
(1) It is a map
VXV =NV, (AB)—AANB
(A?V is the collection generated by general A A B).
(2) AN B is alternating, i.e. AANB=—BA A.
(3) AN B is bilinear, that is, separately linear in A and B.
(4) A A B is universal, i.e. for any vector space W and any alternating bilinear
map

B:VxV—->W,
there exists a unique linear map 3 : A2V — W such that

B(A,B) = (AN B)
forall A,BeV.
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For the B, , : V x V — R in the second definition above, for example, 3 would be
B(ANB)=(ANB)(B,y) =B:4y(A,B) ,
or equivalently
B(ANm B) = ((AAm B)z,y) .
The AN B and A A, B in the second definition above are both universal.
Lemma 2.38. If A : V xV = A2V and A : V x V. — A’V are both universal

alternating bilinear maps, then there exists a unique linear isomorphism 0 : N2V —
A’V such that (A N B) = AAB for all A, B€ V.

Proof. Because A is universal, there exists a unique linear map 6 : A2V — A’V such
that AAB = 6(A A B). Similarly, A being universal implies there exists a unique

linear map ¢ : A’V — A2V such that
AN B =¢(AAB) .
We have
$08(ANB)=ANB.

However, does not yet mean that 6 and ¢ are inverse to each other, since AA B is not
a general element of A2V (the A A B are only a set of generators of A?V). Using the
definition of universality of A in item (4) above with B equal to A itself and W = A%V,
there exists a unique linear map 3 : A2V — A2V such that

B(ANB)=AAB.
Since one possible such map is the identity map, it must be that ¢ o 8 is the identity
map on A?V. (Similarly, o ¢ is the identity map on 7\2V.) OJ
We still need to show that this definition of the wedge is not empty:

Lemma 2.39. There exists a map V x V — A2V that is universal, alternating and
bilinear.

Proof. Let R[V x V] be the vector space with basis
{AxB|A,BeV}.
R[V x V] is called the free vector space generated by V' x V. We can regard A x B €
R[V x V] as the function with
(Ax B)(z,y) =0
unless t = A and y = B, and
(Ax B)(A,B)=1,

and then R[V x V] equals the set of those functions from V' x V' to R that are 0 at
all but a finite number of points in V' x V. Thus the vector space R[V x V] exists,
as it is a subset of the space RV*" of all functions from V x V to R. Consider the
subspace R of R[V x V] consisting of elements of the form

(1) (M} + pAs) x B— XAy X B) — u(As x B) for A\, u € R,

(2) A X (ABy+ pBy) — AM(A x By) — u(A x Bs) and

(3) Ax B+ B x A.
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Both R[V x V] and R are infinite dimensional. However, the quotient space A?V =
R[V x V]/R, with A A B = [A X Bluod ®, is finite dimensional. The map (A, B) —
AN B is alternating and bilinear. It is also universal, since it was constructed without
imposing anything more than the bilinear and alternating conditions. U

For a basis ey, ..., €, of V we can define A*V to be R[{e; Ae; : i < j}], and for

A:ZGZ‘GZ‘, B:ijej,
i=1 j=1
we have .
ANB= Zaibjei/\ej y
ij=1
where e; A e; denotes —e; A e; when j > 7, and e; Ae; = 0.

The wedge product for 1-forms. Suppose A = A(uy,us) and B = B(uq,uy) are
vectors in V' depending on the real parameters u; and us. Then the wedge product
of the 1-forms Adu,; and Bdu; is defined by

(Adu; A\ Bduj)v = (AN B)v)du; A du; .

Here we can think of the du; and du; as scalars to be taken outside the wedge product
of A and B, and then we are seeing two different types of wedge products on the right-
hand side, that is, one type of wedge in du; A du; and another type in A A B.

Suppose that C' = C(uy,us) and D = D(uq,uy) are vectors in V' depending on u,
and ugy, as well. We can also apply the commutator wedge to objects of the form
A N Bdu; and C' A Dduj, as follows:

(2.31) [(A A Bdu;) A (C A Dduy)|(v) =
((AANB)((C AD)v) — (CAND)(ANADB)))du; A du; .
This commutator wedge is symmetric, not skew symmetric, that is,
[(A A Bdu;) A (C A Dduj)] = [(C A Ddu;) A (AN Bdu,)) .

The wedge product for R*!. For vectors A and B in R*!, AA B can be regarded
as a matrix in the Lie algebra o4, defined by (2.30). We make this more explicit in
the proof of the following lemma:

Lemma 2.40. A A B lies in the Lie algebra o4 .

Proof. For
1000 O Ay B
0100 O Ay B,
D=0 010 0|, A=]|A3|,B=|DBs3|,
0001 O Ay By
0000 -1 As Bs
the matrix 2 that represents A A B is
0 B1A2 — AIBQ BlAg — AlBg B1A4 — AIB4 B5A1 — A5Bl
B2A1 — AgBl 0 B2A3 — Ang B2A4 — AQB4 B5A2 — A5BQ
B3A; — A3By BsA; — A3By 0 B3Ay — A3By BsAs — AsBs |,
B4A1 — A4Bl B4A2 — A4Bg B4A3 — A4Bg 0 B5A4 — A5B4

B5A1 - A5Bl B5A2 - A5BQ B5A3 - A5Bg B5A4 - A5B4 0
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which does satisfy the condition 20- D + D - A" = 0 to lie in 04 ;. O
Lemma 2.41. If T € 041 and A and B are vectors in R*!, then
[T, ANB]=(TA)AB+AN(TB).
Proof. For C' € R*!,
(A, TC) = A'DTC = —A'T'DC = —(TA,C) .

Then
T, ANB|C =T(ANB)C — (AANB)TC =
T((A,C)B —(B,C)A) — ((A,TC)B — (B, TC)A) =
(A,CYTB — (B,CYTA— (A,TC)B+ (B, TC)A =
(A,CYTB — (B,C)TA+ (TA,C)B — (TB,C)A

(TA)AB)C+ (AN(TB))C .
0]

Remark 2.42. A second proof of Lemma 2.41 can be given as follows: Let ¢(t) be a
curve in Oy ; such that ¢(0) = I and ¢’(0) = 7. Then

(9(AANB)g)C =g((A,g7'C)B - (B,g'C)A) =
(9A,C)(gB) — (9B, C)(gA) = ((9A) A (9B))C',

9:(g(AA B)g 1= = 8:((gA) A (9B)) =0 ,
which implies
[9'(0), AN B] = (4'(0)A) A B+ AN (4(0)B) .

Remark 2.43. Later, when we consider Lie sphere geometry, we will again use wedge
products as defined in (2.30), and will again have two lemmas analogous to those
just above. All arguments are identical, except that R*! becomes R*? with metric
signature (—,+,+,+,+, —), and o041 becomes 049, and O4; becomes O42, and D
becomes

-1 00 0 0 O
0O 1 000 O
O 01 00 O
D= 0O 0010 O ’
0O 0001 O
0O 00 00 -1
and the vectors A and B become
Al B1
A2 Bg
. Ag o Bg
A= M B = B |
A5 B5



0
B1Az — A1 B2
B1A3s — A1 B3
B1Ay — A1 By
B1As — A1 Bs
B1Ag — A1Bg

B1As — A1 By
0

B3As — A3B>

ByAy — AyBo

BsAs — A5 B>

BgAz — Ag B2

B1A3 — A1 B3
B2 A3 — A2 B3
0
ByA3 — A4Bs
BsA3 — A5B3
BsAs — AgBs

and the matrix in the proof of Lemma 2.40 becomes

B1Ay — A1 By

BoAy — A2By

B3 Ay — A3By
0

BsAy — AsBy

BgAq — A By

B1As — A1Bs

B2 As — A2Bs

B3As; — A3Bs

ByAs — AuBs
0

BgAs — AgBs

BgA1 — AgB1

Bg Az — AgB2

BsAs — AgBs3

BgAg — A By

BsAs — AgBs
0
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2.12. Comnserved quantities and CMC surfaces. For a smooth isothermic surface
r = x(u,v), we can regard R*! as the 5-dimensional fibers of a trivial vector bundle
defined on z. To define a flat connection on this bundle, like in Section 2.10, we can
instead just define a path-independent notion (within homotopy classes) of parallel
vector fields. Such a vector field can be given by a section Y = Y (u,v) € R*! solving
(here we rename V to I' because we now fix a specific connection), for some A € R,

I'yY=0, I'i=d+ M,
-2

2
((X0)u; (Xo)u) ((Xo)v, (Xo)u)
~1

1
= ——Xo A Xod ——Xog A X dv
SIENE 0 0,udl + SIENE 0 0,00V
where X is the particular lift into the light cone that lies in My (i.e. X, is as in
Lemma 2.2 with k = 0). We call 7 a retraction form of X.

Remark 2.44. For the Riemannian connection VzY, Z and Y are both vector fields
in the tangent bundle of the manifold. In I', however, Y will be a vector field in the
trivial R*! vector bundle, and Z will still be in the tangent bundle of the surface.
The Xy A X, and Xy A X, parts of I' apply to Y, and the 1-forms du and dv in T’
apply to Z (as 0, and 0, form a basis of the fibers of the tangent bundle).

(2.32)

T = XO A X()’udu + Xo A Xowdv

Remark 2.45. Note that 7 is invariant of the choice of lift X of z. We chose the
particular lift Xy when defining 7 above, but we could have chosen any lift X. We
will use X to denote a general choice of lift.

We claimed above that the solution Y of I'Y = 0 is independent of path. We now
give two proofs of this, the first without using a Moutard lift, and the second using
such a lift, to illustrate the usefulness of Moutard lifts. The second proof is shorter.

Lemma 2.46. For any initial condition, there exists a solution Y of I'Y = 0 inde-
pendent of choice of path (within homotopy classes), that is, I is a flat connection for
any choice of \.

Proof. For this proof, one can of course simply check that the curvature tensor of I' is
zero (equivalent to Equation (2.33) below), and then employ the well-known fact that
parallel transport will then be independent of path. However, with a future study
of discrete surfaces in mind, we start this proof from a different viewpoint here, as
follows:

The condition for I' to be flat is that the solution Y exists independently of choice
of path, and an argument shows this to be equivalent to

(2.33) AT+ 3N AT]=0.

One direction of this argument showing equivalence is straightforward, and the other
direction requires an argument like the one in the proof of Proposition 3.1.2 in [49].
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By (2.33), it suffices to show

That is, we need

(2.34) 0(7(0u)) = 0u(7(0s))
and
(2.35) 7(0u)7(0y) = 7(9,)7(0u) -

Equation (2.35) holds, by a computation that shows, for Z € R*!,
T(8)7(8u)(Z) = 7(0,)7(0u)(Z) = Flau| (X0, Z)(Xo,u, Xo,0) Xo -

The condition (2.34) can be shown with the following consequences of Equation (2.15):

Xoww = AXou + BXoy , Oy(|r|?) = =24J2,] 72, Ou(|70]?) = —2B]x,| 2 |

Another consequence of Equation (2.15) is
Oy(|za|™") = —Alz,|™" and Ou(|z.|™") = =Bla,| ™",
and from this it follows that
= %|:Cu| ' Xo
is a Moutard lift. Also,
T=—8NAS,du—+ s A s,dv .

We make use of this in the next second proof of Lemma 2.46.
Proof. We start by noting that
—0u(T(0u)) + 0u(7(0)) = (s A su)o + (5 A S0)u =

Sy NSyt SN Syt Su/NSy+ SASuy =25N Sy =0

For Z € R,

(T(0u)T(0y) — T(0)T(0u))Z = (—(s N Su) (SN Sy) + (SASy) (SN Su))Z =
—(s A su)((Z,8)sy — (Z,5)8) + (s N sy)((Z, 8)Su — (Z, 5u)S) =

(Z,8)(—(8, 80)Su + (Su, S0)8 + (8, Su) Sy — (Su, 50)5)+

(Z;50)((s,8)5u = (8, 5u)8) = (Z, 5u)((5,5)50 = (5, 50)5) ,

and all terms after the final equal sign above are zero.

O

W

Remark 2.47. Noting that the compatibility condition for (7" = T'(u, v) a 5 x5 matrix)

dT' =T - A1

is once again (2.33) (see the upcoming Lemma 2.61), solutions exist for any choice of
initial condition, and solving this for 7" € O4; with initial condition 7" = I at some
point (ug,vp) in the (u,v)-domain, we have that I'Y = 0 with Y = Y} at (ug,vp) is

equivalent to

(2.36) Y =T,

since ['Y = 0 means d(7Y) = 0. We will see later that T is a Calapso transformation
(Section 2.13), and when Yy € L*, then Y represents a Darboux transform (Section

2.14) of the surface x.
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In the next definition, we are once again considering general spaceforms M, so the
normalization (2.3) is not assumed.

Definition 2.48. If there exist Q and Z in R*' depending smoothly on u and v such
that, for P = Q + \Z,

(2.37) I'P=0 (or equivalently d(TP)=10)
holds for all A € R, then we call P a linear conserved quantity of x.

Remark 2.49. By Definition 2.48, a linear conserved quantity exists if and only if there
exist Q = Q(u,v) and Z = Z(u,v) in R*! such that the following three conditions
hold:

(1) @ is constant,

(2) dZ = —7Q,

(3) 7Z = 0.
Necessary and sufficient conditions for existence of a linear conserved quantity can
be stated without ever referring to 7 if we wish, as follows:

(1) @ is constant,

(2) (Xo, >X0u <X0qu>X0 = 2’£Cu| Zy

(3) (Xow, Q)Xo — (Xo, Q)Xo = 2|x,|*Z,,

(4) (Xo, Z2)Xo.u = (Xou, Z2)Xo,

(5) (Xo, Z) X0 = (Xow, Z) Xo.

Some properties related to linear conserved quantities are immediate. For example,
@ is constant (as noted in Remark 2.49) and 7X = 0 (by the definition of 7). Some
other immediate properties are given in the next lemmas, the first of which follows
directly from items (4) and (5) in Remark 2.49:

Lemma 2.50. X s perpendicular to both Z and dZ.
Lemma 2.51. (Z,Z) is constant.
Proof. We have that
d({(Z,Z)) = 2(Z,dZ) = =2(Z,7Q) =0,
because 7@ lies in span{ Xy, X¢ ., Xo,} L Z. O
Corollary 2.52. We have (Z,Z) > 0, and if (Z,Z) = 0, then Z is parallel to X.

Proof. Because Z is perpendicular to X, and because X is lightlike, Z is either space-
like, or is a scalar multiple of X. U

Furthermore, when Z # 0, the upcoming Equation (2.41) will imply (Z, Z) > 0,
ie. (Z,7) #0.

Properties like these will be utilized to prove Theorems 2.53 and 2.54 below. The
first of these two theorems characterizes the case that x is a part of a sphere.

Theorem 2.53. The surface x is part of a sphere (in any spaceform) if and only if
it has a constant conserved quantity P = @ + X - 0.

Proof. Suppose that x has a conserved quantity () of order 0. Let M be the spaceform
defined by @, and let X be the lift of = lieing in M. Then (X, Q) = 0, and therefore
@ is either spacelike or parallel to X. Thus X lies in the sphere given by S = @), as



40

in (2.19). If @ is lightlike, then X would be a single point, not a surface, so  must
be spacelike (so the curvature x of M is strictly negative). In fact, X is part of the
virtual boundary sphere at infinity of M. Thus X will detemine a part of a finite
sphere in other choices for the spaceform.

Conversely, in the case that = is part of a sphere, with lift X in M, then there
exists a constant S that is perpendicular to X, by (2.19). Taking @ = S, it follows
that Q@ = Q + A0 is a constant (and linear) conserved quantity, by the conditions at
the end of Remark 2.49. U

Theorem 2.54. [20] An isothermic immersion v = x(u,v) without umbilic points
has constant mean curvature in a spaceform M (produced by @ # 0) if and only if
there exists (for that Q) a linear conserved quantity P = Q + \Z.

Proof. Assume that x has a linear conserved quantity. Applying a single O, isometry
to R if necessary, we can take @ as in (2.3), and we denote the components of Z
by z;, i.e.

<1

Z2

Z=|z|eR".
24
Z5

Applying (Xo,dZ) = 0 to d((Xo, Z)), we have, when z = (z1, 22, 23),
z-dx+ (24 — 25)(x - dz) =0,
which implies z must be of the form
2= (25 — z4)x + hng
for some real-valued function h. Then (X, Z) = 0 implies
(25 — 24)|2* + 2h(x - M) — 24 — 25 =0 .

We can then compute that (7, Z) = h?/4, so h is constant. In particular (Z, Z) > 0.
The relation dZ = —7@Q from (2.37) gives that

d(z5 — 24) + 2k(z - dz*) = 0 and (25 — z4)dx + hdng — (1 + k|z[*)dz* =0 .

The second of these two equations gives us a pair of (real) equations that are linear
with respect to both h and z5 — z4. Solving simultaneously for h and z5 — z4 gives

2(1 + k|x]?)
2.38 h=——— "1/
239 (ks — ko)
which we know to be constant, and
(239) 25 — 24 = %h(k’g + k?l) =h- HQ .
Equations (2.38), (2.39) and h being constant then imply

2(1 + K|z[?)
d(zs — z4) = hdHy = ————"-dH, .
(oo =) =R = oy —

Using d(z5 — z4) = —2k(z - dz*) and (2.21), we find that (2.7) holds, and so H, is
constant. One direction of the theorem now follows.

To prove the converse direction, assume that x is a CMC surface with isothermic
coordinate z = u+iv. The Hopf differential is a constant multiple of dz? (see Corollary
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2.36 here for the case when the spaceform is R? and Equations (5.1.1) and (5.2.1) in
[49] for other spaceforms). Thus, by the end of the proof of Lemma 2.7, we see that
Al [*(ky — k»)
bi1 — by =
e 1+ k|z|?

is constant, and so, defining h as in (2.38), this & is also constant. We may assume
@ is as in (2.3), and then take

t
o
T Ny

We then set the candidate for the conserved quantity to be P = Q + AZ. A com-
putation gives I'P = 0, by Equation (2.7), and the definitions of k; and ks, and the
properties
(X0, Z) = (dXo, Z) = (Xo,dZ) =0
and
(X0,Q) = —(1 +&lz]*)
so P is a linear conserved quantity. 0

In Theorem 2.54, when x is of constant mean curvature in the spaceform for a
given () and not totally umbilic, then Z is unique. In fact, in the proof above we saw
that Z has the unique form (2.40), where h is the constant as in (2.38). Furthermore,
because 1 + k|z|? is never zero, h cannot be zero, so the norm of Z satisfies

(2.41) 1Z] = §1nl > 0.

Also, by Lemma 2.7, the mean curvature satisfies

(2.42) H,=—2h"YZ,Q) = —sgn(h) (Z,Q) .

1
1Z]]
Any constant scaling of the linear conserved quantity is still a linear conserved quan-
tity, and will change the mean curvature by a constant multiple.

Next, noting that z5 — z4 = hHy, Lemma 2.23 tells us that Z determines a sphere,
as in (2.19), in M, with mean curvature

EE i|h||H0|

+ —
2[|1Z]] 2 5|hl

— :l:’H()l y

so this sphere has the same mean curvature as the mean curvature at the correspond-
ing point of the surface. For this, it is not necessary that Hy be constant.

By Lemma 2.50, the spheres determined by Z contain the corresponding points X
in the surface and are tangent to the surface, so Lemma 2.7 implies that Z determines
a sphere congruence for which each sphere has mean curvature equalling that of the
corresponding point on the surface, regardless of the choice of spaceform (i.e. the
choice of value k). Thus Z is the mean curvature sphere congruence. (One must
check that Z and X have common orientation as well, which is left to the reader.)

Lemma 2.55. The mean curvature sphere congruence Z can be characterized as the
conformal Gauss map of the surface X, i.e. the unique sphere congruence with the
same induced conformal structure as X.
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FIGURE 2.11. Left: a mean curvature sphere. Right: the situation
described in Lemma 2.56, where the two principal curvature spheres
are related by inversion through the sphere Z

Proof. That Z is the conformal Gauss map can be seen from the following computa-
tion (we do not show uniqueness here):
(dZ,dZ) = h*(HZdw - dx + 2Ho(dx - dng) + dng - dng) = h?|Hodw + dng|* =
0P (ky — ko)® + | — mydu + zydo]® = 10% |2, [ (k1 — ko) (du® + dv?) .
O

Lemma 2.56. The mean curvature sphere congruence Z can also be characterized as
the central sphere congruence, i.e. the sphere congruence whose spheres exchange the
principal curvature spheres via tnversion.

Proof. Let X = X (u,v) be the lift of the surface in M,. Take
ot
A=Au,v)= [ty ] € R
ls
such that [|A|| =1 (i.e. A lies in the de Sitter space S*!) and
(A, Q) = (A, X) = (A,dX) =0,

with @ as in (2.3). This makes A the tangent geodesic plane to the surface. These
conditions are equivalent to

o [IP+103—12=1,

[ ] (€4+€5)/€+€5 —64 = 0,

o —2x- €+f5 +£4 + |ZE|2<€5 - 64) = 0,

o —(-dx+ (x-dx)(ls —y) =0.
Define Sy, z, z4 and z5 by

z
t
t + +1+/€|x]2 0 ZL

Then S, also lies in S*! and is perpendicular to both X and dX. By Remark 2.21,
the S; represent all of the tangent spheres to X. Then, by Lemma 2.23, the mean
curvature of the sphere S; with respect to the spaceform M, is

25 — 24 K | 2|2

- + K

=t.
2 2(z5 — 24) 2(z5 — 24)
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FIGURE 2.12. The situation described in Lemma 2.57, where the di-
rections of second order contact between Z and X are marked

Then, if k; are the principal curvatures of X, Sy, and Sy, are the principal curvature
spheres. So by Lemma 2.22, when Z is the central sphere congruence, we have

(2.43) —Spy = Sk — 2(Sk,, Z) - Z .

Note that, as we wish to have an inversion that preserves orientation rather than
reversing it, we changed Sy, to —Si, here. This does not change the sphere itself, as
Sk, is defined only projectively anyways. Now the image of Sj, under inversion and
Sk, itself will have the same orientation.

