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Chapter 1

HREpEEN

Oo0o0ooOo,00b0o0,0jobo0booboobooboooooooo.
O0o000oo0oooooo,0bo0boooooo, 000, boo0boo0obon
O000000o0O0o0oboob0oooooobobo0ooDooboobooooooooon
O.00,00000000,00000000000,0000bO000D000,00
OO0obobOooooo,0j0o0oboboboooooooob. ob,boogoog
OO00b0obOoooooooo,0bobooboooooboboooooooooo.
Oo0,00000,0000000D00,00000,000000O000DO000DO0
oooobooobooboo,oobooboobOo,bo0obo,b0ooboo, -
o000, 00000000 0obo, bbb oboboobobooouooog
obooooooboo. booboobgo,0bo0oboobooobooboobo
oobooobooboooob,00oboboobo,boobbooboobooooDbo
ooobobobobobooboooooboo.oooobo,0bobobo,ogooboog
oobooobOo,0bo0o0oo0booboboobooo,booboboobooobo
oooobooobobooboo. oo, boobooboboo,0bboobooboo.
O0000,00,0000000000DOO0O00DOO0OO,ODO0DO00DOODODOOd
O0,0000000000.000,0000000,000000000000O00
O,00000000000DO00ODO00DOO00ODODDOO0ODODbOOoO0bOO,00D0d
0000000000000 O000bO0bO0DO0.DO00bOO0o0oDbOOobOOoooboOoog
O, Buchberger 000000000 OOODOOO0O0O. ODODODOOOO, standard
basis UO O, 00000 Buchberger 0O ODOODOOOOO, 000000000
O000D00000000 Buchberger 1O O0OOOOODO,0000000O0OO
Oo0Ooooooooooon.
O00000,0000D00DO00D0O0,00000D00D0O0ODOOOOoOO0ODO.
O00000000DOO0D0O00,00b000bO00DOO00bOO0o0obOobDbOOoDoOoOoog

7



8 CHAPTER 1. OO0OO

O (bignum) 00000000 OOOOOOOOO. O0O0OOO,00000000
O000,0000000000D000O0O000DO. OoO0,bkignum OO0OO0O0O, O
0000000000000 0000000000000. 000,0b000000
O00,00000000000D00000,00D0000D000O00DOO00O00O. O
O000,000000,00D000000,0000 High Performace Computing
000000000000 0000000000. 00d, Pentium, SPARC 00O
cpPUOOO0OODDODOOODDODOOODDOUODO,000DbDOOODDOOODDbDOOOO
0000000000000, O00,00000000000DO0DODOO, RSA
O0,00000000,hignum 000000000000 OOOODOODOOODOO
O000,0000000000000D00D00DO0D0ODODOODOODOOD. OO0
Oo0o00oDbO,000,00000,0000000O00D00DO0ODODODO,000
ooo0o00bO0o0,00b00b00ob00obO,0b00b00oboboboooooobog,
OO000DbO0000D000OOobOoboooooog.
ooog,

o 0, 0000DOOO0ODLDDDUOOODLDOO

000 GCD,000,000000

gboobooodgo,boogbbodo

gooboog,0boboggob,ooguooobog

gboogobd. gbbogboobboobbooboob,obboob,obn
0000000000 Risa/Asir [29] 000000, 00000000.

Notation 1.1

z 000ooo
NOOODOOO
Q OOOO
cCooo

F| FOOOOOOOO,FO0000000000 (00)



Chapter 2

BN

gobobo,bbobbodgooogobbobbodag,ggoooooobooo
gbooboooobboooooon.

2.1 CpUUOUOUOOOOOO

goboboooobbbooobbooooboboo,bbbooobbboooobon
cecUODOODOOODOOOOOD. DDODO,CPUDODOODODO,DODODOO
goboo.

2.1.1 CPuUOOOOoOoooog

cepUDODOODODO,32pit 0000 64bit DODOOODOOOODOODOObitODOO
Oooooo.cpuO,000bobo0O0obDOoOoOoOo0oOoDbOOoOooOOoOoD,OonDon
Ooooooo.cpUbO,0D000D0OO00DOOODOOODOOOD.ODOO
O,CPUDOOOOODDO 32bit000064bit0000O0O0O0OO0. O00DOOO0O
Oobo0ooOobo0oooboo,00bo00ooobbooooboboooo,cpuOOO
OOooobOobooo.cpyobOOoobDOooOobDO,b0oboboobon.

e JUUUOUOUOUOOU
gobobobbooboobbbooodogo,bboddugooooooan
gboooogo.

o [JUIOU

gooboooobbbooooboobuoooobobboooobn.boboooa,
goooog,bbobodgooobooon.

9



10 CHAPTER 2. OO

o [JUODU

gobobobobooboobbbo,bbbobbbbbobodddgooooooon
gboooogo.

2.1.2 000000

gobobooogg,bbobbogooobbbbooooooboobooo. bbo
g,boggdgoobooggoobod.

gboobd vt nOOO0O 200 BpULO. DODODOOODOODO,000 B-1
Oooooooboooboobob. bbb, o000 100040, bit O

(an—lan—Q T alaO) U
n—1 )
a= Z a;2"
=0

0000 «000 (000). 000,000 20000000000000,000
nbit 0000000. 0000 bitO (ap_1an_2---arag) O

a:—an_12"_1+nz:2ai2i
i=0
0000 «00O0.000,-10 (11---1) 00 bitO0OOO0OO0. 0000000
O,nbit 00000 —-B/2<aea<B/2—-10000000000000.0000
O00,000000 BO0OODO,000000000D0O0O0OODOOOOOO0
O.000,00000000000 0  BOOOOOOOOOOOOODOOOOO
Oo000.000,r=amod BOO0O<r<BOOOOOOO.0OO0,CPUOODODO

goboboooobobobooooobon.

e 10

(a +b) mod B

o 10
(a — b) mod B
o 10

if a > b then 1 else 0

o [JI0ODU

a0 kbitOOO0O modB



22, CcO0OO0O0ODO 11

o [JUODU

a0 kEDbit 0000 (O EbitOODOOOO)

e bit 00 O and, or, exclusive or, not

OO0 bitdoog,0 bit0DO0onooooono.

000000,000000000000000,000 2¢0,00002x000
Ooboooboooboob. bogobooo,ceub0b0obOooooboOoobDOooDn
gbooog.

o [][]
(a x b) mod B

o JUOODO

(a x b) mod B?
e [1[]

a=qd+r 00 ¢ r (0<r<d)
o JUOOU

aB+b=qd+r 00 ¢, r (0<r<d)

gbobbooogbooba,gbbobuog,bboboooobbboooooboo.

22 CUOOOOOO

Oo0O0,000b000b00bo0booboobobooboobooocCcoobboooo
oooobo.oooo,cbobob0obob,0oooboobooooooooog.
O000,22000000000.

221 00O

gbogobooboobboboboobo. oobbobboob,obboobd
00000000000 (0)000.00000000DOO0,000000000
googboogog. gbdgdb,a,b,xyzUD OO oooooooooog,ogo
p,qUO 000000000 0ODOO0DLO0O0DbOOD.O0bOobobOobDOoO 32bit O



12 CHAPTER 2. OO

O0,int 0000 —231§x§231—1,unsigned int000000<2<2%2 -1
0000 c00000000000.

int a,b,xyz;

unsigned int p,q;

222 [

guogdgouooooobooobobb,bbbbbbbbbooboooooogada
000000000. O,0,000000 + - +«x000./00000000 (O
000),%»000000.0000000000000000D0O0,00,< (000
0),>(@0000), | (bitOOO or), & (bit 000 and), ~ (bit OO O exclusive or)
00000.00,< <= > >, ==(000),!=(00000)000,00000 1,C
godoob obbooodo 20000000000 bO00000. bbooo
gooo0ooooo,0bo0ooo, bbb bt 0o O,d 280
O0000.000,0000 32bit 000,

unsigned int a,r;
a = 1<<31;

r = a+a;
000000 r0ooOono.

223 [

00 COO000O000O000.000,0000000 ;000000000,00
0000 {,}000000,if 0, for 0, while D, switch 0000000000
00000.0000,000 2000000000000000

unsigned int f;

for ( f =1; n>= 1; n-——- ) f %= n;

U000, n-UOn=n-1,fx=n0 f==x0J00000000.0000,000
O 32bit 000, n0 120000000000000. OO0, 130000000
220000000000,000000000000000000000,0000
goboboogobobobuogoobobbooooboboboooobobbooon.
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224 0OU

cO0O0o0o00O0,000000000000D00O0OO. 000,00 (DO)ooo
gbodoboboobooboboob,booboobboob,boobooobd
goobog.gobbbooodoboboooobbbuoooon.

unsigned int factorial(unsigned int n)

{
unsigned int f;
for (f =1; n> 1; n—— ) f *= n;
return f;

}

ooobb,000bb0nggbbb,guobbi0ooobbio0odgbbind factorial
oboooooooobgoon.

225 00,0000

gobooboog,gobbobbogooobobbbooooooobb. ooboo
ooo,coobouooobobobooogon.

unsigned int a[10];

Ooo0o,0b0 1000000000 b «.boobobobo.ooboooboo, afod, -
al9] 00O0OOOO0O. (DOD 0O00OODOOODOODODO,) ODOODODODOOO,00 10
gboobibogoob iboogo.

unsigned int a[10];
int 1i;

for (1 =0; i< 10; i++ ) ali]l = i;
O0000o0oooooooooooag.

unsigned int a[10];
int 1i;
unsigned int *p;

for (i =0, p=a; i< 10; i++, p+t+ ) *p = i;
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CHAPTER 2. OO

pUO000OO0DOO0ODOOOODLDOODL. ObOOO,bO00bOo0bbOobODbOn
Ooooob.0ooooood,p=a00000 pdb0d oa000booboobDO.
obd,igdlgbobodgo,pdbgobog,gbo0 10boboboobonbog
goddd. oddbt,p++ 000 pUUOO0OO0OO0OO0OOUOOUOUOL unsigned int *p
obobooboobooboboo.ob,*x =i0,p0d00000000 i00
obhoboooboooboobgn.

gbobbobooooobobooooobobodgo.gooobb 3booog

gooog.

e JUUOOUOOLDODODO

guobboobogbdadb,gbudgbuoobbobboobuooobobod
gboood. bbud,bugubbooobog,bbooobboobboon,
gbboogdbbogbbuoobbooobbooobboobbuoobboon.
gboodg,bbodgbbuogobboobb,0obbuooobboobbood
bbb, gubbboogobbbdoodgbobbbooogabn.

gbooogd

obob,0b0o0bo0bodboobooboo.boboob,obon
obobobooboobooboobgoobobo.bob,oboobo,bod
oboobOboboooboooboobuooboobuoobuobobobooo.

gbooboooobbooooon

COO0OD0,000000000000DOD0O0O (call by value) OO OOOO
gooboo.gggb,bggoobooboa,gbobuooooboboobooad
g,0oboggoobobbooogogoobobobog,ggbbooboboog, d
gboogooboogbobuoobboobbo.gbooobog,bogbood
gobobobobooboobboboood,bbbbbotoddgoooooooan
UO00. 00 ablO0,ab000000000&UO00O0O00O. &0 x000
gboobooooobooo.

226 00O

gooboobobobooooooooobobooob,bbbdooooooobboboo,bo
gobogobbogob.bogobboobobboobobooobbooonbon
goo,0boggbboodbboobobuoobobooo,ogboboooobooa, o
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goboboooggbobbbbouoooob.oogbbobo,goooboon
gobobobooogobobbbooogd. oo, gobbobbouooooobon
goooboog.

struct Integer {
intn; /00 = |nl; n O000O00O000O000O %/
unsigned int *digits; /* OODOO0O0OO0ODOODODOO =/
I

O0D00,0000 digitsOUODO nl DO0O0OD0O0OO0OO0OOOOOODOOOOODOO
goboo.