We have that Z = S, for some ¢, and so we can now compute from (2.43) that

1
t=—(k+k
2(1+ 2)

i.e. tis the mean curvature. Thus the central sphere congruence is the same as the
mean curvature sphere congruence. 0

Lemma 2.57. The mean curvature sphere congruence Z can be characterized as
the sphere congruence that has second order contact with the surface in orthogonal
directions.

Proof. Principal curvature spheres, second order contact and orthogonality are exam-
ples of notions that are invariant under Mcobius transformations. Because only Mobius
invariant notions appear in this proof, without loss of generality we may assume that
the surface X (u,v) lies in My = R3.

Let Z be the mean curvature sphere at a point X (ug,vy) of the surface. Then
X (ug,vg) is one point of the sphere Z. Let p be a different point in Z and let S be
a sphere with center p that intersects Z transversally. We apply inversion fg of R3
through the sphere S, so that the point p is mapped to infinity and the sphere Z is
thus mapped to a flat plane fs(Z). The image fs(X (u,v)) of X (u,v) under inversion
will satisfty H = 0 at the point fs(X(ug,v9)). Thus the asymptotic directions of
fs(X (u,v)) at that point are perpendicular to each other, and are also the directions
of second order contact with fs(Z). Because we have been working only with Mobius
invariant notions, the lemma follows. U

2.13. Calapso transformations. In the following definition, the surface = has lift
X in some spaceform M, but since we are dealing with a Mdbius geometric notion,
the choice of spaceform will not matter.
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Definition 2.58. Let x = x(u,v), with lift X = X (u,v) € M, be an immersed surface
with isothermic coordinates u,v. A Calapso transformation 7' € O4; is a solution of
(2.44) T7YdT = A\t .
Then

L'sX -»TX el
1s a Calapso transform, also called a T-transform or conformal deformation.

Remark 2.59. If the initial condition for the solution 7' lies in Oy, then 7" will lie in
Oy, for all v and v.

Remark 2.60. Because of (2.44), At can be thought of as the logarithmic derivative
of the Calapso transformation.

The Calapso transformation is classical, and was studied by Calapso, Bianchi and
Cartan. It preserves the conformal structure and thus is naturally of interest in
Mobius geometry. In the case that the initial surface is CMC, it is the same as the
Lawson correspondence (see Section 2.20).

The following result has already been noted in Remark 2.47:

Lemma 2.61. If x is isothermic, then Calapso transformations exist.

Proof. The compatibility condition for the system

(2.45) T7'T,=\U, U= ﬁxo A Xow
(2.46) T7'T, =2V, V=35X0 A Xo,

to have a solution 7' is
AUV -VU)+V,—-U,=0
for all A € R, which means
(Xo A Xo,)(Xo A Xow) = (Xo A Xow)(XoA Xoy)
and
(’xU|2)v(X0 A XO,u) - ‘xu|2X0 A Xouw =
—(|zo]*)u(Xo A Xow) + |20 Xo A Xou -

The first of these two relations is easily checked, and the second follows from the facts
that

(247) ’xu’2 = ’:EU’Q y Ly Ty = 0 y LTyp = Axu + va
for some functions A, B, and then, for the same A, B, that
(248) XO,u’U = AX(]’u + BX(]’U .

0

In M&bius geometry (that is, in the space R*!), isothermic surfaces are deformable
(Calapso transformations with deformation parameter \), and this deformation pre-
serves second order invariants in Mdobius geometry, such as the conformal class (as
the next lemma shows). Note that for surfaces in Euclidean geometry, a nontrivial
deformation will never preserve the second order invariants of Euclidean differential
geometry, i.e. the first and second fundamental forms.
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Lemma 2.62. If z(u,v) and associated lift X (u,v) have isothermic coordinates (u,v),
then (u,v) will also be isothermic coordinates for any Calapso transform T X.

For the map T'X in this lemma taking values in the lightcone, we have not yet
formally defined the notion of ”isothermic coordinates”. However, a working defini-
tion implicitly appears in the proof below, and a proper justification of that working
definition will be given in Section 4.2 (see also Corollary 4.31).

Proof. Without loss of generality, we may assume M is of the form M, in (2.2) and
(2.3). The lift X takes the form

2t
X=s,||z]*—-1
2> +1
for some scalar s,, and the normal n lifts to

nt

Tn=5,|n-x
n-w

for some scalar s,,. Then

<Xu7Xu> = <XU7X1}> = 432(5Bu : xu) y <XuaXv> =0 5

(T, Xu) = (Tn, Xo) = (Tn, X) = 0.
From (2.45) and (2.46) and the fact that 7' € Oy, we can see that
(TX)y=TX, and (TX),=TX,,

and then it follows that X and T X have the same metric. We also have that T'7,, is
perpendicular to (T'X),, and (T'X),, so T'T,, is a normal of the Calapso transformation.
Finally, as (u,v) are isothermic coordinates for x and so (X, 7,) = 0, we can
compute that ((T'X),, TT,) = 0, completing the proof. O

Lemma 2.63. If X is a Moutard lift of x(u,v), then TX is a Moutard lift as well.

Proof. As in the proof of Lemma 2.62, we have (T'X),, = TXyp, and so X, || X
implies (T'X )y = T Xw||TX. O

Let us write 7" = T, since the solution 7% in dT* = T? - A7 depends on \. Then,
the Calapso transformation X* := T*X has an associated
(2.49) ™ = ﬁ)@ A X du + ﬁx* A X dv
as well, and we can in turn determine the Calapso transformations of 7* X by solving
d(T™) = TM - pr?
for TM*. The next lemma is about this T,

Lemma 2.64. With suitable choice of initial conditions for the solutions T™M* and
T, we have

THHA =TT
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FI1GURE 2.13. A Darboux transform: when the curve c in the surface
x is a curvature line, then the corresponding curve ¢ in the surface z is
also a curvature line

Proof. Let us take the initial conditions to be (here “I” denotes the identity matrix)
T =T*=1

for all A, ;u € R. We need to show that d(TMT?) equals T*T* - (1 + \)7. For this
we can first verify that 77* = T*r. Then we can compute that

d(TMTY) = d(T™)TA + TMdTA = T (T + T A7) =

TM (T AT + TAN1) = T T (4 N7 .
O

2.14. Darboux transformations. Geometrically, a Darboux transformation of an
isothermic surface is one such that

e there exists a sphere congruence enveloped by the original surface and the
transform,

e the correspondence, given by the sphere congruence, from the original surface
to the other enveloping surface (i.e. the transform), preserves curvature lines,

e this correspondence preserves conformality.

However, we define Darboux transformations differently:

Definition 2.65. Let T' be a Calapso transformation of X. Then X in the projec-
tivized light cone PL* is a Darbouz transformation of X if TX is constant in PL*
for some choice of \.

The equation that TX is constant is called Darbouz’s linear system.
Take a spaceform M, as in (2.2) and (2.3). Let & be the surface in R® = M, that
X is a lift of. Then
211
TX =T |a||z]*-1
|Z2> + 1
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being constant in PL* means that

21!
(2.50) dlrr|132-1]] =0
|Z]? + 1
for some nonzero function » € R. A computation then shows the following lemma.
An equation of the form ¢’ = f(y), where f(y) is a quadratic polynomial, is called
a Riccati equation, so Equation (2.51) below is a Riccati-type partial differential
equation (where y becomes ).

Lemma 2.66. Equation (2.50) is equivalent to the Riccati-type equation
(2.51) di = \# — z|*dz* — 23 — 2)((& — z) - dz*) .
Remark 2.67. From Equation (2.51) we have

|Zul® = |20]* = Nz 2|2 — 2", &y 20 =0,
so 2 is conformally parametrized by u and v. Also, we can check that

Al (=2 —z'n+2((& — 2) - n)(@ — 2))
and then that
Tyw -1 =0,

and therefore the parametrization of & by u and v is isothermic.

Lemma 2.68. [fX 1s a Darboux transform of X, then X s also a Darbouz transform
of X, and both are Darboux transforms with respect to the same choice of .

Proof. Equation (2.51) implies

||| = NP2 — 2|t
and A |2
“ r—x “ “
Ty - (T — ) =12 (Zu - (2 —2)),
‘xu‘
R Mz —z]? R
v (-2 = -2 5 -y
|$U|

Isolating the x, and z, terms, we find that

(2.52) Ty = Nz — 2228 — 2Nz — 2) (2% - (v — 7)),
(2.53) T, = Nz — 2235 — 2M(z — 2)(2F - (z — 7)) ,
and these are the same as Equation (2.51), but with the x and Z switched, proving
the lemma. U

To prove that Darboux transformations as we have defined them have all the re-
quired geometric properties mentioned at the beginning of this section, it remains
only to find a common sphere congruence S(u,v) to z and z, i.e. S(u,v) such that
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(1) S(u,v) L X(u,v),

(2) S(u,v) L dX(u,v),

(3) S(u,v) L X(u,v), and

(4) S(u,v) L dX(u,v)

Taking
20\ —d) w—a) [
S(u,v) = [ |22 —1] + - z-n|,
2" +1 (w=2)-n \i.5

direct computations show that items (1), (3) and (4) above hold. Then showing that
item (2) holds amounts to showing

2@ —2)-n)(T—2)-dx)+ ((z —2) - (x — 2))(n-dx) =0,
and this follows from Equations (2.52), (2.53).

Remark 2.69. When the surface = has a linear conserved quantity ) + AZ, one pos-
sibility for a Darboux transform is to take X = @) + A\gZ with A = \g chosen so that
|| X|]> = 0. Note that ||Q + X\oZ||? is constant with respect to uw and v, since

d((Q, 2)) = (Q,dZ) = (Q,—7Q) = 0.

This is a special case of a Darboux transform, and even of a Béacklund transform,
called a ”complementary surface”, and we will come back to this in Section 2.16,
after defining polynomial conserved quantities.

Remark 2.70. We define Bécklund transforms only after defining polynomial con-
served quantities, in Section 2.16. But for now, we just mention that Backlund
transforms (more generally than just complementary surfaces) can be obtained by
this recipe:

e take a surface x with a linear conserved quantity P = Q) + \Z,
e pick a value \ = p,
e pick an initial condition Z,, at some point p in the domain of x, such that

) 27
Xop= (2" =1 ] L P(u)p,
2,2 +1

e solve the Riccati equation (2.51) for .

Actually, we can choose either p or z, first, and then choose the other. Also, one
can check that X will remain perpendicular to P(u) at all points in the domain of z.
This gives a 3-parameter family of Backlund transformations, generally not preserving
topology of the surface x when x is not simply connected.

Also, note that we need to choose p so that P(u) is not timelike, for otherwise no
possible choice of X, would exist. In the case that P(u) is lightlike, the solution X
becomes P(p) itself, and the Bécklund transform will be a complementary surface as
described in Remark 2.69 and Section 2.16.

We now give a characterization of CMC surfaces in terms of Christoffel and Darboux
transformations:
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Theorem 2.71. A smooth surface x in R® has constant mean curvature if and only if
some scaling and translation of the Christoffel transform x* equals a Darboux trans-
form z (for some value of \).

Proof. Assume x is a CMC surface in R®. Then 2* = x + H, 'ng is the parallel CMC
surface, by Remark 2.32. To show z* is a Darboux transformation, we can compute
that Equation (2.51) holds, for A = HZ/|ny|* € R.

Now we show the converse direction, proven in [63]. Assume & is a Darboux trans-
form of z, and that & = a-2* + b for some constants a € R\ {0} and b € R®. So there
exists A such that (2.51) holds, that is,

(Maz* + b — z|? — a)dz* = 2X\((az* + b — z) - da*)(ax* + b — ) .
It follows that
(ax* +b—x) -2t = (az* +b—x)-25 =0

Since

laz* + b — z|* = ax™!
is constant,

ar* +b—xz=r-ng
for some constant r € R. So

dr* = o tdx + ra tdng .

Definition 2.26 implies  has CMC Hy = r—!. U

Corollary 2.72. Let x be a CMC surface in R3. Suppose % is both a Christoffel and
Darbouz transform of x, as in Theorem 2.71. Then, |& — x| is constant, and & — x
1s perpendicular to dx, so T is a parallel surface to x.

2.15. Other transformations. Here we make some brief remarks about two other
transformations. The interested reader can find other sources for more complete
information about them.

Ribaucour transformations: If we disregard some degenerate cases, Ribaucour
transforms (like Darboux transforms) preserve curvature lines, but (unlike Darboux
transforms) they do not necessarily preserve the conformal structure. A simple ex-
ample of a Ribaucour transform of a surface in R? is its reflection across a plane,
which is not a Darboux transform. So Ribaucour transformations are more general
than Darboux transforms.

Goursat transformations: In the case of a CMC H # 0 surface, a Goursat trans-
formation is the composition of three transformations, first a Christoffel transforma-
tion, second a Mobius transformation, and third another Christoffel transformation.

In the case of a minimal surface, a Goursat transformation is as follows: lift the
minimal surface to a null curve in C3, apply a complex orthogonal transformation
to that null curve, and then project back to R3. It is a Mobius transformation for
the Gauss map. One example of this is a catenoid being transformed into a minimal
surface that is defined only on the universal cover of the annular domain, and a picture
of this can be found in Section 5.3 of [60].
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2.16. Polynomial conserved quantities. Definition 2.48 and Equation (2.37) can
be extended to define smooth surfaces with polynomial conserved quantities of order
n simply by replacing P = Q) + A\Z with

P=Q+ NP+ NP+ ...+ \"'P,_ +\"Z

in that definition, where ), Z and the P; (we define Py = ) and P,, = Z) are maps
from the domain for z = x(u,v) to R*!. When z has a conserved quantity of order
n with (Z, Z) > 0, we say that z is special of type n.

We now state a result about polynomial conserved quantities of Darboux transforms
of special surfaces of type n:

Lemma 2.73. If the initial isothermic surface x = x(u,v) has a polynomial conserved

quantity P of order n, then any Darboux transform & = &(u,v) has a polynomial
conserved quantity P of order at most n + 1.

Proof. Let Xy be the lift as in Lemma 2.2 with £ = 0 of the initial surface x with
Calapso transformation 7' = T and polynomial conserved quantlty P = P()\) of
order n. Then T*P is constant with respect to w and v. Let X, be the lift as in
Lemma 2.2 with £ = 0 of the Darboux transform z of z, i.e. T*X, is constant in
PL* for some particular choice of A\, and let us refer to that choice of A as A\ = p, i.e.
TrX, is constant with respect to v and v. From now on we take i to be that fixed
value, and A\ will denote a free real parameter.
Let A be the matrix in Oy4; representing the map

R 5 Y — YV + ((Xo, Xo)) ™ { MA(Y Xo) Xy + LAQ/ Xo) X } c R,

Then the map that A~! represents will be
A -\ A A N
R4! 5Y Y + (<X0, X0>)71 {—<Y, X0>X0 + —/\<§/, X0>X0} c R,
u —

We note, as an aside, that by Equation (2.51) we have
x
Ty, = —M|f - £E|2

u A A xu
T E) (@_x). mwz) ’
. . T, R R Ty
Ty = plz — x|2’xv’2 —2u(2 — x) ((ZE — ) ‘-%;‘2) :

We now wish to show

(2.54) AF(9y) = AAT(0,)A + A"1dA(D,) |

(2.55) MN(0,) = ATIA1(0,) A+ A7 A(9,) .

For this purpose, we will take convenient scalar multiples of X, and X,. Because
T“XO is constant in PL*, we have that T“Xo = rY where Y is a constant vector and
7 = 7(u,v) is a real scalar factor. Then

T”(’T’A_IX()) - Y .
Because R R R
0 =d(T*7 ' Xy)) = (dT")(P* Xo) + THd(F ' Xo) =
TH(pr (P X)) + d(7 71 X)) |
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we have R
(d+p7) (P ' Xo) =0 .

Similarly, there exists a real scalar factor r = r(u,v) so that T¢(r1Xy) = Y is a
constant vector, and

(d+ pt)(r'Xo) =0.
We use the above two equations repeatedly in the following computations. Also,
d{r= Xo, 771 Xo) = (d(r~ Xo), 71 Xo) + (171 X, d(7 71 X)) =
(1 Xo, 7 (F X)W 7 (171 Xo), 771 X)) = 0,
because 7Xo = 7 X, = 0. Thus, without loss of generality,
(X, X)=1,
where we define X R
X :=r'X,, X:=r1X,.
Using these special normalizations X and X , we can now make a cleaner computation

showing Equations (2.54) and (2.55), as follows: First we note that we can rewrite
the maps that A and A~! represent as
Y =Y+ _—A<Y,X>X+ L(Y,)QX :
I = A
—A A .
Y Y+ 2V, X)X + ——(V, X)X .
p p—=A
Defining
AW = _\7(8,) + ATIAT(0,)A + A7LdA(D,) ,

AW = _\7(D,) + ATIAT(9,) A+ AT A(D,) .
It suffices to check that A®Z =0, for Z = X, X and for
Z = Z(u,v) € (span{X, X })*
An useful fact will be

ATX, = Xy 4 25X, X)X = Xy 4+ 25(—p7(0,) X, X)X = X,

and similarly

If Z =X, then
AWZ = (AT A, = X7(0,))X = AT AX + 2 X, =
AT =D)X)u+ (5 - DXu=0.
Now suppose Z € (span{X, X})*. Then
A2y = Zy = =2, X)X +25(Z,, X)X =
MZ, X)X = 252, X)X =
22, —p#(0, )X>X LA(Z, —ur(8,) X)X =

_ ) _
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2\ 20U\

I ~a— Z, Xu X - 27 Xu X )
and so
AW Z = ATIN1(0,)Z + ATYAZ — M (0,)Z =
2\ 2\ R X
— (X, DA X+ AN ALy — 2y — ——— (X, 2)X =0,
<Xu,Xu>< ) (AZ) <Xu,Xu>< )

by substituting in the relation for A='Y, — Y, just above. These and other similar
computations show Equations (2.54), (2.55).
Using Equations (2.54) and (2.55), we see that

d(T*A) = T*A - \7 |

and so R
™=T"A
solves R )
(TM7HT* = A7 .
Then we define R

P=u(u—NA'P.

TP is constant, since
d(T*P) = pu(p — Nd(T*A - A7 P) = pu(p — N)d(T*P) = 0 .

Thus P is a polynomial conserved quantity for  of degree at most n + 2. To show
that the degree is actually at most n+ 1, it suffices to show that the leading coefficient

Py = (Xo, Xo) ™ (Py, Xo)Xo
is zero. But, like in item (3) of Remark 2.49, we have
TP, =177=0,
so (P,, Xo) = 0 (see Lemma 2.50), and P has order at most n -+ 1. O

Remark 2.74. Although A and A=Y in the above proof have poles at A\ = i, note that
P itself does not.

The Darboux transform in Lemma 2.73 is a Backlund transform exactly when it
is of type at most n. See Remarks 2.69 and 2.70. We can take this as a definition of
Backlund transformations. One can think of Backlund transformations are Darboux
transformations that preserve special properties. For example, they will preserve the
property of being CMC.

For an isothermic surface with a polynomial conserved quantity of order n, we
define a complementary surface, like in Remark 2.69, as follows: take a value p so
that

IP()? = [1Q + uPr + p*Py+ ..+ " Poy + p"Z|P = 0
and define the complementary surface to be P(u). (Clearly, choices of p for which
P(u) is not lightlike are not allowed.) This will be a Bécklund transformation, i.e. of
type at most n.

Complementary surfaces can be of type n. But if a Backlund transform is of type
n— 1 (Darboux transforms must be of type at least n — 1, by Lemmas 2.68 and 2.73),
then it must be a complementary surface, by Lemma 4.10 of [25]. Examples of type
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n— 1 Bécklund transforms can come from CMC 1 surfaces in H? and minimal surfaces
in R, In fact, we have the following lemma:

Lemma 2.75. In the case n =1 (i.e. CMC surfaces), CMC +£+/—k surfaces in M,
are the only cases where a type n—1 = 0 Bdcklund transform can exist. In particular,
if such a Bdcklund transform exists, then k < 0.

Proof. When the linear conserved quantity is normalized so that ||Z]|? = 1, we have
(see (2.41), (2.42) and Lemma 2.5)

INZ + Q| =\ —2H) — &,
and the discriminant is

2VH? + k.

When a type 0 Biacklund transform exists, we have a higher order zero of A2 —2H\—k
(by Lemma 4.10 in [25]), so

H*+ k=0,
i.e. H> = —k. (See [25] for further details.) O
2.17. Bianchi permutability. In this section, we will see how two Darboux trans-

formations of a surface can themselves have a common Darboux transformation. Con-
sider an isothermic surface, in a spaceform M3,

X(u,v) Cc M? c L* ¢ R
with isothermic coordinates u, v, and with associated 1-parameter family of flat con-
nections
M =d+ M,
where 7 is as defined in Equation (2.32).

Lemma 2.76. X (u,v) is a Darbouz transform of X (u,v) with Darbouz parameter
A= if and only if THX || X.

Proof. X is a Darboux transform with Darboux parameter p if and only if THX =
r(u,v)Yy for some constant vector Yy and some scalar function r(u, v). This condition
can be restated in derivate form as

(dT"X +THdX = dr - Yy ,
which is equivalent to
X =&y lyy=4X .
This proves the lemma. U

Definition 2.77. We define the orthogonal transformation T(s) of R*, for v,w €
L*, by
IY(s)Y =sY if Y|jw,
T“(s)Y =s7'Y if Y|v,
I'(s)Y =Y if Y L span{v,w} ,
for each s € R.

The explicit form for I'(s) as in the next lemma can be easily verified:
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Lemma 2.78. T¥(s)Y, for Y € R can be written as
LY(s)Y =Y + (v,w) " {(s = ){Y,v)w + (s7 = (Y, w)v} .
The next lemma, however, requires a bit more work to prove:

Lemma 2.79. Tuking lifts X, X such that (X, X} =1, "X = I»X = 0, for
' =d+ M and T = d + M7, as we did in the proof of Lemma 2.73, we have

(1) TX(s) = exp((log(s) X A X),

(2) for all X # p,

31— 2ol =17,
where the symbol o denotes the composition of maps
PY(1—2)o = (IX(1 - 2)HIT¥ - 2)7" .

(The second of the two equations above is actually independent of the choices of lifts

X and X.)

Proof. The proof of the first item is straightforward. A proof of the second item can
be accomplished in the following three steps:

(1) Insert X into both the left and right hand sides of the equation, and show
(1= TR = (= X) = A= )7 X .

The conditions on the choices of lifts X and X imply that X,, X,, X X,
are all perpendicular to span{X, X }. We need to show, for the coefficient of
the du part for example, that —p(1 — —)X (A — )X, which of course is
true.

(2) Insert X into both the left and right hand sides of the equation, and argue
similarly to the previous case.

(3) Insert Y L span{X, X }, and show, for example,

PY(1 =2V, + 25X, V)X =V, + 25X, V)X .

IX |2
Writing
Y, = (X, Y)X —(X,,Y)X +Z (Z Lspan{X,X}),
we need to show statements like
(X V)X, X} = 20X, V)
which follows from Xu = \)?_SIQX"’

The proof is then completed by noting that for any scalar functions f;(u,v) and

falu, v),
CX(1=2)oTY(AX + oX +V) = (TX(1 - 2) o TH X+
£H(0¥a - a)o M™X 4+ (I¥1 - 2)oTYY +dfi X + dfyX =
ADAX + LIAX +TY + dfi X +dfe X =TNAX + oLX +Y) .



55

L5
=

X

FI1GURE 2.14. Bianchi permutatibility

Now suppose that X; and X, are both Darboux transforms of X, with Darboux
parameters p; and po respectively,

Ml#”?)

and with associated 1-parameter families of flat connections I} and '} respectively.

Bianchi permutability is the existence of another surface X that is both a Darboux
transform of Xl with Darboux parameter s and a Darboux transform of Xz with
Darboux parameter ;. We define X as

X = I ()X C L' Nspan{X, X1, Xo} .

Noting that dim(span{X, X1, Xo, )2'}) < 3, it follows that X, X1, X5, X will all lie on
one circle, once they are projected down to some spaceform M?3. In particular, their
cross ratio will be real, and Lemma 2.11 implies

(X, X5) (X3, X) — (X, X)Xy, Xo) + (X, X0) (X5, X)

CI'(X,XQ,)?,Xl) = =~ =~ 9]
2(X, X1) (X9, X)

Then, using the facts that
<X1,X> — t<X,X1> 5
(Xo, X) = 71X, Xs)
(X, K1) (X, Xs)
<X17 X2>
we can prove the following lemma, which was actually the motivation for the choice
of definition of X above.

Lemma 2.80. The cross ratio of X, X5, X, X, is

(X, X)=(@t+t""—-2)

Crx X X%, = L

The next theorem shows that, when t is chosen correctly, X is a Darboux transform
of both X; and X5, with Darboux parameters us and p; respectively.

Theorem 2.81. Taking t = pypy ", we have T* X || X, T4 X||X.
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FIGURE 2.15. Physical models of the helicoid in R?, a minimal surface
(owned by the geometry group at the Technical University of Vienna)

Proof. Let us prove the first of the two claims [**X||X here. The second claim is
proven similarly. The first of the two claims is equivalent to

DY (1= papy TP2T Y (1= papiy T2 (i ) XD (paz )X
ie. R .
DD (1= popy TR (g XD, (= przpay YT () X

Since X, is a Darboux transform of X with Darboux parameter 1o, it will suffice to
show that

L%, (1= popy DT (s ) X
is parallel to XQ, and it can be shown by straightforward computation that

_ X X,) .
)X:Ml M2-<A’A1>X2.
H2 <X1,X2>

L%, (L= pop T2 (g
O

In the next sections 2.18, 2.19, 2.21, 2.22, we consider particular surfaces in ways
only loosely connected with previous sections, but in later chapters we wish to consider
their relations with Lie sphere geometry, and also consider their discretizations in a
separate text, so we include these sections here. Section 2.20 is about the connection
between the surfaces in Section 2.18 and those in Section 2.19, and makes use of
conserved quantities in Mobius geometry, as described in previous sections.

2.18. Minimal surfaces in R3. We can always take a CMC surface to have local
isothermic coordinate z = u + v, u,v € R, i = v/—1 (away from umbilic points),
and then the Hopf differential becomes Qdz? for some real constant Q. Rescaling
the coordinate z by a constant real factor, we may assume Q = 1. So now assume

we have an isothermic minimal surface in R? with Hopf differential function Q = 1.
Then
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where ¢ is the stereographic projection of the Gauss map to the complex plane, and
g' = dg/dz. The map g taking z in the domain of the immersion (of the surface) to
C is holomorphic. Because we are avoiding umbilics, we have ¢’ # 0. When we are
only concerned with local behavior of the surface, we can ignore the possibility that
g has poles or other singularities. Then the Weierstrass representation is

¢ o9 dz

x:Re/ (29,1 —gg,z—kng)? )
20

The explanation of the Weierstrass representation for minimal surfaces here is ex-

tremely brief. More complete explanations of this representation can be found in

many places, including [49], and many of the more standard references can be found
in the bibliographies of [49] and [103].

2.19. CMC 1 surfaces in H3. We can now similarly describe CMC 1 surfaces in H?.
Construction of CMC 1 surfaces with isothermic coordinates starts with the Bryant
equation (g is an arbitrary holomorphic function such that ¢’ # 0)

ror(t 5)t
with solution F' € SL,C, and the surface is then
F-F'el’.
Here, hyperbolic 3-space is

H = {(z0, 21,22, 25) € R™ |29 > 0,25 — 2] — 235 — 25 = 1} =

{A:(ZL‘O+$3 xl+2x2)‘det(A):17$o>O}:

T — 1Ty Tg— T3
{a-dt|a€SL2(C}.

Ezxample 2.82. Take any constant ¢ € C\ {0}. Then for g = ¢z, one solution to the
Bryant equation is

oo gl cosh(z) ¢sinh(z) — gz cosh(z)
—4 sinh(z) gcosh(z) — gz sinh(z) ’

and FF!is a CMC 1 Enneper cousin in H?.

Example 2.83. To make CMC 1 surfaces of revolution, called catenoid cousins, one
can use g = e'* for p either real or purely imaginary.

Once again, the explanation of the Weierstrass representation here, for CMC 1
surfaces in H?, is brief. More complete explanations of this representation can be
found in [49], [103] and references therein.

2.20. The Lawson correspondence. For a surface x with isothermic coordinates
w and v, and with lift X in L* and 7 as in (2.32), X gives a surface in the space-
form determined by @, and we have the Calapso transformation X* := T*X, with
(TA)~YdT* = Ar. For any fixed real y, the 7# for X# is similarly defined as in (2.49)
(with X there replaced by p), and it is readily shown (see the proof of Lemma 2.64)
that

= THr(T")™ .
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Now suppose X has a polynomial conserved quantity P. Then
(d+ M) (THFP(A+ 1)) =0,

and therefore
Pt = PH(N\):=T'P(\+ p)

is a polynomial conserved quantity for X* of the same order as P = P(\).
For later use, we note that

(2.56) dX" = d(T'X) = T"(dX + (T*)HdT"X) = TH(dX + prX) = TFdX ,
and we similarly have, for the top term coefficient Z# = T*Z of P*,
(2.57) Azt =THdZ + prZ) = THdZ |

because 77 = 0.

When P is a linear conserved quantity, x#* gives a CMC surface in the spaceform
determined by the constant term Q* in P*. Let us rescale X so that it lies in the
spaceform M determined by the constant term () of P. Since

Q' =T"(pzZ+Q),
and
<XM7QH> = <Xa Q> =-1 )
X* lies in the spaceform M* determined by Q*. Then ||[dX*||? = ||dX]|? implies the
metrics of the two surfaces in M and M* coming from X and X*, respectively, are

the same. Using (without loss of generality) the case (2.3) and Equation (2.40) and
that h is constant, we have

1 1
(e (™) ) = g e -

1 1
Wil | —X, Zyy—h | ———X Zy ) .
<<1+mm2 ) > <(1+n|x|2 ) >

We also have, by (2.56) and (2.57),
(dX*,dZ") = (TFdX, T*dZ) = (dX,dZ) .

Furthermore, Z# = T*Z, and so ||Z"||?> = ||Z||* and so Equation (2.41) implies & is
the same constant for the two surfaces. It follows that the Hopf differentials of the
two surfaces are the same. Also, assuming we have normalized P so that ||Z]]? = 1,
the mean curvatures H and H* of x and z* are related by

HY = —(TFZ,TM(uZ +Q)) = —pn+ H .

We conclude that we have the Lawson correspondence between the surface given by
X in the spaceform M determined by @ with constant sectional curvature —||Q||?
and the surface given by X* in the spaceform M* determined by Q" with constant
sectional curvature

—|QUII* = —p* + 2uH — ||QI* .
(See Section 5.5.1 of [49].)
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FIGURE 2.16. Spacelike constant mean curvature surfaces of revolution
in Minkowski 3-space with timelike axes (see [16])

Remark 2.84. Minimal surfaces in R? and CMC 1 surfaces in H?, as in Sections 2.18
and 2.19, are related to each other by the Lawson correspondence. In this case,

1QIF =H=0 and p=-1,
SO

—|Q"|?=—1 and H*=1.

2.21. Spacelike CMC surfaces in R%*!. In this section, we consider maximal sur-
faces and spacelike CMC surfaces in R*!, in preparation for considering discrete
versions of these surfaces later. Consider a smooth surface

z(u,v) = (z1(u,v), x2(u, v), x3(u, v))

in R? or R?! (with metric of signature (+, +, —) in the case of R*!), with unit normal
ng, which we simply write as n here. Suppose the surface is spacelike, in the case
of R%!. Also, suppose that the coordinates u, v are isothermic, with first and second

fundamental forms
7 (Te T 0 _(E O
- 0 Ty Ty) \NO E)7

Il — N-Tyuy N Toyy\ b11 b12 o k’lE 0
S\ Ty MTyy)  \ba b)) 0 kE)
where “” denotes the inner product associated with R?® or R>'. We have n, =
—kyz, and n, = —kyx,, where k; and ky are the principal curvatures. For the Hopf

differential Qdz? with z = u+ iv, the Hopf differential function @ is, with “” linearly
extended to complex vectors,

~

E
Q:n'l‘zzzz(k’l—k’z) .
If the mean curvature H is constant, then

Q= (E/4)(ky — k) €R

is constant. (See Corollary 2.36, for example.)
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FIGURE 2.17. A constant Gaussian curvature surface of revolution in
Minkowski 3-space that is a parallel surface to the CMC surface shown
on the righthand side of Figure 2.16 (see [16])

/4

FIGURE 2.18. Spacelike constant mean curvature surfaces of revolution
in Minkowski 3-space with lightlike axes (see [16])

Lemma 2.85. If x is isothermic in R® or R*! with isothermic coordinates u,v, then
x* exists, solving
x x
dr* = —du + =dv .
E E

Proof. This was already proven in the case of R in Lemma 2.27, so let us be brief
here: We want to show “d?z* = 07", i.e.
d(—x B du+ v, B dv) =0,

i.e.

20,8 — v, B, — x,E, =0.
We can see this by noting that b, = 0 implies z,,, = Az, + Bz, for some reals A and
B, and that (z,,z,) = 0. O

The z* in Lemma 2.85 is the same as the z* in Definition 2.30, but scaled by a
factor of 1/4. This is a non-essential change.

Proposition 2.86. Let x be an isothermic immersion in R3 or R®', with x* as in
Lemma 2.85. Then x is CMC H if and only if

dx* = h(Hdz + dn)

for some constant h.
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F1GURE 2.19. Spacelike CMC surfaces of revolution in Minkowski 3-
space with spacelike axes, the righthand surface being a cylinder (see
[16])

F1GURE 2.20. A spacelike CMC surface in Minkowski 3-space lying in
the associate family of the spacelike CMC surface of revolution shown
on the righthand side of Figure 2.16, and itself not being a surface of
revolution (see [16])

Proof. Let us again be brief, because the R? case was already dealt with in Remark
2.32:

(2.58) —z, B du + 2, B 'dv = h(Hdx +dn) , h constant
is equivalent to ki + ko = 2H with
h=2E"Y(k —ky)™*
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constant. The first of these last two equalities is clearly true, and A is constant if and
only if the Hopf differential function () is constant, which is true if and only if x has
constant mean curvature. 0

Because, even without assuming H is the mean curvature, Equation (2.58) forces
H to be the mean curvature, we have:

Corollary 2.87. An isothermic immersion x in R® or R>! is CMC if and only if

Ty, Ty,
—Edu + Edv = h(Hdz + dn)

for some real constants h and H.

2.22. Weierstrass representation for flat surfaces in H?. We denote by R3!
the Minkowski 4-space with the inner product (-,-) of signature (—,+,+,+). The
hyperbolic 3-space H? is considered as the upper-half component of the “radius 1”

two-sheeted hyperboloid in R3! with the induced metric. Identifying R*! with the
set of 2 x 2 Hermitian matrices Herm(2) via

o+ T3 I +ix2

R3>Y 5 (20, 1, T2, T3) < .
(07 1,42, 3) T — 1Ty Ty — T3

) € Herm(2),

H? is represented, like in Section 2.19, as
H* = {z = (20, 1, 29, 73) € R*! | (z,2) = —1, 29 > 0}
={X € Herm(2) | det X =1, traceX > 0}
={aa'|a € SLyC} = SL, C/SU, .

Any isometry of H? is given by the map on the collection of points aa’ in H?, as
follows:
aa’ — (apa)apa ,
for some a¢ € SLy C.
We can consider the projection to the upper half-space model

(2.59) 7 H? 3 (29, 21, T2, 23) —

T1 4 iz, 1) € R3,
$0—$3(1+ 2 ) +

where R? := {({,h) € C x R; h > 0}. This is an isometry when the target is given
the metric

|dC|* + dh?
(2.60) (Ri, — )
The ideal boundary OH? is identified with C U {oco}. We can write
Qg1 o2, 1
(2.61) m(aa') = (a11a1+ alga??_’ ), where a = <a11 al?) € SL, C.
(21021 + Q22022 a1 Qg2

Similarly, 3-dimensional de Sitter space S>! can be described as

21 B L VA
S —{a (O _1) a

CLESLQ(C} .
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FIGURE 2.21. Flat surfaces in H3: a hyperbolic cylinder on the left, a
“snowman” in the middle, an “hourglass” on the right (see Examples
2.92, 3.36 and 3.38)

FIGURE 2.22. Flat surfaces in H3, the surface on the left being a
“peach front” (see Example 3.37), the surface in the middle having
Weierstrass data G = 2z and G, = 2? on the Riemann surface C\ {0, 1},
the surface on the right being a portion of the surface in the middle

(see [78])
Remark 2.88. A point (zg, 21, 22, z3) € H? in the Minkowski model becomes
(xla X2, x3)
1+ Zo

in the Poincare model. (See [103].)

Definition 2.89. A smooth map x: M? — H3 with unit normal vector field n in
S% from a 2-manifold M? is called a front if the map (xz,n): M? — TyH? is an
immersion. Here, TYH? denotes the unit tangent bundle to H?3.

The parallel front x; at distance t of a front x is given by
(2.62) xy = (cosht)x + (sinht)n, ny = (cosht)n + (sinht)z,
where n; is the unit normal vector field of z;.

Definition 2.90. A front x: M? — H? is called a flat front if, for each p € M?,
there exists t € R such that the parallel front x; is a flat immersion at p, where an
immersion s flat if its intrinsic Gaussian curvature K s identically zero.

If any one parallel front is a flat immersion, then all parallel fronts that are immer-
sions are flat (see the comments on parallel flat fronts below). So Definition 2.90 is
sensible.
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FIGURE 2.23. Flat surfaces in H?, the surface on the left having Weier-
strass data G = z and G, = 23 on the Riemann surface C\ {0, 1, —1},
the surface on the right being a portion of the surface on the left (see
[78])

FIGURE 2.24. Flat surfaces in H?, the surface on the left being the
caustic of the surface shown in Figure 2.23 (see [78]), the surface on the
right being an example of a p-front that is not globally a caustic (see
[79])

The following result is in [55] (a proof can also be found in [49]), and is similar
in spirit to both the Weierstrass representation for minimal surfaces in R® and the
representation of Bryant for CMC 1 surfaces in H?:

Theorem 2.91. A flat front x from a Riemann surface M? with local coordinate z
to H? can be locally constructed from two complex analytic one-forms w = &dz and
0 = 0dz on M? (z is a local complex coordinate on M?) as follows:

r=FEE", where E = (é, g) € SLy C  solves dE:E(g g) ,
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and its normal vector field in S*' is

B 1 0\ =
n—E(O _1)E.

Ezxample 2.92. Let o € R\ {0, 1} be a constant and define holomorphic functions w,
6 on the universal cover of M? = C \ {0} as follows:

2
0 = _12—2/(1—00 H=_ % 2/(-a)
c? (1 —«)?
for some constant ¢ € R\ {0}. Then we have surfaces called hyperbolic cylinders if
a = —1, hourglasses if a < 0 (o # —1) and snowmen if a > 0. All of these surfaces

are well-defined on M? itself. See Figure 2.21. If we set o = 0 and replace M? by C,
then we have a horosphere.

The first and second fundamental forms of x are
ds® = |w + 02 = Qdz* + Qdz* + (w2 + 02),  Qdz? = wé,

(2.63)
IT=10)* — |w|?.

Immersed umbilic points occur at points where the Hopf differential deQ (a holo-
morphic 2-differential) is zero but ds? is not degenerate, i.e. exactly one of the two
1-forms w and 6 is zero. -

Although w and 6 are generally only defined on the universal cover M? of M?, |w|?
and |0]* are well-defined on M? itself, as is Qdz2. Furthermore, the zeros of Q are
the umbilic points of x. Defining a meromorphic function

2.64 = —
(2.64) p=
on M2, we have that [p|: M2 — [0,4oc] is well-defined on M2, and p € M? is a
singular point of z exactly when |p(x)| = 1.

The hyperbolic Gauss maps. The hyperbolic Gauss maps are

_ A _ B
G=%7, G.=3.

Geometrically, G and G, represent the intersection points in the ideal boundary
OH? = C U {oo} of H? of the two oppositely-directed normal geodesics emanating
from z in the n and —n directions, respectively.

For a € SL,C, the transformation FE, + aF, corresponds to the rigid motion
z + axa' in H?. Then the hyperbolic Gauss maps change, with a = (a;;)7,_;, by a
Moébius transformation:

(2.65) Grraxg=CTu2 o g oG T
anG + ag an Gy + az
Because det £ = 1, we have
—w 0 1
so the Hopf differential is
. —dGdG,
(2.66) Qdz* = —(CD)*dGdG, = GdG

(G—=G.)*
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Another computation gives
G" 2G" o'
@

(2.67) G a-a "

a"\' 1 /G 2
s@-(z) -3 (&)
as the Schwarzian derivative, and defining s(w) = (@'/@)" — (1/2)(&'/@)?, we have

(2.68) S(g9) — S(G) = 2Qdz?* if and only if s(&) — {G, 2} =2Q ,

Gy 26, 0
G G.-G g

Defining

S(g.) — S(G,) = 2Qdz* if and only if s(0) — {G,,z} =2Q .
We know that S(g) — S(G) = 2Qdz? and S(g.) — S(G.) = 2Qd=z? hold, by using
oo ws o i i
a c ¢ 7 D
U,-ambiguity. Changing F to

ei/2 0
B (0 o)

does not change the surface if v € R, but does change § and w to 76 and e "'w. So
0 and w have a U;-ambiguity.
Dual flat fronts. Also,

0 i
b .
(2.69) E':=E, (Z 0)

CZ},
w

—t
gives the same front z, but the unit normal EjhcegEJhc = —n is reversed. E]hc is called
the dual of E;. The hyperbolic Gauss maps G*, G%, the canonical forms w?, 6 and
Hopf differential Q%dz? satisfy

Gh=@G,, =G, J'=0, O =w, QW= Qd?*.

Parallel flat fronts. Replacing 6 and & with e’ and e '@ for some ¢ € R, we

find that
e t/2 0
2%y )

becomes a solution of the equation in Theorem 2.91, and that x and n change to the
x; and ng in (2.62). It follows that all the parallel surfaces of a flat front are flat
wherever they are immersions.

Remark 2.93. It was shown in [82] that E can be written as (the Small-type formula
[123])
r_ A dA/w
- \C dCJw)
where A = CG and C =i,/ 35.
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A holomorphic Legendrian lift E can be expressed in terms of a pair (G,w), see
[82]:

_ (GC d(GC)/Jw L w
(2.70) E = ( C dC ) : where C =1 Pk
Another representation formula for F is given in [82]:
G/¢ ¢G./(G—G.) /z dG
2.71 E = =9
(2.71) (1/5 )G -a,) ) oo L G—G.’

where 2z € M? is a base point of integration and 6 € C \ {0} is a constant. Here §
corresponds to the choices in the U;-ambiguity and in the family of parallel fronts.
We then have

dG dG dG,

& (G—G.)?*’

and the second of these two equations was already seen in Equation (2.66).

(2.72) w= Qdz? = —

Remark 2.94. The normal n gives a flat spacelike surface in S*!, and the normal to
nis x.

Remark 2.95. We have a relation with a Riccati-type equation here. Given the form
of @ in (2.72) and the fact that we can locally take

Q=1/4
wherever the Hopf differential is not zero (by a conformal change of coordinate z),
we have

(2.73) (G —G,)? = -4G'G .

This is a Riccati-type equation, which means we have a means to solve it. Taking G
as given, we can find G,. The solution G, is determined by an initial condition in C,
so there is a real 2-dimensional choice of solutions G,.

FExample 2.96. Here are some examples of determining a G, given a G:
(1) G = 0 implies we can take G, = 0,
(2) G = ¢ implies we can take G, = c,
(3) G = az + b implies we can take

4
G, =az-+b+ 2ia — 'a -,
cert —

(4) G = az® + b implies we can take
G, =b+az(z* —12) + 6iaz* - —— )
e* +1c

(5) G = a/z implies we can take

B a(ccos(z/2) + sin(z/2))

"~ (cz+2)cos(z/2) + (z — 2¢)sin(z2/2)
(6) G = ¢*/V2 implies we can take

G, = —e/V?  tan <L —c) ,
2V/2
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where a, b and ¢ are constants. Some other examples for which one can find G,
explicitly are
G=2"+v3%4+2z, G=2", G=cosz,
G=sinz, G=(2—1) and G=ualogz.
We now consider how to find all solutions G, for a given G. Define u = u(z) by
v 2G" -G
o (2206
and then (2.73) becomes
(G')? —2G'G" + (G")* 0
4(G/)2 ’
Then, once we have one solution G, with associated solution ug to (2.74), we have
all solutions G, as follows: Given one solution ug to (2.74), one other independent

solution is
U = Uy / Uy 2dz .