Chapter 3

HREN

3.1 UOootn

0000000000000 000000 (0000)D0D0D0DooooooooOQ
O00,00000000000 (DO0ODO0O 0OO0OD0ODO bignum) OOODOOOO

1. 000,0000 pOobOO pOobOoOoO.
2. 000000000  CeUODODOOOOOODOD.
J.0buooobbbuooobobboooobobbogd.

000000000, BOOOD,00000000000 20000000000.
ooo,

e OO UDLOOUODLD BOUODLOODOODOODO

e OO0ODOOODLOO,DOO0DODDODL,0bOODbOODbOOD
oooooooo.obo,pO,0bb00bo0obooboob,bbobbooo,

1. 000bb xboood —-00oggo

2.00000 - 00000 xObOOOobO +00000

ooboobooboooooogn.

o000 cooooooboooboooooooobooOobobboOooo,bob0b0b000
obbogoobboboooobobo. bbb, 00000000000 gec OO
long long U O OO unsigned long long DO OO0 64bit 0O0ODOODOODOOO
Oo00,00000 coooboooooobbooboo.oo0b 1. 0000

17



18 CHAPTER 3. OO

typedef unsigned int UL;
typedef unsigned long long ULL;
UL a,b,ch,cl;

ULL c;

¢ = (ULL)ax*(ULL)b;
ch = (UL) (c>>32);
cl = (UL) (c&(((ULL)1)<<32));

O00O,ch,clO0064bit DOOODOODOO,00 32bit00000OO0. OODO, gee
OCcCPUDOOOOODOODOODOODO,2hit0000000000OO0ODO0ODODOO
gbobooogob,ggdboboboogbbbooobbbooobboooobon
gbobobooggoboooagd.

O0,p000000000000

U= U B" + Uy B - 4 ug

V=V B™ + vy B" 4

0<u,v;, <B-1)000,000000000000000.

3.2 OO

gob,bbuogogobbobobooooobbbbooooobobooboobog. oo
g,gobgobbgobboboobooboobo0. pobooboobooobg
O (32bit CPUDO B=23)000000,00000000000000.

Oooooogo 3.1
Input : u = Z?:_Ol w B v = ?:_01 v; B’
Output : w=u+v
c+—0
fori=0ton—1

t «<— u; +v; mod B

if t <y

t—t+cmodB

c+—1



3.3. 00 19

else
t«+—1t+cmod B
if t <cthenc« 1elsec«0
w; «— t
Wy — C

return Y1 w; B’
000000000000 ¢c+—a+bmod B O,
a+b>B=c—a+b—B

OO0000. BOOOOOODOODO, Section 2120000000000 BOO
ooooooo.ooob,cooog,

unsigned int a,b,c;

c = atb;

Ooooooobo.0bobo00bD,e+bmod BO « OO0 0 O000000O0DOOO
gbobooboogobboog,bbuogbbbooobbbooobboooobn
gooog.

3.3 OO

goo,000bobogoon.

OOooooo 3.2
Input : v = Y14 u; B, v =" v; B (u>v)
Output : w=u —wv
b—20
forte=0ton—1
t «+— u; — v; mod B
if t >y
t—t—>
b—1

else
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t+—t—bmodB
(B) ift=B—1thenb« lelseb«—0

return Z?;OI w,; B
000000000 00d ¢c+—a—bmod B O,
a—b<0=c—a—-b+1B

OOo0oOobD.0oOoogoo,cboonog

unsigned int a,b,c;

c = a-b;

obooboobh.obboobobd,e—bmod BO «c DOOODOOOOOOOODOO
O0.(B)00O0O0O B—-100000,0000000000,t=000bp=1000
gboobogooobooo.

3.4 UU

gooboooooobooooobon.

oooooog 3.3
Input : u:ZZ& u; B, U:Z?g()l v; B’
Output : w = wv
fori=0ton—1
w; «— 0
for j=0tom—1
c—20
fori=0ton—1
b — wiyj + uvj+ ¢
(M) t=t,B+t (0<tyt,<B)OOO
Wi < 1
c <ty

Wpyjy < C



3.5. OO 21
(M)0O00O000 t0,0<,w4j,c<B(BO 10)0000
t:wH_J—I—UZU]—I—CS(B—1)+(B—1)2+B—1:B2—1

00 BOODOD2000000.000¢,40 BO 10000,0000, wy,, ¢
000 BO 10000000000. 000, 4y, 00000000000000
oooo.

3.5 OO

gobobboooooobb,bbobodoooobbob. oogoob,boo,
gobobodgog

u:un+1Bn+1+.+uO
v=0v,B"+ -+

(0<wu,v;,<B,u/v<B)OOO.000,000000000000000000
0000. 00000000 Knuth [23, Section 43) 00000000000, 00
000,0000020,0000003000000. [¢)0,e00000000
00000. ¢=|u/v] 000

00 3.4 §=min(B—-1, |[(ups1B+u,)/v,|) 000. 000,00, > |B/2] =¢<4¢<
q—+2.

00 34000,v,>|B/2/000,000¢0000 200000000 ¢00
ooo.

00 3.5 ¢G>q00 G(vp,B+ vy 1) > U1 B> +upnB+up 1= q¢<q¢—1.

G=¢+20000000 3500000000000,000000000 2000
0000,§=¢000 =¢+10000.000000000000,00 §#¢
00000000000000000000.

00 3.6 ¢>q00 G(v,B+v,1) < tupy1B*+u,B+u, 1 = umodv > (1-2/B)v.

0000,00000 w,v000000,4+#¢000000 2/BOO000O,
B=22[000000000000000000000000000. 00 4000,
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r=u—qu 00000000, 00 00000 ¢g=q¢q—-1000,r=u—qu=r+v
gobo. 00 3500000

(jvn—l > (un—i—lB + Up — (jvn)B + Up—1

000000,0000000000000000000000000000. OO0
ooo,

e j=¢000 §=¢+10,00000000000000.

e OO OUOOODLDOOOODLDDOO.

000,0000000000000000000000000000,00000
00000000,00,000000000000000000000000. 0
0,000,000000000000000000,00000000000000
000000O0000.000000,v,>|B/2)0000000000000,0
00,00000 w,o0 d=|B/(v,+1)]000000000000. 00000
0,000 d000000.00,B020000000,d00000 000 20
00000.0000,d0000000,0000000000000.

3.6 [
000000000,00000 2000000000000000000

gooooog 3.7
Input : ueZ,ee N
Output : w = u°
(ke ko)2 —e 0 2000 (ky = 1)
t—u
w1
for i = 0 to m{
(a)if (k; =1 ) then w = wt
if (i =m ) then return w

t— t?

b 3.8 000000 370 «c000O0OO.
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23

[00](a)0000,¢t=+¥00,000000000,k=100:0000 «* O

gbooboog. bbb w0000, O

goooono 3.9

Input : ue€Z,eeN

Output : w = u°

(kakim1 ko) —e 0 2000 (kpn = 1)
w1

for i = m to 0{

(a) w «— w?

if (k;=1) then w=wu

}

return w

oo 310 000000 390 «c0000DO.

00)m=000 w=uD0O0O0O000.m—-100000000. e; = (knkm_1--- k1)
Ombit000000,000000000,i=00 (0000 w=vu". 000

0,000000000 w?-wke=y2+h 0QO000,000 «°0000. O

Obhoooooboogno,edd,boon log,edODOO 20000000000
g.0ogboboobb,0bodgbooob,gbogobuoobbogbooon

gbooo.gggbooboooon,

e I ecDbO0ODOODOODODOODO.

e JUUOUOUOOODO.

e O0OUOOOODDO wODO.

goo

e 0 elDODbUOOOUODDLDDOOOODDO.

e JUUUOOOLODLODODODO.
e DUUOODDOUO w,t0UOD.

gbboobuoodao,buggbbobooad.






Chapter 4

HREEN

4.1 0OOOOOO

gobobooobboboodoooooobobooobboooooooo,gobb,obbon
(00000)000000000O000O0O0O00000O00OooOOD. 000,00
goo,0bogoboobobooboooboob.bodb,gbbooboooon
g ougd boggooo.

4.1.1 0000

gboboodb,odbbdodgbbuoooboodo,uoobboob,obboabo
gobbbobbo,bbudod,gooooobbbbobodoooooobbbon
ao.

041 (z4+y+22?=1-22+2-y+(2-2) -2+ ((2-2)-y+(1-2?))

gboooda,b0bboogobboooobbooooboboa. og,bood, o
gobobboobobbobodoooooooobbbbbbodouooooooobooo.
Oobooboobobooooo,0ocobooboboboboobo,0obon Geb, 0o
gboodg,bboodgbbdodgbboda,bob,ggobbuoooboodgbboabn
gb,ugdbobboodgobboooobb.ooa,bbuooobboba,obn
gbboboogobbboooobboooto,boodbbboooobboooobn
gbooobogbbdoad. bbod,gubbdaoo,bbodboooboonbon
gbobobgoboooboboboobo,ob,booboboboob,bobd
gobobooooon.
gobobboooobooboooo,bboooooobboooo.gob,od
goboboooobo,bbodddg,ggooobbobobbboooooooobon

25



26 CHAPTER 4. O00OO

goooDoog.

4.1.2 0000

gbooodgb,goboo,bboobbuoobboogobooo.booo,boabn,
gbobobuoooooboboga.

042 (z+y+22=1-22+2-oy+2-22+1-y*+2-yz+1-22

goboo,bbodgoooobbobobod,gogooobooobooboda. goboo,
gboog ogobogbbogbbodgboooooobboa,oooboooon
goboobooogogboboobo. bbobobooo,oobbobooooooboo
goo.

O0000,000000000 (DO0O)O0O0OO0ODOOO0ODOOODOO. OOOOO
gbooboboo,boobobuoobbooboobboo,bboobooobd
obooobo. bog,o0bo0o0obo,boo0bo,boobboobboan,
gboboboooobbbooobbboooobboooobbog,obobooobon
googoobdo.gbb,0bodbboobogobogboobooboo,boooon
gboboboooobbbooobobooon.

4.2 OO0

gboboboog,bbobodugaobn.

gobbobobodog,ggbobobouoogobb,buooooobobobo,d
gbbobuoogogbbobog,gbbouooobbo,ogobboboooooobog,
obooobooobob,obb obbo0oboobbooboobobo,0bboobd
goo.

4.3 OO

gobo,0dbbboodbobobooobbbooobbbooobbboooobon
g,dgoboogboog,bogobobodbbg,bboobbuoobboonoon
goob,gdbboboooobobuooooboboboon.
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4.4 [

gbooboooob,dggobbboogoboboooobbbooooon.
gobboobbboooodg 20000b0b,b0bboooooobboobood
gobobooo,bbbboddooogobbobbbddou,guoooobooo
gbboggboggbogoboogbooobo,obobuoobboobboonbn.
gobobo,bbobboddooog,goobboobbbdoooooooboboon
goob. 0ob0,000o0booobb 20000, 000000040000b0000
gb. ggoobbobbuooogoob,bbbooooobboboboooooobon
gboobog,0bobooggboboog,bbboooobbobooogooobg.