Thus we know all solutions to (2.74), and in turn all solutions G,.

(2.74) u 4 -
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3. LIE SPHERE GEOMETRY

We now “lift” Mobius geometry up to Lie sphere geometry, which is the natural
setting for considering {2 surfaces.

3.1. Lie sphere transformations. The first part of this section reiterates material
found in [31], so we will keep the descriptions here brief.
Consider R*? with the metric (-, -) of signature (—, +, +, +, +, —) and

( 0 ) 1

R = span C R*?

_— o O O O

\ Vs

with induced metric (-, -) of signature (—, +, +, +, +). (This R*! has timelike direction
in the first coordinate rather than the last, unlike the R*! we used in previous sections.
We make this non-essential change to conform here with the notations used in [31]
and other sources.) Let L%, resp. L5, be the light cone in R*! resp. R%2. Slicing
L* by hyperplanes P of R*! gives 3-dimensional spaceforms M?3. Spheres in these
spaceforms are given by

{(feM)=L*NP|(F & =0}

for spacelike vectors & € R*! (point spheres result when ¢ is lightlike). See Section
2.8.
Mobius transformations are given via A € O, applied to R*! by

telling us how points (point spheres) and spheres transform. See Section 2.3.

Ezxample 3.1. As an example of this, like in Section 2.3, take v = (vy,vq,v3) and
p = (p1,p2,p3) in R3 and r € R, and consider the transformation

gpﬂ“ — Afp,r = 5p+vﬂ" )

where
1+%v-v %v-v U1 Uy V3
—%vm 1—%1)‘1) —v1 —Uy —U3
A= U1 V1 1 0 0 € 0471 ,
V2 (%) 0 1 0
Us (%} 0 0 1
s(Ltp-p—r?)
s(L—p-p+7?)
gp,r = P
P2
Y2

The vector &,, represents a sphere with center p and radius r (when we take Q) =
(1,—1,0,0,0)"). The map (3.1) translates spheres of radius |r| and center p by v in
R3. Note that ||, ,||* = r* > 0 when the radius |r| is nonzero.
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In Lie sphere geometry, on the other hand, the Lie sphere transformations are
given by matrices in Oy, and the group of Lie sphere transformations is isomorphic
to O42/{%1}. The objects under consideration are oriented spheres, and for this we
use R*?, i.e. we give a sphere by

- gp,r 5

Epr 1= (ir e L,
where the &,, part determines a sphere (with center p and radius |r|) in R? (and
also determines a sphere in any other spaceform) and the sign in front of the final

coordinate r determines the orientation of the sphere (see Section 2.5 of [31]).
To determine the form of &,, when r = oo, we can consider the family of spheres

(2r)*(1+p-p+2rp-n)
(2r)*(1—p-p—2rp-n)
ript 4+ nl
1

T_l : gp-l—rn,r -

all containing the point p and all having the unit normal n at p, and then take the
limit as » — oo, to obtain the following vector representing the plane through p with
unit normal n:

p-n

— — . n
gp,n = Zt

1

When z is a surface and n is a unit normal vector field of z, &, ,, represents the tangent
planes to z.

Example 3.2. With A as in Example 3.1, take

A0
(o 1) € Oz
- A 0\ - =
(é;ﬁr) — (0 1) gp,r = Sp—&-v,r .

This is an example of a Mdbius transformation becoming a Lie sphere transformation.
Orientation of the spheres could be reversed by instead choosing

A O
(4 2)con

All Mo6bius transformations can be included in the collection of Lie sphere trans-
formations by taking arbitrary A € O4; in Example 3.2.

The next example is a Lie sphere transformation that does not reduce to a Mobius
transformation, because it takes point spheres to true spheres (“true sphere” means
that the sphere has a strictly positive radius), and takes some true spheres to point
spheres as well:

and take the map

Example 3.3. This will be an example of a Laguerre transformation. Laguerre trans-
formations are Lie sphere transformations that preserve the point at oo for R3U{oo},
i.e. that preserve planes in R3.
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If a Lie sphere transformation (or just “Lie transformation” for short) in R*? fixes
a spacelike vector, then it reduces to a Lie transformation of R*2. If it fixes a timelike
vector, then it will produce a Mobius transformation. If it fixes a lightlike vector,
then it gives a Laguerre transformation.

Mobius transformations preserve the angle of intersection between spheres. Lie
sphere transformations preserve oriented tangential contact between spheres. La-
guerre transformations preserve ratios amongst tangential distances between spheres,
and we will see in the example here how Laguerre transformations do this. Set

1—%32 —%32 00 0 —s

367 143s2 00 0 s
0 0 100 0
W= 0 0 010 0o]|€%e
0 0 001 0
S S 000 1
(32) Ep,r — ngm - gp,r-i-s .

This map preserves a lightlike vector, which means it preserves a sphere S. We can
choose a unit timelike vector p so R*! = span{p}+ and S is a point-sphere in that
R*!. Then we can choose R?* C L* C R*! such that S is the point at infinity of R3.
More explicitly,

1
-1
0
0
0
0
is an eigenvector of W, and we can take
( 0 L1
0
R*! = span 8
0
L \1/ )
and then
4 1
0 -1
0 projects to g:= | 0
0 0
0 0

in R*!. We use this ¢ to make
R® = {X € L*| (X, q)gsn = —1} .

(We are now using a lowercase “g” to denote the vector that determines the spaceform,
rather than the uppercase “Q)” that we used before. This is for compatibility with
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FIGURE 3.1. A Laguerre transformation

the “p, ¢” notation soon to be used in Section 3.3.) Then ¢ is the point at infinity of
R3, and finite points p = (py, p2, p3) € R? are of the form

s(1+p-p)
(1—p-p)

P

A configuration consisting of two spheres tangent to one plane will be mapped by
this Laguerre transformation to a configuration of the same type in that R3. (See
page 49 of [31], and Corollary 4.4 on page 55 of [31].) This is depicted in Figure
3.1. In particular, planes are mapped to planes. If the two spheres touch the plane
(tangentially of course) at the two points p and ¢, then the tangential distance between
the two spheres is the distance between p and ¢ inside the plane. We will now illustrate
how the ratios of such distances are preserved by this map (3.2).

The spacelike vector

NI

is perpendicular to ¢, so it gives a plane P in R3. A sphere tangent to this plane is
given by

%(1 + 2ra + a® + p3 + p?)
5(1—2ra—a® —p3 — p3)
5:: 7,,—1 D1 y
D2
Ps3

where p; = r + a, for some r € R. This is because

I1PI* = [IEll* = (P.&) =1,
see Lemma 2.20. This plane and sphere intersect at the unique point

2(L+a +pj +pi)
5(1—a® —p3 —p3)
L= a
D2

ps3
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because ||L||* = (L, P) = (L, &) = 0. Now,

%(1 +2(r +s)(a—s)+ (a—s)® + p3 + p3)
s(1=2(r+s)(a—s)—(a—s)*—p;—p3
W . <§> _ l (r+s)+(a—s) _ 1 (g(pl,pQ,ps),r-l-S)
1 r D2 r r+s ’
p
r—is

so the intersection point of the image plane and image sphere under this map is

§<1+<a—s>2+p3+p§>
5(1—(a—s)*—p;—p3)
a— S
P2
P3

Computing similarly for more general P perpendicular to ¢, we see that, in this case
(3.2), tangential distance between spheres is preserved. In general, homotheties of
R3 are also allowed amongst the Laguerre transformations, since they also preserve
planes, and so only ratios of tangential distances between spheres are preserved.

Fact: ([31], Theorem 3.16) The group of Lie sphere transformations is equal to the
union of the group of Mc6bius transformations and group of Laguerre transformations,
and subsequent compositions of transformations.

3.2. Lifting surfaces to Lie sphere geometry, parallel transformations. For
illustrating the process of lifting surfaces, let us first define the quadric PL?, and then
take the case of HS.

The quadric: The Lie quadric PL® is projectivized L. Each line in PL®, or
equivalently, each null plane in L5, will give a collection of spheres making oriented
tangential contact at some point, in any choice of 3-dimensional spaceform M3 (this
is related to Remark 2.21, and we also come back to this in Section 3.5).

Consider a surface in H? and its normal:

z(u,v) = (zg, 11, 29, 23) : M* — H* C R>!,

n(u, ’U) = (no,nl,m,ng) cM?— $?! C Rg’l,

ie. n Lz and n L dr. Here H? and S*! are defined the standard way, and the
metric of R*! has signature (—, +, +,+). Let

A = A(u,v) = span{X, N},
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where X and N are the lifts

Zo o

T ni
X=|"| and N=|"™
xs ns

1 0

1

to R*2. Then A is a null plane in R*?, and a line in PL°. The projection

4 O ) L1
0
(3.3) o:Pand |, — P(ANRM) - H?
0
\ ]- Vs
o
n
ol = (@ Y Y2 @)
Ys Ya Ys Y1 Ya
Yq
L \O0/ ]

returns us to z.
We have the following properties:

(X,X) = (N,N) = (N,X) = (X,dX) = (N,dX) = (X,dN) = 0.

Before application of the above projection ¢, we could first apply an isometric
transformation A € O, of R*? to the null plane A, obtaining the null plane AA.
Then, after projecting by ¢ to R*!, we would get some kind of transform & of =,
still in H?. This is the viewpoint we take in the next lemma (I;; denotes the j X j
identity matrix):

Lemma 3.4. If

[4><4 0 0
A= 0 coshf sinh@
0 sinh@ coshé

Y

the transform

T=z(u,v)=¢ | A-Ax,n)N

_— o O O OO

is a parallel surface of x = x(u,v).
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Note that we can use

0
0
|0
P= 1o
0
1
to project to the Mdbius geometric space span{p}+ ~ R*! and then use
0
0
0
q= QH3 - 0
-1
0

to get the spaceform H?, similarly to (2.2). The map given by left multiplication by
A fixes the 2-plane span{p, ¢}.

Proof. Using the abbreviations ¢ := cosh # and s := sinh 6, define

! nt xt nt
S.=A all]+b]0 a,beR =<alc|+b|s a,beR
0 1
This implies
(/0N ) T
A 8 xt nt
S:=5N 0 =<Xrclc|—rs|s relR
0 c
L \1/ )
cxt — snt
=qr 1 reR
0
Thus
z:=¢(S)=x-coshf —n-sinhf ,
a parallel surface. 0

Remark 3.5. We can give the analogous results to Lemma 3.4 for R? or S? instead of
H3, as well.

Fact: ([31], Theorem 3.18) All Lie sphere transformations are generated (by com-
position) from Mobius transformations and parallel surface transformations in R?, S
and H3.

Example 3.6. Now we give simple examples involving geodesic planes and spheres:
Take the following geodesic plane and its normal:

o(u,v) = (V1+u? +0%u,0,0) CH, n(u,v) = (0,0,0,1) € $*' .
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Then |
av1+u2 + 0?2
au
A= abv abeR
a
\ b )
Consider these eight cases:
(1)
cosf 0 sind
A= 0 [4><4 0
—sinfg 0  cosf
implies
1
i = ( g mutngm) |
cos

Here the starting point (before the transformation is applied) is the vector in
A with a = 1 and b = 0, which is the choice that gives a single point in H?.
The image of the transformation, applied to A, is

cost-av1-+u?+v2+sinf-b )
au
av

b

a
[ \—sinf-av1+u?+v?+cosf-b )
with @ = 1 and b = 2% . \/1 + 42 + 02 being the choice that gives the single

cos 6
point & above. The other seven examples below operate similarly.

(2) With A as in Lemma 3.4, we have that
Z = (coshd - v1+u?+v2 coshf - u,coshf - v, —sinh6)

is a parallel unbounded sphere in H? having the same limit at the ideal bound-
ary OH® as z has.

(3)

a,beR ) |

1 0 0 0
A 0 coshf 0 sinh@

0 0 I3y 0

0 sinh#® 0 coshé

implies

-u,v,—tanh@-u) )

coshf 0 sinhé

sinh® 0 coshé@
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implies Z(u,v) = x(u,v).

()

* 0
A=
(O ]2><2) ’

where * denotes any matrix in Og;, implies Z is isometric to .

(6)

coshf 0 sinhé O

- 0 I35 0 0
sinhd 0 coshé 0

0 0 0 1

implies
1

T = cosh@x/l+u2—|—v2+sinh0,u,v,0> :
sinh 0v/1 + u? + v2 + cosh (

Note that this z is simply a reparametrization of x.

(7)

1 0 0 0 0
0 cos@ 0 sinf O
A=10 0 Iryo 0 O
0 —sind 0 cosf O
0 0 0 0 1

implies
1
I=— <\/1+u2+v2,sin0+u-0089,v,0> :

cosf —usinf

This 7 is also just a reparametrization of x.

(8)

I35 0 0 0
A= 0 cosf sinf O
| 0 —sinf cosf O
0 0 0 1
implies
I = L 7 (\/1 + u? +112,u,v,sin€) .
cos

This # is an unbounded sphere in H?.

In cases (1), (3)-(7) above, & is a geodesic plane, and is a sphere in cases (2), (8).

3.3. Different ways to project to a spaceform. In Section 3.2 we used the vector

0

3
Il
—ocoocoo
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FIGURE 3.2. The setting in Section 3.3

to project to Mobius geometry in R*!, and we used

0
0
lo
= o

-1
0
to define the 3-dimensional hyperbolic space
H ={X e L’ X Lp (X q=-1},

like the definition in (2.4).
We could, however, make more other choices for p and ¢q. In Section 3.1, we had in
effect chosen

1

and ¢ =

_ o O O oo
o O o O

When choosing p and ¢, we only need that p and ¢ are both nonzero, and per-
pendicular to each other, and to avoid a certain distinctly different (but interesting)
special case let us also assume p is not lightlike. We call p the point sphere complexz,
and we call g the spaceform vector.

To get positive definite spaceforms as in the first part of these notes, we could take
p with |[p||> = —1, and then take any nonzero ¢ L p to define the spaceform M, as

(3.4) M={XecR"?|(X,X)=0, (X,p) =0, (X,q) = -1},

which will have sectional curvature —||g||?.
Specific examples that we might choose are:
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e an R? is produced using

0 1
0 -1
0 0
p= 0 and g = 0
0 0
1 0
e an S? is produced using
0 1
0 0
0 0
P=1y and ¢q = 0
0 0
1 0
e an P is produced using
0 0
0 0
0 0
p= 0 and ¢q = 0
0 1
1 0
Remark 3.7. In Example 3.6 we were using

0 0

0 0

0 0

p= 0 , 4= 0

0 -1

1 0

to choose the spaceform H3. Then, in case (2) of Example 3.6 we had that & is an
unbounded sphere. (To see it is unbounded, one could, for example, project to the
upperhalf space model for H?, via
r1,To, 1
(35) ({L'(),Il,QTQ,IL‘g) — M
Tog — X3

and see that projection of this sphere into that model is unbounded.)
The points p in this sphere = satisfy

(p,p) =0, (p,p)=0, (p,g)=-1, (p,Se) =0,

where

o O O

Sy = 1

sinh 6
cosh 6
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in R*2. In this way the sphere parametrized by % is associated with the vector Sy,
analogous to the description in Section 2.8.

Another example is the spherical piece parametrized by coordinates (u, v) via (b € R
is a constant)

VIF B, w0,/ = =7

a part of a bounded sphere, which again can be seen by projecting to the upperhalf
space model for H3 (using the same p and ¢, and projection map (3.5), as above).
This sphere is associated with the vector

o O =

Sb = € R4’2 .

0

V14 b2
b

In the first case, where we have unbounded spheres in H?,

(lgg) <1

In the second case, where we have bounded spheres in H?,

(l98) -1

In fact, one can show that arbitrary choices of S produce

e unbounded spheres with asymptotic boundary a circle when
S 2
(S,p)
e horospheres or the ideal boundary sphere OH? (with one orientation or the
other) when
<(8 ,q) ) T
(S.p) ’

with OH® occuring when the projection of S to (span{p})* is parallel to ¢,
and a horosphere occuring otherwise.

e bounded spheres when
(S,9)\’
— 1.
<<s,p> -

The ideal boundary OH? for H? is identified with points p in the projectivized light
cone of R3! extended to p € R*? so that
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3.4. Lorentzian spaceform case. We could also choose p so that
Ipl* = +1,

and then the 5-dimensional space

{p}* = (span{p})*

perpendicular to p will have metric with signature such that some orthogonal basis has
three spacelike vectors and two timelike vectors. ({p1,p2,...} is shorthand notation
for span{p, p2, ...}.) The resulting M (using the definition (3.4)) will be a spaceform
with a Lorentzian metric.

To be explicit, let us take

0 0
0 0
0 0
0 (1—k)
1 0
0 11+ k)

D=

for some k € R. Then points in M can be represented as

| Igyt

_ 1 yl©—1 2 12

- 1+/§|y|2 0 ) |y| - |y’]R2’1 )
ly[? +1

where y = (yo,y1,92) € R*' U {oco} such that |y|?> # —k~!, analogous to Equation
(2.4) and Lemma (2.2). Note that x = —||q]|?.
As in Section 2.1, the metric induced on M is then

4

AT AR+ T o+ i ).

To see that the curvature of such a signature space M is k, one could make the
standard computations for this pseudo-Riemannian case as well, just as we did in the
proof of Lemma 2.5 (again, see [94], for example), using the same formulas. Alter-
natively, one could also proceed as we did in Remark 2.6, in this pseudo-Riemannian
case, now checking that anti-de Sitter space

H*!' = {0 € R*?||o]* = —1}
has constant sectional curvature —1, and de Sitter space
S* = {o e R¥||o|* =1}
has constant sectional curvature 1, instead of using the H?® and S* as in Remark 2.6.

Remark 3.8. We can refer to the case ||p||> > 0 as Lorentz Mobius geometry.



82

3.5. Contact elements and Legendre immersions. First we give the definition
of Legendre immersions in the context of Lie sphere geometry:

Definition 3.9. Let
A C LP Cc R*?

be a null plane, which projectivizes to a line in PL® called a contact element. This line
represents a family of spheres (a pencil) that are all tangent (with same orientation)
at one point.

If A is a (smooth) map from M = M? to the collection of null planes in R*?, where
M is a 2-dimensional manifold, then A is a Legendre immersion if,

for any m € M and any choice of Y € T,,M,

dX(Y) € A for all sections X of A implies Y =0
(immersion condition)
and if, for any pair of sections X1, X of A,
dX; L X,

(contact condition) .

Remark 3.10. The immersion condition in Definition 3.9 can be restated in terms of
a basis of sections for the null planes A as follows: If

A = span{Xy, Xo}
with basis X, Xy : M? — L5, then the immersion condition is equivalent to
dX1(Y),dX5(Y) € A implies Y =0

for all Y € T,,M, one can then check that this condition is independent of the choice
of basis X1, Xs.

Next we consider what this definition means in the context of the conformal 3-
sphere:

Definition 3.11. Let
r:M*— S* c R
be a smooth map to S®. Suppose there exists a smooth map
n:M*—T,S?
(son L xz) such that n has norm identically 1 and

n 1l dc.

We say that x is a front iof x and n considered together form an immersion, that is,
if, for Y € T,,M?,

dz(Y)=dn(Y)=0=Y =0.
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FIGURE 3.3. Projections of the Dupin cyclide to R3

In the next definition, let S? be identified with the 3-dimensional spaceform deter-
mined by

1
0
0
0
0

1 0

A straightforward computation (or simply applying Theorem 4.2 in [31]) implies
that the following Definition 3.12 is compatible with Definition 3.9 above.

Definition 3.12. Let x and n define a front, as in Definition 3.11. Let
A = span{ X1, X5}

with
1 0
Xi=X=|2"|Lp and Xo=N=|n'| Lgq,
0 1

then A is the Legendre immersion induced by the pair (z,n) C T1S?. (T1S?® denotes
the unit tangent bundle to S®.) We call A the congruence of contact elements of the
surface x in S3.

Remark 3.13. Note that (X, q) = (N,p) = —1 and (N,q) = (X,p) = 0.

3.6. Dupin cyclides. Dupin cyclides are Legendre immersions, and can be con-
structed in this way:
(1) Split R*? into two fixed orthogonal V; ~ R*»! and V, ~ R*!.
(2) Each Vj has a light cone L?, and each projectivized L? is a circle Cj, j = 1, 2.
(3) Taking p; € C; and py € Cy, we have a line £, through p; and p, lieing in
the quadric PLS.
(4) Taking various p; and ps, we get a two-dimensional family of lines in the
quadric. This is the Dupin cyclide, with curvature spheres represented by p;
and po. (Curvature spheres are explained in the upcoming Section 3.8.)
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FIGURE 3.4. Further projections of the Dupin cyclide to R?

FIGURE 3.5. Further projections of the Dupin cyclide to R3, the pro-
jection on the left being one that extends out to oo in R? U {oo}

FIGURE 3.6. Further projections of the Dupin cyclide to R3
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FIGURE 3.7. Another projection of the Dupin cyclide to R3, with a
partial piece shown on the right

RS
g

//

|

FIGURE 3.8. Yet another projection of the Dupin cyclide to R?, with
a partial piece shown on the right

(5) Various projections of the ¢,,,,, through the Mobius geometry in R*!, to R3,
give all the Dupin cyclides in R3.

However, we define them this way, regarding S* as Mdbius equivalent to R? U {oo}:

Definition 3.14. f : M? — S? is a Dupin cyclide if the principal curvature function
associated to each curvature line is constant along that curvature line.

Examples of Dupin cyclides considered in R3, in addition to cylinders and cones,
are the following three:

(1) Take a nonintersecting line and circle in a plane and rotate the circle about
the line to get a donut-shaped embedded surface of revolution in R3.

(2) Take a line and circle intersecting tangentially at one point in a plane and
rotate the circle about the line to get a surface of revolution with one singular
point in R3.

(3) Take a line and circle intersecting transversally at two points in a plane and
rotate the circle about the line to get a surface of revolution with two cone-like
singular points in R3.