4.5 0O0O,0000

O00,00000,0000 (o0)0000O,0000000 100000000
Oob0.0 KOoboobobooboobooboobooboooo.

ogooood 4.3
Input : f,g € K[z], g #0
Output : f=qg+r, q,r € K[z], deg(r) < deg(g) OO q,r
q—0, r—Ff
while ( deg(r) > deg(g) ) {
t « lc(r)/lc(q) - xdes(r)—deslg)
rr—1tg, qg<—q+t

}

return (q,r)

4.6 Karatsuba 0O QOO0

0000,10000000000000000000000000. 000000
000,200 000000000000 O(®?)O0000000000.0000
0, Karatsuba 0000000 O(ne3) ~ O(n*¥) 00000000000. 000
0000000 FFTO0000000000 [23,Section 4.3 000000000,

00,100 f=ar+b g=cx+d000,00000000 30000000
0000000, 0000,

fg = (azx +b)(cx +d) = acx® + ((a — b)(d — ¢) + ac + bd)x + bd
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0,00000000000000,acbd, (a—b)(d—c)0 30000.000,0
ooOoooOooooooooo.

00 442" —-100000000,03"000000000OO.

0o0j2"-1000000000000 Tm)OOO. 00000000, 0000
Oooooo A,MOOO0. f,g0O2"—-100000.

f=ha"+fo, g=qa"+g2 (deg(f1),deg(fa), deg(g1), deg(g2) < m)

oooo,

f9=(frg1a® + ((fr = f2)(92 — 91) + fro1 + f292)3™ + fago

D00 fgO00O00000,00 37(m—1)+3-2mA, 0000 T(m) < 3T(m—1)+
3.2m"A (m<1).000,70)=M0O0 T(m) < (M +6A)3™ —64-2m. O

000000,,00000000,0(x %) 0000000000000000.
00000,000 O(x?)00000000000000.2"—100000000
0000000000000000 Ty(m) 0000, To(m) = M22m + A(2™ — 1)
ooo.

To(m) — T(m) > M2*™ + A(2™ — 1)? — ((M + 6A)3™ — 6A - 2™)

g,0o0d n=0,---,7000000000D0000.

m || 0 1 2 3 4 5 6
OO0 || 0 M-5A | TM-21A | 37TM-65A | 175M-165A | 781M-305A | 3367M-21A

000,M>A000 m>40000 1500000000000, Karatsuba
000000000,M0 A00000000000,000000 Karatsuba [
0000000000000, 00,0000000000 (O(n?) O O(ne3)) O
00,000 Karatsuba 0000000,000 M/A=500,2"—-100000
0000 Karatsuba 0000000000000000OO.

m 01| 2 3 4 5 6 7 8 9 10
goooogd ||1(110.841]0.67]0.53|0.41]0.31]0.24|0.18|0.13|0.10

ooob,1000 40,1000000 100000000000000. Karatsuba
goood,bogobog,bogobbodbbuoobbuoob,oobboooon
Oooooboobobooo,b00o0ob0o0obibg, Karatsuba DOODOOOOOO
gooog.
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4.7 O0Qooooooogoao?

00000000000,00 0000 OR*)0000O0O0OOOOO.O00,O0
goboboogobobbuogo,bboogobobobuoooooboobog.

0o 4.5 f:Z?:Oai.%i D,ao#ODDDDDDDD go = 1/@0, 91'2291'71—
¢, fmodz? 0OODO, ¢g;f =1mod 2%,

00 46 0000 fO0O0O, ff=2"f(1/z)00000.

00 4.7 f,¢g000 n,m0O (n>m) 00000, f=gg+r (deg(r)<m)O0O
O0.000 tg*=1modz™™ 1 00 ¢t000 q= (tf* mod x"™H1)*,

OO0]f=g9g+r 00 2"f(1/x) = 2™g(1/x)x" ™q(1/z) + 2™r(1/z). DO OO f* =
g'¢* + ey 000, deg(r) <m OO0 n—deg(r) <n—-—m+1.000 f*=
g*¢* mod z"™t. 000 tf* = ¢*modz™ ™™ 0000, degq) = n—m 00O
q = (tf* mod x"~™t1)* O
r=f-g¢00,¢r0000000000000000000

e (JIU00DDDDDODOODOOOO logy(n—m) 00O,
e LU UOUDLODODOU,qr0DbDUOO0O 20000,

e 000 Karatsuba 0 (0000 FFTO)DODODODOD0D0000 O(»¥) 0000
00000000000000.

e g bug,gdbbbbogd,¢td10b0o0oobbuoogbn,
n,m 000000000, (B00000000O0OO.)






Chapter 5

oo GCD

5.1 Euclid O00O0OO

R O UFD (Unique Factorization Domain; 00 0000)00, ROOOO GCD O
O00000000000.0000,0000 Rz]OODOOO GCDOOODOOOO
O0. ROODOO QR OOO.

oo 5.1

f= zn:(ai/bi)a:i € Q(R)[z] (a;,b; € R;GCD(a;,b;) =1)

1=0

000 fO000 cont(f) O
cont(f) = GCD(ag, -+, an) /LCM(bo, - - -, by),
f O primitive part pp(f) O
pp(f) = f/cont(f)
O0O000. cont(f)0 ROODDOOOODOD fO00D00O0D0OOO.
00 5.2 pp(f) 0000,

[00]G = GCD(ag, -+, a,), L =LCM(bgy,---,b,) DO O. pp(f) =3, L/b;-a;/G -z
00, cont(pp(f)) = GCD(L/by - ap/G,---) € R. OO0 pO00O000000. 00O,
00 5000 pl(e;/G) D00, i#5 00000 i000 pfla;/G) 00 i#;j00
O p|(L/b;). 00,000 p000 pf(L/b) 00 EOODOOOO k=4. 000,
plb; 000 GCD(a;,b) =1 0000. 000000 000, p|(L/b) 00000
O.000 cont(pp(f))=1. 0O

31
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00 5.3 [Gauss| f,g € Q(R)[z] D OO, cont(fg) = cont(f)cont(g).

00 5.4 f,ge Rz} 000, GCD(f,g) = GCD(cont(f), cont(g))GCD(pp(f),pp(9))
00, f,g € Rz) 0000000000, GCD(f,9) = pp(GCDgr)(f,9)) 00O,
GCDo)(f,9) 0,0 QR)D0DDDDDO0DDOONOGCDOODODO.

OO000OO0,0000 GCb O,0000 GCDOODO,0000D0000 GCD
googobogobuogboo. bog,bggboooooboobboobo,on
OGCOOODOOOOOOOooOO.0oboOo,00,000b0bOo,00D00obDOoDO
goobooogg.

00 5.5 f,g € R[z],deg(f) >deg(g) D00 fO ¢gODOODODOO (pseudo-remainder)
prem(f, g) [
prem(f,g) = remainder(le(g) /) =elH £ g)

O00000. 000, remainder(f,g) 0, 00000000000.

000000000, prem(f,g) 0000000000000, 00 ROOOO
000.000000,Eedid00000000000000000.

gogdgdd 5.6
Input: 000000 fi, f» € Rla, deg(f:) > deg(fs)
Output : GCD(f1, f2)
11
do {
fira < prem(f;, fit1)
if ( fi+2 =0 ) then return pp(fi1)
te—1+1

}

00 5.7 f1,f 000, Bifiy1 = remainder(a, f;—4, ;) 0000000000000
(0000000000,

5.2 00O Euclid OO0

0 KOOOOOOOOO Klz] O PID (Principal Ideal Domain; 000 00000)
000.0000, f,ge K[z]000,0000 (f,¢)00000, GCD(f,¢) 000
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0000 abe Kz OODDDDO,

af +bg = GCD(f,g)

OO000.00dn0 e, b0, Eucid00 0000000 OOOO0ODODOOO.

goooddd 5.8
Input : 000000 fi, fo € Kz, deg(f1) > deg(f2)
Output : GCD(f1, f2) OO0 af; +bfe = GCD(f1, f2) OO0 a,b € Klx]
a1 «— 1, a9 «—0,by «— 0, by — 1
11
do {
deg(fi — ¢ifir1) < deg(fiy1) 00 ¢ 0OO0O
five & fi—qfix1;  Qiyo — a; — qajr1; bigo < by — gbiy
if ( fire =0) then return {fi11, a1, bi41}
1—1+1

}

000000 ¢,b; 000,
deg(a;) < deg(f2) — deg(fi-1), deg(bi) < deg(f1) — deg(fi-1)
00000000.00, f=f=GCD(f,f) 000
deg(a;) < deg(fz2) —deg(f), deg(b;) < deg(f1) —deg(f).

00 5.9 f.ge K[z] D00, h = GCD(f,g) 0000, af +bg = GCD(f,¢) OO
deg(a) < deg(g) — deg(h), deg(b) < deg(f)—deg(h) 00 a,be K[z OODOOOO
ag.

0o0j00000oooo0. RO00D0O0OODODO,A=100000.
af +bh=1, a1 f+bg=1,

deg(a) < deg(g), deg(b) < deg(f), deg(a1) < deg(g), deg(b1) < deg(f)
0000,(a—a1)f+(b—=b1)g=000 GCD(f,g) =100 gl(a—ay). deg(a—ay) <
deg(g) 00 a—a; =b—0b, =0.0
af +bg=1000 af =1modg 0000, 000 Klz]/(g) DODODO amod g =
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(fmodg)"' OD0OD. O0DODOODOODOOOO,000000O00OO0OOOOO
o0, 0000000 modular OO OOOODOOODOOODOOODODODOOD.
gobooo,gobbobuogogon.

00 5.10 f=1[,fi€e K[z] 000, f,00000000000.0000,

n

Yoef/fi) =1, deg(e;) < deg(fi)

i=1

00 ¢, € Klz]000O0OO0OOOOO.

oo|joooooo, Yt E(f/f)=100 E,00000000000. E; =qfite
(deg(e;) < deg(f;)) DODODOOOO,

fﬁ:QiJrzn:@i(f/fi) =1

=1

DDD,deg(E?zlei(f/fi))<deg(f) odyr,¢=00000000,
Zez f/fz =1, deg(ei)<deg(fi>‘
i=1
goooag e O mOdfiDDDDDDD,deg(ei)<deg(fi)DDDDDDDD. O

00 511 f=[[1, ;i€ K[z 000, £00000000000. deg(g) < deg(f)
ooo,

n

Yoelf/fi) =g deg(e;) < deg(f:)

i=1
00 ¢, € K[z)] OOODOO. 00O, deg(g) < deg(f) DOO, deg(e;) < deg(f;) DO O
O,e,0000.

Oojooo0o0o000, XL, E(f/fi)=900 E,00000. E; = qfi+e; (deg(e;) <
deg(f,))0DD0OODOO,

of + 3l /R) = e+ eh)G/R) + el f/R) =g, = a
000, deg(3iy ei(f/fi) < deg(f), deg(g) < deg(f) DD deg(cf) < deg(f) DD D

O deg(c) <0.000 deg(e; +cf1) < deg(f1). 00, deg(g) <deg(f) D00 ¢=00
O deg(ey + cf1) =deg(er) < deg(fy). 00O ODDO0OODOO. O
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0 5.12 (0000DO)
d,n € Klz| (deg(n) < deg(d)) 00, d =1[,d; 0 d000D00000ODDO,
i=1j=1
00D, = & 0000, 000000 deg(E) < deg(D;) 00 E; 00000
deg(dl) OO E; = i rydi ™, deg(ryy) < deg(d;) DDDOO. 000 E/d =
;erij/df. (I

5.3 OO0

rROOOOODOO.

oo 5.13
a(r) = Zaﬂ"iv b(r) = Zbil’i (a;,b; € R)
=0 i=0

000, a b0 Sylvester 00O Syl(a,b) DODODOODOO.

[ Qp  Qp—1 **° Qo
an an_ e a
Syllab) =1, , W
L bm bmfl T bO J

a,b 0000 res,(a,b) O res,(a,b) = det(Syl(a,b)) DO DOODO.