Theorem 3.15. (Pinkall, [95], [96]) All Dupin cyclides are Mabius transformations of
the above surfaces of revolution. In particular, this includes Clifford tori and cylinders
and cones.

See Figures 3.3-3.8.
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FIGURE 3.9. A wire frame model of a Clifford torus in R® (owned by
the geometry group at the Technical University of Vienna)

Theorem 3.16. (Pinkall, [95], [96]) Up to the freedom of Lie sphere transformations,
there is only one Dupin cyclide.

So, for example, in Theorem 3.16 the transformation to parallel surfaces in R? of
the first (embedded “donut”) of the three examples above is allowed.

Pinkall gave various equivalent descriptions of Dupin cyclides in R? in his thesis
([95], [96]):

(1) Principal curvatures along corresponding lines of curvature are constant (this
is a restatement of Definition 3.14).

(2) All lines of curvature are circular arcs.

(3) Principal curvature spheres along lines of curvature are constant.

(4) Focal surfaces degenerate to curves.

(5) The surface is a channel surface in two ways, i.e. it envelopes two different
1-parameter families of spheres.

To illustrate Theorem 3.16, we could start with the Clifford torus
(3.6) z(u,v) = (cosv - (V2 + cosu),sinv - (V2 + cosu), sinwu)

considered in R®. Under the metric induced on R* U {oo} by the usual stereographic
projection of S? to R3 U {oco}, this surface x is a minimal surface, which can be seen,
for example, by noting that, with respect to the S* metric,

dist((0,0,0), (1,0,0)) = dist((1,0,0), (50,0,0)) = T ,
dist((0,0,0), (v2 — 1,0,0)) = dist((v2 — 1,0,0), (1,0,0)) =  ,

dist(( 5,0, 55, (1,0,0)) = dist(( 5,0, 1), (0,0,1)) = 7 ,

and that the surface has two distinct rotational symmetries.
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Then the induced Legendre immersion in PL® is given by the span of

1
0

o _ V2 cos v
&1 = gp:(\/icosw 2sinv,0)r=1 7" |\ /9 sinp

0
1

—1
2 cos u+v2
cos u++/2
¢ N
9 =
p:(0,0,—\/itanu),rzl—i-% 0
—v/2sinu
cosu+\/§
1

In particular, (&,&) = (&,&) = (€1,&) = 0. Also, span{¢y, &} = span{&, 0, &}

Now

4 A )
0
&eV= g A B,CeR} ,
0
L \4 J
A \
B
e Vy = 8 A B,CeR
C
\ _A y,

and V; ~ R>! V5 ~ R?»! and V; L V,. Then, for any A € Oy, the projection of

1

( )

A(span{&;, & 1) N

—_ O O O oo

to R? gives any arbitrary Dupin cyclide in R3.
The Clifford torus can also be described in S C R* as

x(u,v) = —z(cosu,sinu, cos v, sinv) ,

o

2

with normal

n(u,v) = \/ii(cos u, sin u, — cos v, — sinv) |
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FiGureE 3.10. Physical models of three different projections of the
Dupin cyclide to R?® (owned by the geometry group at the Technical
University of Vienna)

and the associated lines in the quadric PL® are given by

1 0
+ 1 t t
span § 7 = 5 A == ;
*\\o 1
with . .
V2 2
COS U 0
+ 4,y _ | snu N 0
SAR A (O and 77 =77(v) = | o,
0 sinv
\/5—1 _\/5—1
Taking
0010
0001
A= 100 0 €e04),
0100
we have
COS v
ot 1 |snw
A2t = V2 | cosu |’
sin u

so there exists an isometry of S = (R* U {oo}, ds;) preserving the set of points in
the Clifford torus that switches the two geodesic circles {(cos#,sinf,0) |6 € [0,27)}
and {(0,0,¢) |t € R} (the second of these is not parametrized by arc length). Thus,
the two 3-dimensional regions bounded by the Clifford torus in (3.6), considered in
S3, are congruent to each other.

For the Clifford torus in (3.6), regarded as a surface in R3, one focal curve is
traversed only once, while the other is traversed twice. However, when this torus is
regarded as a minimal surface in S, both focal curves are traversed only once.

3.7. Surfaces in various spaceforms. Suppose we have a Legendre immersion A.
Let us make a choice of p,q € R*2, ||p||* # 0, ¢ # 0 and p L ¢, to define a particular 3-
dimensional spaceform M3 in {p}+, like in (2.2). Here we collect some facts regarding
the choices of p and ¢.
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Generically we have a lift X € A of a surface z in M? and a lift N € A of the
normal n to z (that is, NV represents the tangent geodesic planes of z in M?) so that

A =span{X, N} and

(X,p)=(N,q) =0, (X,q)=(N,p)=-1.

Lemma 3.17. Scaling p by a factor v € R scales the normal to the surface (the
normal determined by N ) in the tangent space T M of the spaceform M by the factor
~v~L, and so scales the principle curvatures k; of the surface by the factor y=1.

Proof. Because ¢ is unchanged, z is also unchanged. However, n changes to v 'n,
and then the Rodrigues equations become

(7_1/{1)81#%' + 8u(7_1n) =0, (7_1/{2)8111: + av(/y_ln) =0,

and so the k; change to v 'k;. (We soon introduce the Rodrigues equations, in
(3.7).) O

Remark 3.18. Scaling p does not change M?3, nor the surface in M?. In Lemma 3.17
we are regarding the principle curvatures as depending on both the surface itself and
also on the choice of normal in T'M?3.

One can similarly prove:

Lemma 3.19. Scaling q by a factor v € R scales the principle curvatures of the
surface by the same factor ~y.

Lemma 3.20. Scaling both p and q by the same factor will leave the principle cur-
vatures of the surface unchanged.

Remark 3.21. For any A € Oy (i.e. any isometry of R*?) that preserves span{p, ¢},
the two surfaces coming from p,q and Ap, Aq will be parallel surfaces of each other,
like in Lemma 3.4.

Remark 3.22. As we will see in Lemma 3.25 below, the curvature spheres of the
surfaces are represented by, for j =1, 2,

N‘i‘/in.

Remark 3.23. When (p,p) > 0, so the spaceform is Lorentzian, and when consider-
ing a spacelike surface in the spaceform, the definition of the Gaussian curvature is
sometimes taken with the opposite sign from the Riemannian spaceform case:

K =—detA,
where A is the shape operator. See, for example, [3].

Remark 3.24. In R*! (Mobius geometry), surfaces and the sphere congruences they
envelop are both 2-parameter families of vectors, the only difference being that the
former lie in L*, while the latter lie in S*!. However, in R*? (Lie sphere geometry),
Legendre maps and the sphere congruences they envelop are fundamentally different
things, each of the latter being merely a single “section” of the former.
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3.8. Lie cyclides. Consider a Legendre immersion

A =span{X, N}
for a surface x in H?® with normal n € S*!. In particular, let us choose
0 0
0 0
0 0
p - O and q — O I
0 -1
1 0
and so
ot nt
X=11 and N=1|0
0 1

The principal curvatures k; satisfy (the 0; are in principal curvature directions, that
is, when u, v are curvature line coordinates for = = z(u,v), we can take 9; = 9, and

a2 = av)

This is the Rodrigues equation, which holds for any spaceform. Now set

Lemma 3.25. K; is a curvature sphere of x.

Proof. We have
n' + k;at
N+ kX = k;
1

and X,dX € span{p}*. Because
(N+EX,X)=(N,X)+k(X,X)=0+k0=0,

we know that x lies in the sphere determined by K;. Because

(N + kX, dX)=(N,dX)+ k(X,dX)=0+k0=0,
we know Kj; is tangent to the surface x. Now, as 0; is a directional derivative in the
direction associated with k;, we have

(Ki, 0:0,X) = 0;(N + k; X,0,X) — (0N + k; X),0,X) =

011@ . .fCt @-xt
81(0) — azlﬁ y 0 = 8zk‘l . <Z’, ai.Q?)Rfs,l =
0 0

Noting that now

for any scalar factors ¢t and s considered as functions on the domain of z, we see that
K, is a principal curvature sphere. 0
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Lemma 3.26. K = N + kX is a principal curvature sphere in some principal cur-
vature direction if and only if there exists a direction U such that 0zK € A, and then
v will be the principal curvature direction for the principal curvature k.

Proof. We have 0;K; = 0;k; - X € A. Conversely, for some function k& on the surface
and some directional derivative 0,

ont + koxt
O(N + kX) = 0 YOk -X €A
0

would give that On + kdxr =0 (as 0k - X is in A, and

U1
Yo

Y3 | e A
Ya

0
0

<y
I

implies § = 6), i.e. k is the principal curvature with principal curvature direction
0. O

Remark 3.27. A Legendre immersion has an umbilic point at a domain point (ug, vo)
(umbilic points on Legendre immersions are the points where the two curvature
spheres coincide) if and only if its projection to a conformal S* has an umbilic at
(ug,v). Umbilics on Legendre immersions will cause problems when we consider (2
surfaces, where isothermicity is involved, so we exclude them.

Remark 3.28. Curvature spheres are preserved under Lie sphere transformations.
Lemma 3.29. If ' be a section of A, then dI' is perpendicular to A.

Proof. A section is of the form I' = aX + bN for some scalar functions a and . Then
(I, X)=(aX+bN,X)=a-0+b-0=0,
(ICN)=(aX 4+bN,N)=a-0+b-0=0,
SO
(dl', X) = —(aX +bN,dX) = —a(X,dX) —b(N,dX)=—-a-0—-b-0=0

and
(dI'yN) = —(aX +bN,dN) = a(dX,N) — b(N,dN) =0

The K; can be used to determine the contact elements
A =span{K;, K>} ,
when excluding umbilics. Also, dK; L A and 0;K; € A, by Lemmas 3.29 and 3.26.

Set
V:span{Kl,GQKl,é?%Kl} N W:span{KQ,OlKg,ang} .

Proposition 3.30. V and W are perpendicular, and each is a Minkowski 3-space,
i.e. has metric with (4, +, —) signature.
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Proof. First we note the following properties:

(1) X and N are perpendicular, because the 3-dimensional tangent space T,H?
to H? at x in R®! equals {z}+.

(2) Note that we cannot allow the surface X to have umbilic points, for K; and
K, to remain independent vectors, i.e. to have A = span{K7j, Ky} remain a
2-dimensional space.

(3) (82K1,K2) = —(K1,82K2) = 0, since O, Ky € A.

(4) (B3K1, Ky) = —(0oK1,0,K5) = 0, since O, K, € A and Lemma 3.29 implies
0> K is perpendicular to both K; and Ks.

(5) 01K, € A implies

K = a1 Ky + b Ky
for some scalar functions a; and b;. So, for j = 1,2, we have

(K, 0201 K1) = (K, 02(a1 Ky + b1 K3)) =

(ll(Kj,aQK1> + b1<Kj’82K2) =0.

(6) Lemma 3.29 implies 0, K7 is perpendicular to A, and also 0;K; € Afor j = 1,2,
SO

(82K1,8jKj) =0.
(7) (1 Ka, oK) = O1(Ka, b K1) — (K, 010:K5) = — (K3, 0201 K1) = 0.
(8) (8%[(1, 81K2) = 82<82K1, alKg) — (82[(1, 6281[(2) and then
(3§K1,31K2) = — (K1, 01(a Ky + by Ky)) =

—a2(82K1,61K1) — bg(agKl,alKg) =0.

(9) (8§K1,812K2) = (92(821(1,(9%}(2) — (82K1,82812K2) = —(6’2K1,8582K2) and
then

(02K, 00K5) = —(0o K1, 0% (as Ky + by KK5)) =
—01(02 K71, 01(as K1 + b K3)) + (0201 K1, 01(as K1 + by K)) =
—01(az(02 K1, 00Ky + by(0o K1, 01 ) )+
(Da(a1 Ky + b1 K3), 01 (as Ky + by K>)) =
(a(a1 Ky + b1 K>), 01 (as Ky + by Ks)) =

(GlagKl -+ blagKQ, a281K1 + bzalKQ) =0.

(10) A C {9,K;}* and A is 2-dimensional and totally null, so the metric of R*?
restricted to {9y K} cannot be of signature (+, +, +, +, —). So 9, K is either
spacelike or lightlike.

(11) We now know

(02K, 0,K1) > 0,
but it is actually strictly positive, seen as follows: if [|0oK7|[*> = 0, then
span{d, K1, A} is totally null in R*?) so must be only at most 2-dimensional,

which implies K; and K, are parallel, contradicting the fact that we have
excluded umbilics.
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Using the above properties, we can show the following:
(K, K;) =0, j=1,2,
(K1,00K1) = (K3,01K3) =0,
(K1, 05K,)=—a, a>0,
(Ko, ?Ky) = b, b>0,
(K1, Ky) = (K1,01Ky) = (K,0{K5) =0,
(02K1,0,K,) = a,
(01K3,01K,) = b,
(K, Ka) = (05K, 01 K») = (0. K1,01K5) =0,
(03K, K2) = (03K1,01K,) = (03K1,0K3) = 0.

Here, a and b are functions (not constants).
Now, to complete the proof, one can just notice that the matrix

(Kl,Kl) (82K1,K1> (822K1,K1) 0 0 —a
(Kl,ﬁzKl) (82K1,82K1) (822K1,82K1) = 0 a *
(Kl,ﬁgKl) (62K1,8§K1> (822[(1,@22[(1) —a ok *
has strictly negative determinant, so V' has a nondegenerate metric. Thus the metric
on V has either (+,+,—) or (—,—, —) signature. But (—,—, —) signature is not
possible in R*2, so V is a Minkowski 3-space, and similarly so is W. U

Remark 3.31. Note that everything in Proposition 3.30 and its proof still holds if we
replace K7 and K5 by any scalar multiples of them.

Remark 3.32. We could rename V and W to V and V+ if we like, now that we know
they are perpendicular.

The splitting V & W of R*? by the perpendicular 3-planes V and W is called a
Lie cyclide, giving a congruence of Lie cyclides over the surface. Furthermore, each
Lie cyclide produces a Dupin cyclide (as explained at the beginning of Section 3.6),
which makes second order contact with the surface at that point on the surface. This
is the Dupin cyclide congruence of the surface. (This is somewhat akin to attaching
quadratic surfaces with second order tangential contact at points of a surface in R3.)

Proposition 3.33. A congruence of Lie cyclides (equivalently, Dupin cyclide con-
gruence) along a surface is constant if and only if the surface is a Dupin cyclide.

Proof. Lemma 3.26 implies there exist real scalars a and b so that
O Ky =aK; + 0K, ,
and the Lie cyclide being constant implies
O K, € span{K,,0,K,,05K,} ,

and so b = 0. Thus 0, K;|| K7, and similarly 0, K5||K,. Therefore

Ki||oW Ky = 0in+ k101x + O1ky - = O1ky -
and similarly Ks||01ks - x, giving that

Orky - x||(n + k1)
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and

82/{32 . ZL’H(TL + kzl‘) .
Hence 01k; = Osks = 0, and we have a Dupin cyclide. O
Lemma 3.34. The Dupin cyclide congruence of a lift of a surface of revolution in
a 3-dimensional Riemannian spaceform is constant along the rotational directions of

the surface. In particular, the congruence consists of only a 1-parameter family of
Dupin cyclides.

Proof. Without loss of generality, we can take the surface of revolution to be in R3,
as
z(u,v) = (f(u) cosv, f(u)sinv, g(u)) ,
where
fitai=1",
and the unit normal is
n(u,v) = f1 - (—gycosv, —gysinv, f,) ,

and the first and second fundamental forms become

2 -1 .
I:G} ]9> H:(f (Futh = fu) go)

Thus the principal curvatures are

kl - fﬁg(fuguu - fuugu) 5 k2 = f729u .

Now, with
%(1—1—:&1‘) T-n
X = 5(1_36'@ and N = —xt-n ,
x n
0 1

we find that Ky = k3 X 4+ N is independent of v. So
W = Span{K27 KZ,ua K2,uu}

is independent of v, as desired. Because V is perpendicular to W, V' must also be
independent of v. (We can also check by direct computation that V' is independent
of v). O

3.9. General frame equations for surfaces in H? C R*!. Take x € H? and
n € S*! as in the beginning of Section 3.2. Set

F = (z,zy,2y,n) ,
where (u,v) are curvature line coordinates for x, so
Ny + k12, = Ny + ko, = 0.
Thus the first and fundamental forms have the forms
|dz|? = Edu® + Gdv? , 1I = ki Edu® + k,Gdv* .

Defining ¢ and v by
Fu:F¢7 Fv:Fw7



a computation gives

0 FE 0 0 0 0 G
1 1B« lE _p 0 L1E _1Gu
¢ = 0 B, 1 0 ov= 1 & 1%
2G 2@ 2 ¢ 2¢
0 kE 0 0 0 0 koG
Then F,, = F,, implies
which in turn gives the Gauss and Codazzi equations
2(k1)v 2(k2)u
log & v = 5 log G u = ’
(log E) — (log G) —

ks — 1 = 2\;;—(; ((ﬁ;—G)“L (JGTLG)) |
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3.10. Frame equations for flat surfaces in H? via Lie cyclides. Because kiky =
1 for flat surfaces, away from umbilics we can set, for some real-valued function

¢ = p(u,v),
ki =tanhy , ko =cothyp.

Then, by integrating the Codazzi equations, we have
E = fp(u)cosh® ¢, G = fe(v)sinh® ¢,

for some functions fg and fo depending only on u and v, respectively. So, changing
coordinates via u = u(4) and v = v(0) appropriately, without loss of generality we

may assume the first fundamental form is
|dz|* = cosh? pdu? + sinh? pdv? |
and then the second fundamental form becomes
IT = sinh pcosh ¢ - (du® + dv?)
and the Gauss equation becomes simply
Ap = puy + v =0.

We also have

—1
ki —kg=———"—
P™ T ginhpcoshg
8ukl _av(p
= —kidup . Oky= — 2
ki — ko 1P > sinh? %)
Dyks Dup
= koOyp, Ouk1 = :
kv — ko 200% ' cosh? ®

Note that (here we find the notation K;, rather than K;, convenient, because of a

rescaling of the K; we make just below)
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~ Opks

&,KQ (Kl KQ) = kQ(Kl - KQ)&UQD
ki — ko

Then we have ) )
Oy (coshgo . K1> = Oup - (sinhp - Ks) |

Oy (sinhgp . f(g) = Dy - (coshg - K1) ,
2

2

dy(cosh p - K1) Du(sinh @ - Ky)| =1.

Now we set . .

Ky :=coshpK;, K;:=sinhpK,.
This will not change the 3-dimensional spaces V and W, and will not change the
truth of Proposition 3.30, by Remark 3.31. We then have

nt + kot n' + kox!
Ky = coshy- Ky , Ko =sinhyp- ko )
1 1

and the consequent properties
0Ky = 0up - Ky,
Oy Ky = 0y - Ky,
040, Ky = 0,0, - K1 + 0,000 - Ky
0,0, K1 = 0,0, - Ko + OupOup - K1,
020, Ky = 020,90 - K1 + (20,0500, + 0y 002p) - Ko + 0,00y - 0, K>
020, K, = 020, - Ky + (20,0,00,0 + 0,0020) - K1 + 0,00y - 0,K7

0.zt
(3uK2:8ug0K1+smhgo(k‘2—k1) 0 s
0
sinh Oy’ 1 o'
83K2 = 8390 Ky + (augp)2 K — 2 Oup + h : 0 )
cosh” 0 cosh 0
Oyt
Oy K1 = 0yp - Ko+ coshp - (k1 — ko) - 0 ,
0
cosh Ous’ 1 o,
sinh? gp 0 smh ¢ 0
0,K,)° = |0, K> = 1.
Furthermore,
02Ky L 0,Ky, 02K, L 0,K,
and

(02Ky, Ky) = —|0,Ks]? = (0°K1, K)) = —|0,K,|* = —
Also,
(35](2, (93[(1) - O 5



seen as follows:
(02K5,0°K}) = 0,(0,K2,02K}) — (0,K>5,0,0°K,) =
0u(0y(0u K2, 0y K1) — (04,0, K2, 0, K1) — 0y(0u Ko, 0,0, K1)+
(040 K2, 0,0, K1) = 0,(0,0 —0) — 9,04+ 0=0.
Define ) )
K=K+ aK,, Ky=08Ky+(K,,
such that K ; are null for both j =1 and j = 2. This means taking

o =30 K", B =30yl

Noting that
O2x = (sinh ¢)*r — (tanh )9,z + (coth p)Dypd,x + ka(sinh ¢)?n |
we find that
|05 [fan = (k5 — 1)(sinh )" + (sinh )*(up)” + (cosh 9)*(Dpp)”

and then that
a g

(Dup)” = (Oup)* +

N
N

Similarly, we have

B = 3(0up)? — (Oup)® —

N

One can then check that
(3.8) Opp - Oufl + Oup - Opar +2(a + ) - 0uO0pp = 0 .

Now all inner products amongst the elements of the basis
(3.9) F={K,,0,K,, K, Ky,0,K5, Ky}
for R*? are zero, except for

—(K1, K1) = (0,K1,0,K1) = — (K, Ks) = (0,K2,0,K2) = 1.

One can check that
(3.10) 20,0, 00y + Oy + 0020 =0,

(3.11) 20,0,00u + 0y + 0002 = 0 .
Using Equations (3.10) and (3.11), we have the properties
dK, = 0, K 1dv + 0, pKsdu
d(8,K,) = K1(8,00ypdu — adv) + Kydv + 0,0, - Kodu |
ARy = 0,K1(0ypdypdu — adv) + Ko((0,02¢ + adyp)du—
(020 + BOyp)dv) + 0,000 Kadv — KDyipdu
dKy = K10,¢dv + 0, Ksdu
d(8,K>) = K10,0ypdv + Ky(8,00,0dv — Bdu) + Kydu
dKy = K1 (020, + BOye)dv — (8,0%p + adyp)du) + 0, K10,0,pdu—
K@mpdu + 0, K5(0up0ppdv — Bdu) .
With F' as defined in (3.9), we have the system
oF=FU, 0,F=FV,

97
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with U and V defined as

0 0,0y 0 0 0 —0,0%0— adyup
0 0 0up0yp 0 0 0,0pp
g | o 0 0 0 0 — Dy
T 0w 00y 0,070 +ad,p 0 —f 0 ’
0 0 0 1 0 -0
0 0 0 0 1 0
0 —« 0 Dy OOy D20yp + BOyp
1 0 —Q 0 0 0
N 0 0 0 0
10 0 =020, — B0y 0 Dupdyp 0
0 0 0.0pp 0 0 0w 0y
0 0 —O,p 0 0 0

The compatibility condition 0,0,F = 0,0, F is
VU +90,U =090,V +UV,

and this turns out to be equivalent to three equations. The first two are the equations
established in (3.10) and (3.11). The third equation, using Ay = 0, simplifies to
Equation (3.8).