00 5.14 deg(s) < deg(b),deg(t) < deg(a) 00 s,t € Rlx] 00000 sa+tb=0
& s(z) =S s, o)=Yt 00000

[Sm—la o '781780atn—1 e 7t17t0]Syl(a’7b) = [07 o ,0] (51)

0 5.15 ROOOOOO. deg(s) < deg(b),deg(t) < deg(a) OO s,t € R[z]\ {0} O
0000 sa+tb=0<resg(a,b) =0

00 5.16 RO UFDOOO. (Rz] D000 GCD O well defined.) a,b € R[z] O
0o,
deg(GCD(a, b)) > 0 < res,(a,b) = 0.
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=

g = GCD(a,b), deg(g) >00000, (b/g)-a+ (a/g)-b=0.b/g,a/g O (5.1) 0 0
00000000000, 000 resg(a,b) =0.

=

res,(a,b) =0 0000,000 (5.1)0 0000000000, 0000, deg(s) <
deg(b),deg(t) < deg(a) OO s,t 00000 sa+tb=0. GCD(a,b) 00000 alt O
000, deg(t) < degla) 00D0D0D. D00 GCD(a,b) D0O0DOD.O

54 0O0OO0OOO

googgo sed,0bgdboogboooboobo,gbogooooo. o
goobooggo.

0 5.17
R=7, f=a+2"+1, ¢g=325+1

gbobob,ogoboooooobn,

272° — 922 + 27
72923 — 2187x + 729
—139471376042% + 94143178827« — 20920706406
5822950344611693220025353x — 1293988965469265160005634
—23353191009282740851191794693386216142000386817007672113424

000,000 GCD(f,g)=1000000000000000 20000000
oboooooo.

gboog,boogb,goboooobobodgbbuoobbog,bogbboobn
gooo.

325 — 2% + 3
23 —3r+1
—42? + 272 — 6
9 — 2
-1

O000,0000000D000 GCDOODOOOOODOO,00Db00000DOO
0,00000000000000.0000,00000 (subresultant) 00000
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00 518 f=) a’,g=)> b2 00000, f,¢g0 ;0000000 S(f,9) 0
=0 =0
oooooooooo.

Ay QAp_1 *°° =*- - I’m_j_lf
an PR a.: 1 f

SJ(f7 g) - bm bm_l o ]"F xn_j_lg
b -+ bipa g

00, So(f,g) =rtes,(f,g) (D0D)DDOO.
00 5.19 f~¢ 00 pp(f)=pp(g) OOODO.

00 5.20 [24] deg(fy) > deg(fz) 000, f1, 0000000000000 {fy, fo,---}
000,i>3000 fi~ Saegsy) OO0 fi ~ Saca(i_1)-1-

000000,00000 Rz]0000. 000,0000000000000
a;,5; 0000000, ;0000 §,0000000000000,0000000
0 ROODDODODOOOD. 00000000000,

0o 5.21 000ooood,
d; = deg(fZ) - deg(fi-l-l)? a; =1,

fo=1, Bi= 1C(fi—1)§£ii717
G=1, G=Ile(fio)h2¢i %),
fiq1= Prem(fifl, fi)/ﬁi

goooao,
fi = isdeg(fifl)*l(fla f2)-

gob,bbobooogoobbob,oooda,obbbouoodgobbbood
oooooobo. boo,GCb 0 100boooo0oobOo,boobo0oboooDo
goooobobo,obbooobooobbooobboobbooboobboonboo.
goo,ogooobogaon,
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2725 — 922 + 27
2723 — 81z + 27
—3622 + 2437 — 54
1971x — 438
—5329

gob,b0bbbobbodgooooobbobbo,bbdoooooooboboo
goooboog.

5.5 Modular 0O QOOOO

Oooooooboooob gébooboo,GCbooooboooooooboonon
oooooo,cCboogooboon,on GCbg 1o0ooboobo,0ooon
Ooobobooobgooooboooob. boboooobg, GED U, modular
OO00O0000o0ooobobobobol. modular DOOOOOOO,00000
gbogbbodboobbuodobboobuoobbooboobbodoboobn
O. modular UOOOO0OO0O, 0000000000000, HenselDODOODOO
googo.boobbooboobobooboboooboobbo,boob,onoon
gooobod.

00 5.22 (000000)000 ADDOOO Ay,---, A 00000 (A, A;)(i #5)
D00,A+A,=AD0D00O,

A/T] A~ P A/A.

00]r=2000000. Ai+ 4 =A00 aj+as=100a € A4, 0000
0. 000 z,yec ADDOO,z=zas+ya; 0000, 2=2 (mod A4) 00 z=y
(mod A;) 00,00000

§Z§ A — A/Al@A/AQ

ogoooo Ker(qﬁ) = AlﬂAQ 0o A/AlﬂA2 >~ A/Al@A/AQ DDD, A1A2 C
AlmAQZ(AlﬂAQ)'<A1+A2)CA1A2 DD,AlAnglﬂAg. ooo

A/AlAQ ~ A/Al D A/A2

000000, A +A4y---A, D[lse(4+4)21000000000. O
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0 523 A0 Eudid 0000. meADDODOOOOD, A/(Tmi) ~&®A/(m;).
0524 KOOOOO. f;eKqx|00000000, K[=]/I1f;) ~® K[z]/(f).

oob,000boooobboooboobD. o0, 000 2z—; 0000000
gboo,oggboboogoobobod.

05.25meZ00000000,2Z/(1m)~®Z/(m).

O0000,modular OO0 OO0 ODOODOOOOOOODODODOOOOODOO
goo.

00 5.26 a=a' mod A, |a| < B, |d|<A/2,A>2B000,a=d.