3.11. Converting to the Weierstrass representation for flat surfaces in H?>.
The Weierstrass-type representation found in [55] for flat surfaces in H? was described
in Section 2.22, and we now consider how to write that representation in terms of ¢.
Using the equations in (2.72),

2
(3.12) w = Qdz = g—;dG . 0=0dz = (GE—G*)QdG* :
where —
fzé-exp/zo a—c.
Having curvature line coordinates means, without loss of generality, that
wh=1.

Then, without loss of generality (and with z = u + iv),

|dz|? = |w+ 0> =

_ 1 1 _ 1 1
oW+ — 4 — | duP+ [0+ — — — | dv? =
< 160w 2) ( 160w 2)

cosh? pdu? + sinh? pduv? .

Then
cosh? p = Qw + L +1
e 1600 2
implies
1 - 1
Y= i§ log (40w) = F5 log |p] ,
since A
o=l L
PI=0a) ~ 4ad
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Furthermore, Equation (3.12) gives

1 4

r=73vs (e are)

Remark 3.35. In general, @ being holomorphic implies

p = £log(2|@])
is harmonic, and

coshy = |w| +1/(4|w|), sinhy = £(|l0| —1/(4|@]))

implies |@] = 1e*%.

Now we consider some simple explicit examples.
Note that the horosphere has been excluded from the beginning, because the con-
ditions k; = tanh ¢ and ko = coth ¢ exclude the possibility that &k = ky = 1.

Example 3.36. Round cylinder. See Figure 2.21. In this case, k; and ks are constant,
so @ is constant as well.

Example 3.37. Peach fronts. See Figure 2.22. We take

1 1 1 1
G—§Z+§, G*—§Z—§,
so W = 1/4 and |
G =—ice ™™, ¢>0

and
p=ctv, ceR.

Example 3.38. Surfaces of revolution. See Figure 2.21. We take
(1-? [a-w?
G=c¢e =i G. = pe =i

so W = 1/4 and

, p€(0,1)U(l,00),

and
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4. ) SURFACES

To discuss €2 surfaces, we first need to describe the relevant normal bundles of
sphere congruences, which we do in the next two sections.

4.1. Normal bundle for surfaces in PL5. Suppose [b] lies in PL?, where L5 is
the lightcone in R*2. There exists, of course, a timelike vector 7 € R*2? such that
(b, ¥) # 0. We choose an orthonormal basis

{.’L'(), X1,T2,T3,T4, U}

of R*? of type (—, +, +,+, +, —). Let us assume (without loss of generality) we have
chosen the basis elements z; so that z; 1 b for j < 3, and

(b, zy) = —(b, V), i.e. be span{xy,v}.

There exists a neighborhood U of [b] in PR*? so that (y,?) # 0 for all [y] € U. Define
the map

Po Po
P1 P1
. 4,2 P2 _ | P2
P3 P3
P4 P4
1/ ] 0

where pg, p1, p2, p3, pa, 1 are the coordinates (with respect to the basis we have chosen)

of the appropriate representative y of [y] € U. Using the natural topology on PR*?,

¢ is a local homeomorphism, and thus gives a local coordinate chart at b for PR*2.
Let [7] : R — U satisfy [y(0)] = [b], then

Y0

71

N Y

o] e

V4

0

when taking 7 so that
/
Y0 Yo
il o
72 / 7&
= b SO = )

8 s (Cbh]) ’Y;/z,
Ya Vi
1 0

and thus
Ty PR C span{v}~ .
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Then by considering specific curves 7, such as

v(t) =

—_0 O O o+

for example, one sees that
Ty PR = span{}* .

Suppose also that (v,7) = 0, i.e. 7 is lightlike. Then (¢[y], ¢[y]) = 1, and then

((6["])', ¢[7]) = 0, so in particular ((¢[7])’(0), ¢[b]) = 0, and so
(¢[7])'(0) € span{¢[t], v} .
Note that
span{b}* = span{zg, 21, 2o, 23, b} .
If we take the correct scalar multiple of the representative b for the class [b], then also
¢[b] + U = b, hence span{¢[b], v} = span{b, v'}. Thus
(¢[1))'(0) € span{wo, x1, 22, w3} ~ span{b} ™ /span{b} ,
and so
T[b]PL5 C span{zo, r1, T2, T3} .

Again, we can show that Ty PL® and span{wo, z1, z2, 3} are equal by using specific
choices for 7, such as

for ¢ close to 0. We conclude that
Ty PL® = span{b}* /span{b} .
Now let [s] : M? — PL® be a surface with b = s(ug, vg), and so
TigPL® = span{s}*/span{s} .
The tangent space of [s] at (ug,vp) is
Touaoy 5] = 5pan{ (8151w (B151)oH oy € span{s(uio, o) - /span{s(u, vo)} .
The normal space Ny,,00)[$] at (ug, vg) of [s] is then the set of vectors

N1 (¢[3])u7 (¢[S])U|(uo,vo)

(using the R%? metric to define perpendicularity) so that N € span{xg, 1, x2, 23},
i.e.

N -+ spans(ug, v0)} € (span{(0[s])u (B13])u 5} o)) /span (g, )}
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To avoid using the map ¢, we can do the following: If s is normalized so that the
last coordinate of s (with respect to the basis chosen) is 1, and if § = As, then

(AS)y = Aus + Asy = Aus + N@[s])w

SO

(B8] = X715, — AT2N5
SO

span{(¢[s])u, (@[s])v, s} =

span{A 715, — A, A28, A5, — A\, A28, 5} = span{3,, §,, 3} .
Therefore the fibres of the normal bundle to [s] in PL® are
(4.1) Nww[s] = {N +span{s} | N L 3,5,,5,}
for any choice of lift 5. This normal bundle has 2-dimensional fibers.
The conditions for [s] to be isothermic with respect to the coordinates u, v are:
(1) The first fundamental form for s is conformal, i.e.

((0[8])us (Dls])u) = ((¢s])v: (9]s])n) and  ((4[s])u, (¢[s])s) =0 -

We can rewrite this condition as simply (s, Su) = (Sv, S») and (sy, s,) = 0 for
any choice of lift of s, once we note that this conformality property is invariant
of choice of that lift, giving a conformal equivalence class.

(2) The second fundamental form is diagonal, i.e. ((@[s])wy, V) = 0 for all N €
Nuw)[s], or equivalently, (sy,, N) = 0 for all such N.

4.2. Normal bundle for surfaces in PL*. Take p timelike in R*?, and a surface
[s(u,v)] € {p}*+ ~ PR*'. We can take ¥ as in Section 4.1 so that b = s(ug,vg) L p
and s(u,v) L v for (u,v) close to (ug,vy). Now one can argue like in Section 4.1 that

Ty PR = span{#, p}* |
T PL* = span{b, p}* /span{b} ,
T(uo,vo)[s] = Span{(¢[3])m (¢[3]>v}|(uo,vo) - Span{s(u0> UO)>p}J_/Span{S(u0’ UO)} )

(4.2) NZ 8] = {N +span{s} | N L 5,54, 50,0}
for any choice of lift 5. This normal bundle has 1-dimensional fibers.

Remark 4.1. Again considering the R*? Lie sphere geometry setting, when s = s(u,v)
is not perpendicular to p, then s gives a sphere congruence with spheres of non-zero
radius in resulting spaceforms. Assuming

[Isull® >0, sl

>0 and s, L s, ,
then
1 1
span{s, Sy, Sy} N span{p}
has signature (4, —) and there exist precisely two independent vectors g, § (up to
scalar factors) so that
g, 9 € span{s, s,, s, }= Nspan{p}- N L,

since V := span{s, s,, s, } has signature (+, +,0), so V* has signature (4, —,0), and
then s J p implies V+ N span{p}+ has signature (+, —).
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Thus, when s . p, N [s] contains two distinct lines (projectivized null planes)
span{s, g} and span{s, ¢} in the quadric PL?, where g, § € span{p}*. Each of these
two families of lines envelops s. Then the normal bundle of the projection of s to
Mobius geometry pt is

(43) PI‘ijL (Mu,v) [SD = Span{gu g} :

Now the conditions for s to be isothermic with respect to the coordinates u, v can
be written in terms of g and ¢ as:

(1) The first fundamental is conformal, i.e.
(Suy Su) = (S, Sp) and (8y,8,) = 0.
(2) The second fundamental form is diagonal, i.e.
(S, 8) = (Suv, 9) = (w0, ) =0

(Should s L p, the directions of g and § would coincide, and in fact would become
the direction of s itself.)

4.3. Isothermic sphere congruences and (2 surfaces. In the following discussion,
any choice of 3-dimensional spaceform M? will suffice, and we will consider a surface
x in M3 with unit normal field n in T, M? that lifts to a Legendre immersion A as in
Section 3.5. We can obtain R? by taking

0 1
0 -1
10 10
p - 0 9 q - O 9
0 0
1 0
and then the lifts of z and n will be
%(1 + \3:];) x-n
X = 2l _tm ) and N = —:L’t-n
T n
0 1

in R%2, respectively. We could obtain S by taking

0 1
0 0
0 0
p - 0 and q - O )
0 0
1 0
and then the lifts of x and n would be
1 0
X=|a and N = | n!

=)
—_
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We could obtain H? by taking

0 0
0 0
0 0
p - O and q - O 9
0 —1
1 0
and then the lifts of £ and n would be
x! nt
X=11 and N=10
0 1

However, to be explicit, let us take the case of R3.

Assume that x has coordinates u, v, and has first and second fundamental form
terms g;; and b;;, respectively, with respect to those coordinates. Assume also that z
is an immersion, so

911922 — 9%2 >0,
and that z is umbilic free, so the principle curvatures k; and ko are not equal:

by 4 Ky
Let b = b(u,v) be a free real-valued function. We define
s=bX+ N,

which is a generic sphere congruence enveloped by span{X, N}. (See Remark 3.24.)
Since changing s by a scalar factor will not change the resulting sphere congruences,
we can also take the case "b = o0” to be

s=X.

Lemma 4.2. If there exists an isothermic sphere congruence s with isothermic coor-
dinates u, v, then the u,v are curvature line coordinates for x.

Proof. The trick for this proof is to consider the three fundamental forms I, I'1, 111
for the isothermic sphere congruence s of X, with respect to the normal X of s.
What was written in Section 2.6 applies to s with normal X as well. By assumption
I = (ds,ds) and I = —(dX,ds) are both diagonal, so by Section 2.6, [1] = (dX,dX)
is also diagonal. This completes the proof. 0

4.4. The first fundamental form for an isothermic sphere congruence s.
Now assume that s is an isothermic sphere congruence with isothermic coordinates
u, v, and hence g12 = b12 = 0, and b11 = klgll and b22 = kgggg, by Lemma 4.2.

A computation gives

(4.4) (ds,ds) = (b — k1)?gridu® + (b — k3)?goadv® .

Note that this metric (4.4) would automatically be conformal if g;; = g¢oo and
b= %(1{31 + ko) were the mean curvature. Also, in the case g1; = g20 and “b = o0”,
i.e. s = X, then (ds,ds) = g11(du® + dv?) is conformal as well.

Note also that this metric (4.4) cannot be conformal if b equals one of k; or ks.

(Since we are avoiding umbilic points, we have ky # ks.) Thus

b?’ékl and b?ék'Q
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We now consider the case when g1, is not equal to go2. By assumption, the metric
(4.4) is conformal. Because (s, s,) = (S, Sv), we have

ko F kay/g22
(45) "= NIV
o v 922
b=y =%k - )\/gTﬂF N
b=y = (kr — ko) V911 b—Fk _ V92 |
V911 F /922 b— ks V911
_ _ _ 2 \/91 \/92

Using the Codazzi equations (2.22), we can compute that

bu vV g11 klu
= l u — I
ke — b (log(v/g11 F V922))u F 2 k1 — Ky

bv 922 k2v
— p Y22 2w
- (log(v/g11 F /922)) i
So

w0 (m). (), == () - (i)

4.5. The second fundamental form for s (case of b neither 0 nor oc). By
isothermicity, (Su,Y) must be zero for any choice of normal field Y in A[s]. The
(projectively 2-dimensional) normal bundle N[s] to [s] is as in (4.1). We have X +
span{s} € Ns], and
(d87 dX) = b(dX, dX) + (dX, dN) = (b — k’l)glldUQ + (b — k’g)gggdl}Q s

which is diagonal with respect to u,v. However, because the normal bundle is 2-
dimensional, this does not yet tell us the second fundamental form of s is diagonal,
and we need the following more general argument.

For Y + span{s} to be in N[s|, we need that (Y,s) = (V,s,) = (Y,s,) = 0, i.e.
(using NV, = —k1 X, and N, = —k2 X))

(Y7X) = _b_l(}/u N) )
b,
b(b — k1)
b,

b(b — k2)<

Since the case of Y +span{s} = X + span{s} was already dealt with in the previous
paragraph, we may now assume that Y + span{s} € Ns| satisfies

Y & span{X, N} .
Then, if Y were perpendicular to N, we would also have Y 1 X, and noting that

span{s,, s, } is spacelike, we would have Y € span{X, N, s,,s,}= = span{X, N}, a
contradiction. Therefore

(4.7) (v, X,) = (Y,N) |

(4.8) (Y, X,) = Y,N) .

(YV,N) #£0.
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Then
(4.9) (Y, $u0) = (Y buo X + b Xy + by Xy + 0Xuw + Nu) = - (Y, N |
where the scalar « in (4.9) is zero if and only if

by b ks b
41 by — (b—k g (b= (b "y,
(4.10) ( — (b —ka) = k2)b—k1+( = b=k = k;1> T ’

which can be seen using that N, = —k; X, and N, = —ky X, imply
Nuv = _%kl,vXu - %kQ,uXv - %(kl + kZ)X’zw s

and that
Xuw = X, + 820X = oy (b — k) 7 X+ (b — k2) 71X

2911

coming from equations like those in (2.15), (2.16) and (2.22).
We now rewrite Equation (4.10) in a cleaner form:

Lemma 4.3. Equation (4.10) is equivalent to

by by
4.11 =0.
(4.11) d(kl—bdu+k2—bdv> 0

Proof. Noting that
1 b—ks 1 b—Fk 1 1

b —Jab—Fo ke —Fib—Fy b—F DTy
Equation (4.10) becomes

b_kz k bu b_kl
b " by L
(”k;l—k:g (b= ko)== k;Q) b +( T — 1

ko b
b—k = by
( 1)k2 k:l) b— ks ’
SO
1 ky—0b 1 k-0
bv—kvbu— bu_kubv:buvv
Py — R A 2u)
SO
b b b
+(b—k “ == b—ky)y—s
e Uy Rl ey e U Yy n
which is equivalent to
by a
ki—b), \ka—0/,
This last equation proves the lemma. 0

We have now proven the following:

Lemma 4.4. s = bX + N, with b € R\ {0}, is an isothermic sphere congruence
enveloped by span{ X, N} if and only if b is as in (4.5) and is a solution to Equations
(4.10) and (4.11).
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Lemma 4.3 implies that both sides of (4.6) being equal to zero is the condition for
s to be an isothermic sphere congruence. This provides Demoulin’s equation:

D — <\/gll kl,u ) + (\/922 k2,v ) -0
' \/ 922 ky — ko Vv 911 ky — ko '

Because of the F freedom in choosing b in (4.5), we have the following corollary.

Corollary 4.5. Whenever we have one isothermic sphere congruence bX + N with
b e R\ {0} for a non-umbilic immersion x, then there is a second isothermic sphere
congruence. We call these two isothermic sphere congruences an €) pair.

4.6. Definition of () surfaces. Although we have only considered the case b €
R\ {0} so far, the following definition includes the cases b =0 and b = co as well.

Definition 4.6. The Legendre immersion A = span{X, N} is an  surface if there
exists an isothermic sphere congruence s enveloped by A (congruences with principal
curvature spheres are excluded).

Since span{ X, N} is determined by z alone, we can also refer to z itself as an
surface.

Remark 4.7. Suppose a surface z lifts to a Legendre immersion A = span{X, N}
enveloping an isothermic sphere congruence s. Then the sphere congruence resulting
from s is enveloped by another surface & (with lift X and corresponding Legendre
immersion span{ X, s}). This defines a transformation between z and Z. This trans-
formation takes curvature line coordinates of x to curvature lines coordinates of z,

so it is a Ribaucour transformation. (We referred to X and X as g and g in Remark
4.1.)

4.7. The second fundamental form for s (b = oo case). In this case, s = X,
and the normal bundle N, L’v) [s] with 1-dimensional fibres is as in Section 4.2, with
fibres determined by the span of the lift N of n. Thus isothermicity of s = X implies
isothermicity of the x in R®. We also conclude, conversely, that the following lemma
holds, first proven by Demoulin:

Lemma 4.8. All isothermic surfaces are € surfaces.

Like in Lemma 4.4 and Corollary 4.5, the only other possible isothermic sphere
congruence is given by the mean curvature b = %(kl + ko) = Hy. When we take that
other choice b = Hy, and when Hy # 0, we do indeed have this second isothermic
sphere congruence, by the following Lemma 4.9. Thus Corollary 4.5 holds when
b=o0,ie. s= X, and Hy # 0, as well.

Lemma 4.9. When g11 = g92 and b = %(kl + ky) = Hy # 0, Demoulin’s equation
holds, and becomes

(412) kl,vHO,u - k2,uHO,v = HO,u'u(’ﬁ - k2) .

Proof. The Codazzi equations for curvature line coordinates are as in (2.22).

911,uv 9J11,u9110 9110
k1o = ’ ko — ki) — ———— (ks — k = (ko — k14) =
1, . (k2 — k1) 207 (k2 — k1) + 2g11( 2, Lu)

klv
: ku_ku )
k2—k:1<2’ 1u)

g11,uv 911,u9110
(ko — k1) — =—=22—"(ky — k
2011 (ko 1) 29%1 (k2 1) +
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922, uv 922.u922 v ko,
koww = =—(k1 — ko) — —=""(k; — k d ki, — koy) .
2, 202 (k1 — ko) 202, (k1 — ka) + T —kz( 1, 2)

Now,

%(kl,uv + ko) (ko — k1)? = %1(/@2 — k1) (=kou(kro — ko) + k1w(kow — Kiw))
and this is exactly the same equation as (4.12), and confirms Demoulin’s equation. [J
4.8. The second fundamental form for s (b = 0 case). Because we have divided

by b at some places in the above computations, we deal with the only remaining case
b = 0 here separately. This is the case that

s=N
and
kign = k3goo -

(When this property is satisfied, we can call the surface a Laguerre isothermic surface.)
If k1 were zero, then the equation immediately above implies ky is also zero, so we
would have umbilic points, which have been excluded, allowing us to conclude that

by £ by, K= hyky #£0
The conditions for Y + span{s} € Ns] are
(Y.N) = (V.N,) = (Y. N)) = 0.
Then
(Y, $u0) = (Y, Nuw) = (V, =5 k10 Xy — 5kou Xy — 5 (k1 + k2) Xuw) =

kl vk2 k2 ukl ) ( kl ka k2 ukl )
Y, —Xo+— X )= |\Y, 77— Nt /77— N | =0,
< ky — ks ks — Ky key (ks — k) ko (ky — ko)

and thus diagonality of the second fundamental form is automatic.
Two possibilities occur:

(1) Hy =0 and g11 = g22, and b = oo gives the second isothermic sphere congru-
ence (i.e. the point sphere congruence).
(2) Hy # 0, and the other b as in (4.5) is KH, ' € R\ {0}.

One special case of this second possibility (2) is that z is the parallel surface at
distance t of an isothermically parametrized minimal surface, and we find that K/H,
is then constant, and

t= Ho/K s and k%gu = k‘%ggg .

So in this case, the other choice of b = K/H, in (4.5) is constant, and then clearly,
via (4.6), Demoulin’s equation holds.
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4.9. Demoulin’s equation in general spaceforms M?3.
Lemma 4.10. Demoulin’s equation is independent of choice of spaceform.

Proof. In the case of My = R?, Demoulin’s equation is D = 0. When changing to the
spaceform M, for general x, we have
kj=t-kj+26(z n9), gu="=t2g1, Gu=t"gm,
with
t =14+ kx|
(see the proof of Proposition 2.28). So
V2 by — ks Vi ky — ky
(\/gj%i(x Xy ) k1 + 26(x o) + tkl,u) N
V922 t(k1 — ko) .
(@2&(35 cxy)ko 4 26(x - ngy) + tkz,v> _
N t(ky — ky) L
(\/ﬁ 0+ thi, ) N (@ 0+ th, ) _p
V922 t(ky — k) Vo t(kr — k) '

So Demoulin’s equation holds for My = R3? if and only if it holds for any M,. 0

Similarly, Equation (4.4) with b as in Equation (4.5) is invariant under choice of
spaceform, so we also have the following lemma.

Lemma 4.11. With x and n given by any choice of spaceform, and with k; and g;
determined by that spaceform, the form of b for isothermic s = bX + N in Equation
(4.5) remains valid.

FExample 4.12. With Lemma 4.11 now available to us, we can check that flat fronts
in H3 are Q. With ¢ as in Section 3.10, and setting C' := cosh ¢ and S := sinh ¢, we
have

m=C%, gn=>5", kh=5/C, k=C/S.
(Q (5/C)u ) +(§ (C/S) ) 0
s(s/ey-(/ls)), \cs/e)y=c¢/s),
so Demoulin’s equation holds.
Furthermore, by Lemma 4.11,

(5/C)C F (C/S)S _
[OF==")

b= 41,

SO

s=N=+X,
and these are exactly the two hyperbolic Gauss maps (so the two Gauss maps lie
in the two sphere congruences, respectively). This means that the isothermic sphere

congruences are the two horosphere congruences, and the two hyperbolic Gauss maps
are conformal maps, i.e. holomorphic.

We have now shown that:
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Lemma 4.13. Flat fronts are ) surfaces.
Note that flat fronts are not isothermic in general, because

h2
(1og e 9”) £0

sinh® ¢

in general, so (see Section 2.5):
Corollary 4.14. Not all €2 surfaces x are isothermic.

4.10. Harmonic separation, Moutard lifts of isothermic sphere congruences.
Now we consider the notion of harmonic separation. Four vectors v, v, ¥3, U4 are
said to be harmonically separated if their cross ratio is —1, i.e.

cr(51752,173,174) =—1.

Lemma 4.15. The two isothermic sphere congruences of an ) surface separate the
curvature sphere congruences harmonically.

Proof. Any sphere congruence, as at the beginning of Section 4.3, is of the form
bX + N .

The four values of b under consideration, for one curvature sphere congruence, then
one isothermic sphere congruence, then the other curvature sphere congruence, then
the other isothermic sphere congruence, are

b — k by — k1y/g11 + kay/G22 b — k by — kiy/gu — kav/g22
1 1 2 \/ﬁ—i‘ \/E ) 3 2 4 \/ﬁ— \/gz .

Then the cross ratio is
(by — b1)(bs — by) ™ (by — bs)(by — bs) ™" =
(—k . ki1 + k2\/922) (k _ kiyv/gu + k2\/922>1'
! V911 +/G22 ? /911 T /922

(/ﬁ\/gn — kar/Ga2 o ) <k: _ k19 — kzx/gm)_l _ 1
V911 — /922 ? ! V911 — /922 .

The next technical lemma is for the purpose of establishing Corollary 4.17.

Lemma 4.16. cr(Ky,aK; + bKy, Ky, cKy — dKs) = —1 implies the 2-dimensional
vectors (a,b) and (c,d) are parallel.

Proof.
—1= CI‘(Kl,CLKl -+ bKQ, KQ,CKl — dKQ) =
Cl"(KhKl + (b/a)K27K27K1 + (—d/C>K2) =
cr(0,b/a, 00, —d/c) = —bc/(ad) .
O

Corollary 4.17. If K,, K5 are the principal curvature sphere congruences, and si,
sy are the isothermic sphere congruences, then we can choose the lifts s; so that

S1 = CLK1 + bK2 and S9 = (IKl — bK2
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The next remark will be used in the proof of Lemma 4.19.

Remark 4.18. Theorem 2.2 in [31] is the following: Suppose that (, ) is a scalar product
on a finite-dimensional real vector space V and that U is a subspace of V.

(1) Then U+ =U and dimU + dim U+ = dim V.

(2) The scalar product (,) is nondegenerate on U if and only if it is nondegenerate
on U+. If the form is nondegenerate on U, then V is the direct sum of U and
Ut

(3) If V' is the orthogonal direct sum of two spaces U and W, then the scalar
product (,) is nondegenerate on U and W, and W = U+.

The next lemma provides us with a third alternative for determining {2 surfaces,
other than just direct application of the definition of €2 surfaces or confirmation of
Demoulin’s equation. We can instead investigate whether there exists a section s
having a Moutard lift.

In this lemma, we consider a section s = s(u,v) of a Legendre immersion A =
A(u,v). We say that s is a Moutard lift if there exist coordinates u,v for which s
satisfies

Suwol|s -

Nondegeneracy of s = s(u,v) is assumed, which means that s contains no principal
curvature spheres. (This is analogous to the assumption of immersedness in Lemma
2.19.) Like in Lemma 3.26, we can then check that neither s, nor s, lie in the null
plane given by A, so in particular

(Su,Su) >0 and (s,,8,) >0.

Lemma 4.19. Let s = s(u,v) be a nondegenerate section of a Legendre immersion
A(u,v). Then s can be scaled to a Moutard lift if and only if it is isothermic.

Proof. To prove one direction: Assume s is a Moutard lift, so s,, = as for some scalar
a. Then
(Ny, $y) = —(N, 84) = —a(N,s) =0
for all N € N[s]. In particular,
(Su,$y) =0.
This implies we have curvature line coordinates u, v for s.

Then (Sy, Su)v = 2(Su, Suw) = 0 because s,, is parallel to s, which implies (s,, s,)
is independent of v. Similarly, (s,,s,) is independent of . Thus we can scale the
diagonal entries of the first fundamental form, by a change of coordinates of the form
u — u(u) and v — 9(v), so that they are equal to each other. In fact, such a change of
coordinates can be chosen so that the metric for s becomes du? + dv? (or the identity
in matrix form).

To prove the opposite direction: Assume s is isothermic with isothermic coordinates
u,v. We can rescale s so that |ds|* = du®+dv? without affecting the Moutard equation
Suw = a8, although the scalar o will change. Taking the envelopes g, ¢ as in Remark
4.1, g,9 L s,ds. The assumption that we have curvature line coordinates implies,
using Remark 4.18,

Suw € (span{s, g, §})* = span{s, sy, 5,} .
Now
0 = %(1)"’ - %(|SU|2)U = (SU7Suv>
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implies s,, L s,. Similarly, s,, L s,. So
Suw € (span{s, sy, s,})" = span{s, g,q} .
Therefore s,, is parallel to s. O

Note that, in Lemma 4.19, the coordinates u,v for which the Moutard equation
Suw = s holds are the isothermic coordinates.

Remark 4.20. Regarding the second half of the above proof, note that once
(4.13) Syy = ASy + bs, + cs

holds for one particular choice of lift s, it holds again for any choice as (although the
coefficients a, b and ¢ will change). Then, as we already know

Suw € span{sy, sy, S},

we have the following way to test whether s is an isothermic sphere congruence: We
are given that there exist a, b and ¢ so that (4.13) holds. Now, if as is the actual
Moutard lift, so (as)u||s, it follows that a = —(log«), and b = —(loga),. Thus
a, = b, is the test equation for s being isothermic. Then, once that holds, we find

that

Oé:e—fadvze—fbdu.

Before stating more results on Moutard lifts, we prepare the next two lemmas.
Regarding the next lemma, see also Lemma 3.26.

Lemma 4.21. Let u,v be coordinates for a Legendre immersion A = A(u,v) that are
curvature line coordinates for the projection of A to a 3-dimensional spaceform. If
K, Ky are the principal curvature spheres with respect to u, v, respectively, then

Ky, Koy € span{ Ky, K5} .

Proof. Ky = 1r(N + k1 X) for some scalar function r, thus

Ky =1y(N+kX)+r(Ny+ k1, X + k1 X,) =

ru(N + k1 X) 4+ rky X € span{X, N} = span{ K, K5} .
The argument is similar for Kj,. ]
As we saw in Section 3.8,

span{ K1, K1, K1} L span{ K, Ko, Kouu} ,

and thus we have:

Lemma 4.22. span{ K1 ,}, span{ K>}, span{ K, K>} are all independent vector sub-
spaces.

Proof. Tt suffices to note that K, K ,, Ko, K, are all perpendicular, and | K7 ,|* > 0,
|K.|* > 0. (These last two inequalities were seen in Section 3.8.) O

The next lemma also shows us that, generically, existence of one isothermic sphere
congruence implies existence of a second one. This is something we also saw in
Corollary 4.5, but now we phrase the result in terms of Moutard lifts.

Lemma 4.23. If aK, + Ky is Moutard, then so is alKy; — bKs.
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Proof. By Lemma 4.21, there exist scalars e, f, g and h such that
Ki,=eKi+ fKy, Ky, =gKH +hK,.

By assumption, we have that aK; + 0K, and (aK; + bK3),, are parallel, and we also
have

(K1 + bKs)uw = (ayy + ayve + byg + ae, + bg, + afg + bge) K1+
(buv + auf + buh + af, + bhy + afh + by f) Ko+
(ae + ay) Ky, + (bh + by) Koy, -
Then Lemma 4.22 implies ae + a,, = bh + b, = 0, so

(K1 + bK))||(aKy 4+ bK3)yw =
((bg)u + g(af + be)) Ky + ((af)v + fah +bg)) Ky ,
which gives
(4.14) b(bg)u + b2ge = alaf), + a’fh .
Now, changing aK; + bKy to aK; — bKs, we obtain
(@K1 = bK3)uw = (=(bg)u + g(af — be)) K1 + ((af)o + f(ah — bg)) K>
and we want this to be parallel to aK; — bK,. For this, we need
(=b)(=bg)u + (=b)*ge = a(af), + a’fh,

which holds, as it is equivalent to (4.14). O

Remark 4.24. If we rescale K; and K5 so that ¢« = b = 1 in Lemma 4.23, then the
argument in the proof of Lemma 4.23 shows e = h = 0, so

Kl,uHKQ and KQ’UHKI.

4.11. Flat connections and T-transforms. With the wedge product for R*? as
described in Remark 2.43, the following lemma can be proven in just the same way
as Lemma 2.46 was.

Lemma 4.25. For an isothermic sphere congruence s with isothermic coordinates
w,v, I* = d + A1 is flat for any choice of \, where the retraction form T of s is

2
T = mS A (—Sudu + svdv) .

Like in the proof of Lemma 2.46,
[TAT]=dr =0
here as well.

Remark 4.26. Note that 7 is invariant of the choice of lift s (see also Remark 2.45).

Definition 4.27. A Calapso transform 7" € O, (also called a T-transform) is a
solution of

(4.15) dI' =T - A7 .

Note that such a solution T" exists because dr = [T A 7] = 0.
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Remark 4.28. T € o045 implies T € O, if the initial condition for (4.15) is chosen in
Oy2. Then

(U, W) = (TV, TW)
for all ¥, € R*%. Thus

(T0, W) = (T3, T - T~ ') = (7, T ") .
Lemma 4.29. If s is a Moutard lift, then T's is also a Moutard lift.
Proof. Note that 7s = 0, and (s A s,)s, = 0. Then
(T'S)uw = AT (7(00))(8) + Tsu)p = (T'Sy)w =
AT(1(0y))(Sw) + TSup = T'Sun

is parallel to T's. 0

Remark 4.30. In fact, in the proof of Lemma 4.29, we have seen that s and T's even
have the same factor function in the Moutard equation.

Corollary 4.31. T's is also isothermic.
Proof. This follows from Lemma 4.19. U

Remark 4.32. Note that the retraction form for T's becomes T'7T~!. seen by direct
computation.

Remark 4.33. If, in addition to being isothermic, s is also a curvature sphere congru-
ence for some Legendre immersion A, then T's is a curvature sphere congruence for
TA as well.

4.12. Retraction forms for pairs of isothermic sphere congruences. We now
notate the two isothermic sphere congruences of an €2 surface = (or rather, its lift to
a Legendre immersion A in R*?, an  surface in Lie sphere geometry) by s*, with
corresponding retraction forms

+ 2
(s

U TU

sEA (—stdu + sEdv)

T

and corresponding solutions T of
dT* =T - A%,
respectively. So
A = span{s™,s7}.
Lemma 4.34. The connection
M =d+ ANtrt + (1 —t)77)
is flat for any choices of t and .

Proof. The proof goes along the same lines as the proof of Lemma 4.25. We need
(t77(0u) + (1 = )7 (9u))o — (t77(00) + (1 = )7 (0))u =0,

but this follows directly from Lemma 4.25 applied to 77 and 7~ separately. We also
need

{(t77(00) + (1 = )7 () (t77(0) + (1 = )7~ (9h))—
(t77(0,) + (1 = )77 (8,))(t77 (D) + (1 — )7 (8u))}Z = 0
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for all Z € R*2. Lemma 4.25 implies it suffices to show
7H(0,)7(8y) + 7 (0,)7T(0y) — 77 (0,)TT(00) — 7T (8,)7(0,) =0,

which follows from a computation using

(Sffa S;) = _(S+7 S’l:?}) = (32_7 S;) :
(This computation simplifies somewhat when using Moutard lifts for s*.) O

Lemma 4.35. For the right choices of Moutard lifts s*, and the right choices of
coordinates u, v,

Th -1 =d(sTAsT),
that is,
(17 =77 —d(sTAs)Z =0
for all Z € R*2.

Proof. By Corollary 4.17, Lemma 4.23 and Remark 4.24, we can normalize the lifts
of the principal curvature spheres K; and K5 so that

(416) S+:K1+K2 s S_:Kl—KQ
are Moutard lifts of the isothermic sphere congruences, and then
(K1>u = 3K, and <K2)v = vK;

for some functions § and ~, by Remark 4.24. As seen in the proof of Lemma 4.19,
||sF|1? = ||s;F||* can be taken to be constant (i.e. independent of w and v), so we can
rescale u, v so that ||sE||> = ||sF||?> = 2. Then

717 —d(sTAsT) =
sTA(=stdu+ sfdv) —s™ A (—s, du+ s, dv)—
st A (sydu+ s, dv) + s~ A(sfdu+ stdv) =
—sTA((sT 4+ s )udu+ (57 — s7),dv)+
sSTA((sT 4 s )udu+ (s7 —s7),dv) =

—2(sT A (K udu — Ko pdv) — s~ A (K udu + Ky ,dv)) =
—2(st A (BKydu — yK dv) — s~ A (BKydu + yKidv)) =
=2 (B(st —s7) AN Kadu — (s + s7) A Kidv) =

(
—2(B(2K) A Kadu — 7(2K,) A Kydv) =0 .

By Equation (4.16), we also then have:
Corollary 4.36. For the right choices of lifts sT,
stAs™ = 2K AN K> .

Corollary 4.37. For the right choices of Moutard lifts s*, and the right choices of
coordinates u, v,

T+—T_:—2d<K1/\K2).
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4.13. T-transforms of pairs of isothermic sphere congruences. We now wish
to show that, when

(417) T+(U0, ?}0) =1 (Uo7 Uo)

for some value (ug, vg), then, where the T* are defined as in (4.15) with 7 replaced
by 7, respectively,

(4.18) T+ (span{s™,s™}) =T (span{st,s™}) = span{T*s*, T 57},

so that the two deformations, either by T or by T, of the sphere congruences
(sections of span{s*, s~}) give the same Legendre immersions. Thus this constitutes

a l-dimensional deformation of the original Legendre immersion. In particular, by
Corollary 4.31, the deformed Legendre immersions are also €).

Lemma 4.38. Under suitable initial conditions for T+,

(4.19) TH1-stAs) =T (11—  AsT) =T,
(4.20) TH=T"(1—-Xs"AsT), T-=T"(1-AstTAs7).
Proof.

1 1
ATH(1—3ixst AsT)) =T (At (1 - 5)\3+ ANsT)— EAd(er ANsT)) =

TH1—3AsTAsT) - Mzt —3d(st AsT)) .
A corresponding equation holds for 7~ as well. So
TH1—3AsT AsT)
and
T (1—3Xs" As™)
satisfy the same differential equation, by Lemma 4.35. If we choose the initial condi-
tions of T+ appropriately, we have (4.19). Equation (4.20) is immediate from

(I—2xs AsT)T=1—1Xst A5

If fact, from Equation (4.19), we have this corollary:
Corollary 4.39. TTst =T st and T s~ =T "s".

This corollary is actually a stronger statement than the relations in (4.18) we first
set out to prove.

Lemma 4.40. When T* € Oy, then also T e Oy.
Proof. For Z,, Z, € R*2,
(1=3AsT AsT)Z1, (1= SAsT ANsT)Zs) =
(Z1,Z5) + AN ((sT A sT) 20, (sT A sT) Za)—
IN((sTANST)Z0, Zo) + (21, (st N sT) 2)) = (21, Zs) .
So1l-— %As* A s~ € Ogo. Similarly, 1 — %)\s* A st € Oyo. O

Lemma 4.41. span{T*s™,T*s™} is a Legendre immersion.
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Proof. We need only check the contact condition now:

(d(T*sT), Tts™) = (T MrTsT + T ds™, TTs7) =

(THdst, Tts™) = (dst,s7)=0.
U

4.14. The case of flat surfaces in H?. In this section, we describe some properties
of flat fronts in H?.

Theorem 4.42. Suppose A is an ) surface with isothermic sphere congruences s*
and s~, and that sT and s~ are each enveloped by a constant sphere St and S~,
respectively. Then A projects to a flat surface in some H?. The converse also holds.

Proof. The spheres ST and S~ are given by vectors ST and S~ in the light cone L5
of R*2. Then

(5%,8%) = (s, §%) = (57, 8%) = 0.

Now we need to see that if we project to a correctly chosen H?, we can have S+
and S~ both giving a single sphere JH? (with opposite orientations), and then we
need to see that the resulting surface x is flat in that H?.

An Oy isometric motion can take any S™ and S~ to any other two lightlike vectors

St and S~ such that (S, 87) = (§7,87), so we can take

0 0
0 0
St = 8 and S~ = 8
1/2 (8§T,87)
1/2 —(8,87)

Then we can rescale ST as we please, as this will not change the spheres they represent.
So without loss of generality,

(4.21) St =

R e R =
%
I
—o o OO

We take

_ o O O oo
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so that {p}* has signature (—, +, +, +, +), and then

_ o O oo

0

will give H? (the same H? as M,, = M_; in (2.4), but with the fifth coordinate of M_,
in (2.4) shifted to the first coordinate here). Then S* both represent OH?, i.e. the
same ideal boundary sphere of H?, but with opposite orientations.

Now A = span{s™,s™} gives the Legendre lift of the surface x in this H?, and
(dst,ds™) and (ds—,ds™) are conformally related. Also, st 1L St and s L S~
We can rescale s* without affecting conformality of (ds®,ds*), so without loss of
generality

Sq So

57 57

+ —

+ _ | S2 - _ | S

(4.22) st = | s = o
1 1

1 —1

The vector (sg,s7,s5,s43) represents the hyperbolic Gauss map G, and the vector
(Sg, 5159, 53 ) represents the other hyperbolic Gauss map G, where G and G, are
as in Section 2.22. Conformality of (ds®,ds*) implies

—(55)”  (570)° + (52.)° + (552,)7 = —(55,)* + (s1,)* + (52,) + (55,)7 ,

+ _+ + _+ + _+ + + _
—50,u50,v + S1.u51w + 524520 + 834530 = 0.

This means that G and G, are holomorphic maps, and this implies that the surface
x, when projected to the H? above, is flat (see Section 2.22).
To show the converse, consider a flat surface x in the H?® determined by

0 0
0 0
0 0
P=1y and ¢ = 0
0 1
1 0

We have already established in Example 4.12 that the surface is 2, and it remains only
to note that, for s* = N F X as in Example 4.12, we have (s*,8%) = (s7,87) =0
with §* as in (4.21). O

We can now define the notion of polynomial conserved quantities P* for the con-
nections I't = d + M\r*, respectively, just like in Section 2.16. The next corollary
employs notation defined in Lemma 4.34.

Corollary 4.43. An Q surface x is a flat surface in some H? if and only if x has
two order-zero (i.e. constant in \) conserved quantities ST € L° for Tt = '’
'~ =T respectively.
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Remark 4.44. The S* will be constant with respect to the coordinates u and v for
the surface as well, and thus
.8T=7.8" =0,

as we will see in the proof of Corollary 4.43 just below.

Proof. Suppose x is flat. Then there exist constants S* € L? enveloping the isother-
mic sphere congruences s*, by Theorem 4.42. So
(4.23) d(T* -8 =T A\=SF=T*-1-0.
Thus « has two order-zero conserved quantities ST, because
I£8* = (d+ MHS* =0.
Conversely, suppose ST € L are two order-zero conserved quantities, i.e.
[£8* = (d+ A5)ST=0.

Because this is true for all real ), it follows that S* are constant and 7+S* = 0, and
thus ST L s*, 55, st. Hence the constants ST give fixed spheres that envelop s,

Y u v

respectively. Then Theorem 4.42 implies x is a flat surface. O
Theorem 4.45. T*-transforms of a flat surface in H? are again flat in H3.

Proof. As in Corollary 4.43, there exist constant conserved quantities S*. By (4.23)
and the fact that T5*S* = S§* at one point (because of (4.17)),

T:I:,)xszl: — S:I:
at all points, and for all values of A. Then
0= (sF,8%) = (THs*, T5S*) = (T*sF,5F)
implies T"s* and T~ s~ are each always enveloped by the same constant sphere given
by 8%, respectively. They are also isothermic, by Corollary 4.31. Then Corollary 4.43

implies all the deformed surfaces (the T*-transforms, or equivalently T—transforms)
are flat in H3. 0

4.15. The gauging principle. We consider a gauge theoretic approach here, which
is useful when one studies discrete analogs of () surfaces, as we do in a subsequent
text.

Let us first state the gauging principle in vague terms, without any specification
of the spaces in which various objects lie: P = P()) is a conserved quantity for a
connection V = V* if

VP=0.

Then for any transformation g, we have the gauging ¢gVg=tgP = 0, i.e.

(9Vg ) (gP)=0.
This means that gP is a conserved quantity of gVg~!. We can refer to ¢ simply as a
“gauge”.
We will illustrate this gauging principle here. Let Kj, s*, 7 be as in previous
sections, with the lifts K&; chosen so that Equation (4.16) and Corollaries 4.36 and
4.37 hold, and u, v so that ||s,||* = ||s,||* = 2.

Lemma 4.46. (Kl A K2)2 =0 and d(K1 N KQ)(Kl VAN KQ) = 0.
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Proof. This result follows from noting that
Image(K; A K3) C span{ K1, K>} ,

and K A K restricted to span{ K, Ky} is zero, and, for A € R*? with A= (K A
K3)A € span{ K1, K>},

d(Ky N Ko)(Ky A Ky)(A) = (dKy A Ky + Ky AdES)(A) =0

We take, for A € R,

g = exp(AK) A Ky) = 1+)\K1/\K2+Z INY(Ky A Ko)" =14 MKy A Ko
n=2
as our gauge.

Lemma 4.47. g* odo (¢")' =d — Md(K, AN Ks). (70" denotes composition.)
Proof. We have
grodo(g) Tt =d+ g d((gN) ) =d - (dgM) (M) =
d— M(K; ANKy)(1 = K3 ANKs)
and the result follows from Lemma 4.46. U
Corollary 4.48. ¢ o (d+Art) o (¢") ' =d+ A+ A/2)7F — (N/2)7, for A, X € R.
Proof. We have
P o(d+At)o ()P =d— MK ANEK) +Ag* oo (¢t =
d+INTT—77)+ Aot o (¢M) 7,
by Lemma 4.46 and Corollary 4.37. Now,
g/\oT+o(g’\) (1+/\K1/\K2)OT+O(]_—)\K1/\K2)
(1- %8+/\8*)((—( c)sy (s, )5 )dut (5%, )sy — (s, ) )dv)(1+5AsT A s7) =
(1—gs"As™ )((—( T)su A (san)sT)du+ ((s7,)sy = (sy,)sT)dv) (1) =
(1)((—( s)sa (s, )T )du+ (7, 0)sy — (s, 0)sT)dv)(1) =77,

g o(d+ AN o (@) T =d+ AT -7+ At
The result follows. 0

SO

Corollary 4.49. The connections d + A\t and d + A\t~ are related via the gauge g
by
Po(d+ M) o(¢ M =d+ M

Remark 4.50. In the case of flat surfaces in H3, for which we have lightlike constant
conserved quantities S* as in Corollary 4.43,
(d+MH)ST=0
is gauge equivalent to
(d‘i‘)\Ti)PJr :O,
where, using Corollary 4.36,
Ppi=g 8T =1 -2 K, ANK)ST =1+ X" As)ST =8t — A\(s7,8T)sT
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since (s*,S8%) = 0. Similarly,

(d+A7)S =0
is gauge equivalent to

(d+MT)P_ =0,
for some linear conserved quantity P_. So S*, P,, S~, P_ are all conserved quantities.
Note that ST are lightlike constant conserved quantities, while Py are linear conserved
quantities.

Remark 4.51. If an ) surface A has one timelike constant conserved quantity p for
the connection d + A7 coming from some isothermic sphere congruence s € A, then s
projects to an isothermic surface in the Mobius geometry given by {p}+ ~ R*! since
(d+ A7)p = 0 implies (s,p) = 0.
Remark 4.52. Note that, by (4.19) and Corollary 4.36,

(N 'Trg =T,
so g~ acts as a gauge between T+ and 7~.

In fact, TT and T~ themselves are gauge transformations of a different type, so we
have interrelated gauge transformations, because TF gauge the trivial connection d
to the I'* = d + A\® connections, respectively, as follows:

T+ : (R*?,IF) — (R, d)
via
d(T*y) = Tdy +dT* -y = TH(d + M\r¥)y = T T Fy .
4.16. Guichard surfaces. Guichard surfaces are {2, as we are about to see in Lemma
4.54 below, and can be defined as those surfaces z in R3 that satisfy Calapso’s equation

(4.24) cgngaz(ky — k2)* = gaz — €911,
for some choice of curvature line coordinates u, v, where ¢ is a constant, € is 1 or i,
and

g1 =Ty Ty s Gr2 =Ty Ty =0, Goo =1y 2y,
and k; and ko are the principal curvatures. (Equation (4.24) actually includes the
case of isothermic surfaces as well, when taking ¢ = 0 and € = 1.)

In fact, however, the notion of Guichard surfaces is sensible in Mobius geometry;,
so one need never reduce to a 3-dimensional spaceform.

Remark 4.53. It was shown by Calapso [30] that Equation (4.24) is equivalent to the
existence of a Guichard dual, which is a surface with parallel curvature directions and
principal curvatures £} satisfying

1
ks Tk

Lemma 4.54. Guichard surfaces are 2.

= constant .

Proof. We take a Guichard surface and give it curvature line coordinates so that
Calapso’s equation (4.24) holds. We need to show that Calapso’s equation implies
Demoulin’s equation

(\/911 ki ) e (\/922 k2 > _ 0

V922 ky — ko v 911 k1 — ko
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holds, for either € = 1 or € = i. The reason for also considering ¢ = ¢ will be explained
in Section 4.19. We take up just the case ¢ = 1 here. Using the Codazzi equations
(2.22), the left-hand side of Demoulin’s equation becomes

(@ ((log(ky — ks))u + &(log g22)u)> - (\/E ((log(k1 — k2))y + 2(log gn%)) ,

V922 . V911 u

which, using that the Calapso equation implies

log(k1 — ko) = 2 log(gas — g11) — 2 loge — L log g1 — £ log goa

3 (g(log(m? - 911))u)v -1 (\/\/g(log(m2 - gn))v>u +

5 (\/\/g(loggll)u>v +1 (g(log gQQ)U)u —

(2 (2 ))) (2 e 2)))

and then a direct computation shows this is zero. ([l

becomes

[

Noting that tubular surfaces are defined as those surfaces for which one principal
curvature is constant (see the upcoming Definition 4.64), we have the following lemma:

Lemma 4.55. Nontubular non-CMC' linear Weingarten surfaces are Guichard.

Proof. By assumption, we have the linear Weingarten equation (see the definition of
linear Weingarten surfaces at the beginning of Section 4.18)

aK —26H+~v=0.

Because the surface is not CMC, « is not zero, so without loss of generality we can
take o = 1, and the linear Weingarten equation becomes

(ky = B) (ke = B) = p = B* =,
and p # 0 because the surface is non-tubular. We give the surface curvature line

coordinates u, v.
The case p > 0: Choose f so that

ki —p=+/ptanh f, ko — B = /pcothf.
Using the Codazzi equations (2.22), we have

fv Ji1,v n
b \/ﬁcosh2f 2g11( 2 — k1) = y/p(coth f — tanh f) - 5(log g11)u ,

implying
o (log g11)

coshf  2sinh f ’

and in turn implying

log(cosh f) = 3 log gi1 + h(u) .
where h(u) is some function depending only on u. We can rescale the u coordinate
so that h(u) = ¢; for some constant ¢;. Thus

Co cosh® f=9n
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for some constant c;. We can then scale u by a constant scalar factor so that
g1 = cosh? f .
Similarly, we can arrange that
g2 = sinh? f .
Now
cg11922 (k1 — k2)2 — Goo + €211 =
c-cosh® f -sinh® f - (y/ptanh f — \/pcoth f)? — sinh® f + € cosh® f |
and this is equal to zero when we set ¢ = —1/p and € = 1, thus Calapso’s equation

holds and the surface is Guichard.
The case p < 0: In this case we can similarly arrange that

ki—B=v=—ptanf, ky—B=—/—pcotf

and
2 . 9
g1 = cos” f | gog =sin® f .

Calapso’s equation again holds, now using € = i. 0
We have the following immediate corollary:
Corollary 4.56. All nontubular linear Weingarten surfaces are ).

4.17. Christoffel duals. The following lemma is particularly useful for understand-
ing discrete 2 surfaces, as we will see in a subsequent text.

Lemma 4.57. Consider a Legendre immersion A from M? to the null planes in L,
and suppose there exist sections (i.e. particular lifts of sphere congruences) o= € A
such that

dot ANdo™ =0.
Then

(1) o* are isothermic with the same isothermic coordinates u,v on M? (and in
particular, A is an Q surface),

(2) there exists a scalar function f such that o = fo, and o} = —fo, (and
then o* are called Christoffel duals),

(3) of, € span{ot,of}, o, € span{o,,0,} (and because of this, o+ and o~ are

each called a Christoffel lift ).
Proof. Take u, v to be conformal coordinates for ™. Because dot Ado~ = 0, we have
of Noy —af No, =0

and also

- _ oot + - _ Nyt +
o, =ao, —po, , o, =0, —ao,

for some scalar functions «, 3,~. Then, because

(0n,07) = (07,0 )u—(07,04,) =—(07,0y) =

_(0_701—1_%_"(0‘1;_70-1—;) = (0-1)_70-1—,:—)7
we have

y=-0.
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We can also now see that u,v are conformal coordinates for ¢~ as well. Set F :=

(o ,0'5;)). The Sor?lpatibility condition o, = o, gives (o, — 0,.,,0) = (0, —
Opu, 0y ) = 0, and thus

(4.25) (v + Bu)oy + (aw = Bu)a) + Blog, — o)) +2a0,, =0,

implying

SO
0= (BE)u + (aB), = (=BE), + (aE), ,
and so E(a + i) is holomorphic with respect to u + iv. For any vector field N

lying in the bundle with fibres consisting of the vector spaces (span{o;, o} })t with
nondegenerate signature (4, +, —, —), Equation (4.25) implies

(4.26) 2a(ct  N) + B(ot, —0of ,N)=0.
Define a + ib, a,b € R, by
(a+1ib)* = E(a + i) ,
so a + b is holomorphic as well. It follows that
d(bdu + adv) = d(—adu + bdv) =0 ,
so we can make a conformal change of coordinates (u,v) — (@, ?) so that

du = bdu 4+ adv , dv = —adu + bdv .

Also,
b a —a b
Oz = o Oy, Op=—=0,+—-0,.
a? + b2 +a2+62 a’ + b? +a2—|—b2
A direct computation gives
1 a b
+ + 2 _+ 2+ + +
Oap = (a2+—bZ)2 (—abo), — a*ol, + Vol +abo,) — prRT (a2 n 62>u0u +

_a a o + b b o+ b a o
a2+ \a?+02), " a2+ \a2+02), " a2+ \a2+02), "

and then it follows from (4.26) that (o7, N) = 0, so @, 0 are isothermic coordinates
for 0. Similarly, (0,5, N) = 0, and @, 0 are isothermic coordinates for o~ as well.
Also,

. oot = BoF) — alof + ag?)

i T Ty a2 + 12

and similarly

so item 2 of the lemma holds with
—F
f==""
a’+b
Because o3 is perpendicular to the entire space (span{c;, o} })*, and in particular

u’rrv

(0%, N) = 0 even for fields N in (span{c}, o} })* such that N f oF, it follows that

uv? u’rrv
o1 € span{o;, o} }. Similarly, o7 € span{o,,0, }. O
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FIGURE 4.1. Physical models of the psuedosphere in R3, which has
constant negative Gaussian curvature, and hence is a linear Weingarten
surface (owned by the geometry group at the Technical University of
Vienna)

FIGURE 4.2. Physical models of other surfaces of revolution in R?® with
constant Gaussian curvature, which are again linear Weingarten sur-
faces (owned by the geometry group at the Technical University of Vi-
enna)

4.18. Linear Weingarten surfaces. Up to now, we have given some special atten-
tion to flat surfaces in H?, but now we consider a more general class of surfaces called
linear Weingarten surfaces. Linear Weingarten surfaces in a spaceform M?3 are those
whose Gauss and mean curvatures K and H (with respect to M?) satisfy

aH +bK +c=0
for some constants a, b, c.

Theorem 4.58. For an § surface x with isothermic sphere congruences st and Le-
gendre lift A = span{st, s~ }, suppose there exist constant conserved quantities

QF eR* | e (s5,QF)=0,
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and suppose
@Q7.Q)#0, (s,Q7)#0, (s,Q")#0,

and the subspace V- = span{Q*,Q"} has signature (+,—). Then A projects to a
linear Weingarten surface in a spaceform.

Proof. Take an orthonormal pair p,q € V' such that (p,p) = —1 and (¢,q) = 1 and
QT =p+Bq forsome BeR\{0},

and neither p nor ¢ are parallel to ~. We can normalize ()~ so that

(Q7,Q7)=-2.
We can also scale s* appropriately so that
(s%,Q7) = -2.

Take a_, f_ € R\ {0} so that
QT =ap+pgq.
Writing
sE=6T 4 of for & LV and pfeV,
it follows that
(4.27) a_=2+4+8p_.
There exist Ay, By such that & = Ay p + Biq, and then
" =2+ B-By)a'p+Biq, ¢ =@2+BB)p+Bq.

Now, (s*,Q%) = 0 implies By = 257! and B. = —2a_S~! are constant, with
S =a_f—p_. Since By exist, we know S # 0. Then

" =(20p+2q9)/S, 9 =(-26-p—2a_q)/S.
The properties (X,p) = (V,¢) =0 and (X, q) =
X=3(B_s"+pBs7), N=1L(a_st+s7).
Then by Lemma 4.15,

(N,p) = —1 give

cr(ki X + N, s, ko X +N,s7) = —1=
(s X + N, —B'X + N, ko X + N,—a_ B 'X + N)=-1=
cr(ky, =Bt Ky, —a_B7Y) = —1 =
(k1 = (=B7N(=87" = ko) ko = (o)) (~a-ft —r1) T = -1 =
KeatfB-+ H(B-+ B2+ BB-)) +BB-+2=0,

where K.,; = k1kg is the extrinsic Gaussian curvature. The final implication above
uses (4.27). Thus the surface is linear Weingarten. O
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F1GURE 4.3. Two surfaces in a deformation through a one-parameter
family of linear Weingarten surfaces of Bryant type in H?, the first of
which is a flat surface (see [65])

FIGURE 4.4. Two further surfaces in that deformation starting in Fig-
ure 4.3 through a one-parameter family of linear Weingarten surfaces
of Bryant type in H?, the second of which is a CMC 1 surface (see [65])

The assumptions in Theorem 4.58 that (Q1,Q~) # 0 and that V' has signature
(4, —) create restrictions on which types of linear Weingarten surfaces are obtained
in that theorem, i.e. not all types of linear Weingarten surfaces are included there.
In fact, the only condition that is really needed is that span{Q*,Q~} is not a null
plane. Once could then restrict to Riemannian geometries by assuming there exists
a timelike p € span{Q™*, Q" }.

Furthermore, we need to consider the case that s* are complex conjugate as well,
and also €2 surfaces, to produce all linear Weingarten surfaces. We come back to this
in Section 4.19.

Definition 4.59. Those linear Weingarten surfaces that satisfy an equation of type
a(xH + 1)+ 8(Ker —1) =0
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for some a,f € R (Ja| + |5] > 0) are called linear Weingarten surfaces of Bryant
type.

The reason for distinguishing the linear Weingarten surfaces as in Definition 4.59
is that they are the ones with Weierstrass type representations. See [56], [77], for
example.

Corollary 4.60. The linear Weingarten surfaces of Bryant type in Theorem 4.58
correspond to the case that at least one of QT is lightlike.

Proof. 1If (QT, Q") =0, i.e. without loss of generality 8 = 1, we have
(Kewt — D) +2H(B_+1)+2(f-+1)=0 =
(Kewt —1)6-+2(H+1)(1+5-) =0,
and this the equation for linear Weingarten surfaces of Bryant type. U

The next corollary was already established in Corollary 4.43.

Corollary 4.61. Flat surfaces in H? correspond to the case that both of QT and Q~
are lightlike.

Remark 4.62. The case of CMC surfaces. For CMC surfaces, st = X is isothermic.
By Corollary 4.49

g dH+ M) () =d+ M
i.e. g72 is the gauge for the gauge transformation taking 't = d + A7+ to I'™ =
d + A7~ (and, put more simply, g~2* is the gauge transformation taking I'" to I'").

g (d+ M) () TIQT = (d+ AT =0
implies
(d+ X)) () 'Q7) =0,
and now (g g~ is a linear conserved quantity for st = X. This linear conserved
quantity was seen in Theorem 2.54.

72)\)71

4.19. Complex conjugate s*, and (), surfaces. For the arguments about  sur-
faces in Section 4.3, we could also consider the case that the metric in (4.4) is Lorentz
conformal, i.e.

(b—ki)? = —(b—ky)?.

- k1\/g11 F tkay/g22
V911 F 14/g22

resulting in s* being complex conjugate to each other. Consideration of this case
requires us to complexify R*2. In this case, Demoulin’s equation becomes

(4.28) (\/911 i > _ <\/922 20 ) —0
' V922 kv — ko ) Vo ki — ks ) '

We will call these surfaces 2 as well, and we call the s* isothermic sections.
We could also consider the case that the metric in (4.4) is degenerate, i.e.

(b—Fk)*(b—k2)* =0,

and then without loss of generality that b = k;. We are now considering a principal
curvature sphere congruence, of course. To understand what isothermicity is, and

This gives that
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what Demoulin’s equation is, in this case, one should be careful about what the
normal bundle to s = k; X + N might be. Instead of considering that, let us just
take existence of a Moutard lift for s = k1 X + N as a working definition, and then
compute the resulting Demoulin equation, as follows:

There exists a scalar factor function « so that

(as)uwlls
and this implies
Suw = hs — (log @), s, — (log @), S,

for some function A = h(u,v). Now, because s = k1 X + N and s, = k;,X, h must
be zero, and

aX + X, =0,
where
v = k1w + (loga)uki, + (loga)pkiw . B =kiu+ (loga), (ki — k),
and so v = § = 0. This implies

_klu k2u
1 w = — = —(1 ki — k w— 2
(log ax) — (log (k1 — k2)) —
and
kl,uv + ﬁkl’v + (log Oé)vlﬁ’u =0.

Then the Codazzi equations (2.22) imply

_kl uv 911w
log ), = LR
( ) k’l,u 2 g11

and
(log @), = —(log(k1 — k2))u — %(10g922)u )
SO

loga = —log(k1,.) — %log g + fi(u) = —log(ky — ka) — %log g2 + fo(v) ,

where f1(u), resp. fo(v), is some function depending only on u, resp. v. We can
reparametrize the v coordinate so that fo(v) = co is constant. Thus, taking the
exponential of this equation, we have

k1w ~VIu
k1 — ko v 922

for some function f3;(u) depending only on u, so

(4.29) (\/911_ k1 ) _ 0
V922 ki —ky ), ’

and this is Demoulin’s equation for 2y surfaces.

= f3(u)

Definition 4.63. An Q surface is a surface where one of the curvature sphere con-
gruences is isothermic (in the sense that Demoulin’s equation (4.29) holds, or, equiv-
alently, a Moutard lift exists).
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In regard to Definition 4.63, we can imagine that the two isothermic sphere con-
gruences, as in Corollary 4.5 and Definition 4.6, for {2 surfaces are now coinciding,
becoming a single isothermic principal curvature sphere congruence and producing
an €2y surface.

Tubular surfaces and channel surfaces are examples of )y surfaces, and we explain
these examples now.

Definition 4.64. A surface is tubular if one principal curvature is constant.

Thus a surface is tubular if (k; —b)(ke—b) = 0, where k; are the principal curvatures
of the surface and b is some constant. This amounts to the linear Weingarten condition
with the linear Weingarten equation being (H is the mean curvature, and K is the
extrinsic Gaussian curvature)

0=K — 2bH + v* .

Remark 4.65. Here we make five comments on tubular and € surfaces:

e When a surface is linear Weingarten, the surface generally comes with a pair
of isothermic sphere congruences s*. If the surface is also tubular, then st
and s~ coincide, and the surface is (2.

e There are examples of () linear Weingarten surfaces that are not tubular.
For example, a surface of revolution of constant Gauss curvature 1 in R? is
multiply €2, and both € and €2y, but not tubular. However, this surface being
nontubular is possible only because the surface is both €2 and €2y, as Corollary
4.68 will show.

e The class of all Lie applicable surfaces is the same as the union of the classes
of all Q surfaces (including the complex conjugate case) and all )y surfaces
(see [92], [43] and volume IIT of [4]).

e When the ambient space is R3, and the surface z(u,v) is parametrized by
curvature line coordinates (u,v), and k; = b # 0 for the principal curvature
associated to the u-direction (b is constant), and n is the unit normal vector
to the surface, the Rodrigues equation implies

(x+b'n), =0,
SO
cv)=x+b'n
is a curve depending only on v, and is called the soul of the tubular surface x.
e Taking the ambient space to be S* and taking x € S* with unit normal n € S?,

setting
1 0
si=k [2] +[n'],
0 1

we have s, = 0 (because kj is constant), and s is a sphere congruence de-
pending on only the one parameter v. So x is a particular case of a channel
surface, which we now define.

Definition 4.66. A surface x is a channel surface if it can be enveloped by a 1-
parameter family of spheres.

We are now in a position to consider the converse of Theorem 4.58:
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Theorem 4.67. The converse to Theorem 4.58 also holds. That is, when allowing
the case of complex conjugate isothermic sections s* and also allowing the case of Qg
surfaces, a surface is linear Weingarten if and only if the lift A of the surface to Lie
sphere geometry has a pair of isothermic sections s™ with constant conserved quan-
tities QF (or a single isothermic sphere congruence with a single constant conserved
quantity in the Qq case).

Proof. We can extend Theorem 4.58 to the cases of complex conjugate isothermic
sections and of €2 surfaces, by computations analogous to those in the proof of that
theorem, giving one direction of the theorem being proven here.

To prove the converse, assume

aK +26H+~=0.
(1) If
a#0 and 5::\/m%0,
define
QF=ag+(BFdp, s*="(0FHX*taN).

When % — ay > 0, the s* will be real, and when 3% — ay < 0, the s will be
complex conjugate.

(2) If @ =0, define
Q " =Bg+3w, Q =p, sT=HX+N, s =X.
Then, in both cases (1) and (2), one can check that (s*, Q%) = 0 and ds™ Ads~ = 0,

which implies s* are a dual pair of isothermic sphere congruences (see Lemma 4.57).
If
a#0 and =0,
then without loss of generality, we may assume k; = —[( is constant. Defining

S:k1X+N,

it is immediate that Demoulin’s equation (4.29) for €y surfaces holds. In this case
the constant conserved quantity will be

q—kip.
This completes the proof of the theorem. O
The above proof provides the following corollary, since in the case (1) that
sE=6Y(0F X +aN) and §#0,
we cannot have the vector s parallel to the vector s™.

Corollary 4.68. If an 2y surface is both linear Weingarten and not €2, then it is
tubular.

We also have this corollary:

Corollary 4.69. Calapso transformations of linear Weingarten surfaces are again
linear Weingarten.
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Proof. Take a linear Weingarten surface and its lift A to an Q or )y surface (we know
A'is Q or Qq, by Corollary 4.56). By Theorem 4.67, A has a pair of isothermic sections
s* (or possibly a single section s = k1 X + N in the  case) with constant conserved
quantities Q* € R*? (or possibly a single conserved quantity for s, in the € case).
Like as argued in Equation (4.23), T=Q* are also constant, and satisfy

(TiSi,TiQi) =0 7
so TTQ* are constant conserved quantities for T#s*, respectively. Then, applying
Corollary 4.31 and Equation (4.18), we have concluded that the Calapso transforma-
tion

span{T*s" T s~}
of A has a pair of isothermic sections T%s* with constant conserved quantities TFQ*.
By Theorem 4.67, the result follows. U
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5. CLOSING REMARK

With all that we have described in this text, it is now possible to consider discrete
Q) surfaces. As noted in the introduction, this will be done in a separate text.
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