O0Ja—d =kA000. Ja—d|<|a|+|d]|<B+A/2<A00 k=0.0

000000000000, Zx 0000 GCDOOOOOOO.
f.9 € Zlz], h=GCD(f,g) € Z[x]

ooo.o000,
GCD(f mod p;, g mod p;) = h mod p;

goooD p, 0oooobb,g0obbbboooooobooogl,

00 » O0O0O0OO0D0. 000,mO00000000,hK, 00 mO0O000OOO,
nmO00DO0O0mOO0OO0O00000O000 m/200000000,A00000. 0
00,00000,0 p,00 GCDO,00 GCDOOOOOOOO,0000000
0000000000000000000,00000 p000000000000
00 (000000000000000000). p000000 p00 GCDOOO
000000000000000000,00000 p00 GCDOOOOOOOO
ooooooooo.

0000,0000000000000,00 EwlidOO0O,000,00000
0000000.00000000000000,00000000000,0000
000000000000000 (00000)000. 0000000000000
0,GCDO,00000 Hensel 0000000000000 COOO,000000,



40 CHAPTER 5. 0O0O0O GCD

0000000000000000 GCDOOOOO0OO0OO0OOO0,GCDO 1000
ooOo0ooooOoOooooooo.

000,00000000,000000000 200000.0 RO,0000
00,000000000000,m,---,meRO0000000000. 000,
00000 w, --,u, € ROOO

u=u; (mod m;)
O0weROODOOOODODOOOO. m=1Im; 000.

00 5.27 (Lagrange 0 0O) GCD(m;,m/m;) =100,00 v,w; € ROOOOO
vm/m;+w;m; =1.000 L, =v;m/m; 0000 L; =6; (modm,). 00000,
u=>wuwl, 0000 u=wu; (modm;).

ooo,0ooooooboo,bob,bb L, Obooobobooo,0dd wwoooo
gbobooggbbboooobbodg,bbboogbbbooobboooobn
go.

00 5.28 (Newton 00) i < j 000 GCD(my,m;) =100,00 v;,N;; € R
U=VMp_1Mp_o+---F+vom;+v; OO0 « 00000

U1 = Uy
?)j = ( o ((UJ — U1>N1j — Ug)NQj — e — Ujfl)Nj,Lj (mod mj))

ood, my,---,m, 0000000000000 my,-+,myy 00000000
00.000,00000000m, 00000, m,---,m, 0000000000
000.v 00000000000,0000,j-100000 0000,

(uj —u')(my - mj_1)"" mod m;

goobobobobob.obobobobooo,ogb,bobobobgobd
obobooboobooboobobn.
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Juoogdyn

6.1 QOO

0000000000, 00b00b0bO00bO000D0DbOo0ooDbOooooOoOo,o0DO
00 pO000,p0000000 (modular 00 )000000,00000000
000000000000 0oDOO0oDO00.0D0,00000b00b0obOobO,o00og
0000000000000 0DO0o0bO00bO00. oOooboOo,0o0o0b0bOoo0ooDoo
O00000,0000 self contained DOODOO0O.

00 61 0000000000000D0DOODO. ¢UOOODODOODOO GF(q O
uo.

00 6.2 GF(¢q) DOODODODOOO pO,q=p~. 000,n=[GF(q) :GF(p)].

[00)00 0000 Q c GF(g) 000000000, p>00000000,
GF(p) CGF(q) 00 GF(¢)/GF(p) 00000000. 00000000000,
{wi,---,w,} CGF(¢) 00 GF(p) 0000000000000,

GF(q) = GF(p)w1 @ --- @ GF(p)w,
000, |GF(g)] = (IGF(p))" =p". O

00 6.3 GF(q) (¢=p") 0 29'—1,29—20000000,2%-2z= [[ (z—a).
aeGF(q)

[00)000 GF(g)* 00000,00000 ¢—100,0000 a€ GF(q)* 0
00 o '=10000a0 29 '-100.2¢'-10000000000000,

7 —1= J] @-a), 27—z= ][] (z—a).

a€GF(q)* ac€GF(q)

41
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0 6.4 GF(q) D0OO0OODOOO.

F.={ae€GF(q) | " V?2=1}, F_ ={aecGF(q)|a " P?=_1})
O000,GF(q)=F.UF_U{0} 0 |Fy|=|F-|=(¢g—1)/2.

00]27—2 = 2(zV/2-1)(x~Y/241)00000000000,GF(q) 00000
000000000000, F.0 2@ Y2100000,0000 |F]=(¢—1)/2
D000. F-O000. O

00 6.5 0000 KOODOOO GF(q) (¢=p"), GF({) (q/:pn/) ood
GF(q) C GF(¢') & n|n'.

[0O0]GF(q) CGF(¢)0000,[GF(q) : GF(p)]|[GF(¢") : GF(p)] OO n|n'.
00 njp’ 000.GF(¢)0 KOOOODO,2Y —2000000000,

GF({)={ae K |a” —a=0}
ggd
GF(q)={ae K|a!—a=0}
nln’ 00 (¢—1)|(¢-1) 000000, 29|z —2. 000, a € GF(q) = a € GF(q).

O

0 6.6 GF(p) 000000 QOO000000,GF(¢)cNO, Q0000 29—z
0D00000000000000.

00 6.7 GF(¢)* 000 ¢q—10000.

00]G=GF(¢)*0000000000,1<meZ(i=1,---,1), nin; (i <j)O
nooo,
G~Pz/(n).
!>10000,00000 20000 2m—-1=0000000,000000.
0oo
l=1, G~Z/(n).
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00 6.8 fO GF(g)00OO0ODOO,
flz? =z & deg(f)|n

[00]GF(q) 000000 QOO000000. f0 GF(q) 000000, f0 QO
00000 «000.

=) fle"—2000.0000 flo)=000 o —a=0.000,a € GF(¢") C Q.
0000 GF(g)(a) CGF(¢"). 0D O

deg(f) = [GF(q)(a) : GF(9)|l[GF(¢") : GF(q)] = n.

<) deg(f)ln00D0. GF(g)(e), GF(¢") 00000 QOOODO0O0, GF(g)(a) C
GF() 0000 o —a=0. f0 ¢« 000000000

flz?" — .

O
-2 0000000000,000000.

0 6.9 F={f|f:GF(q)000,00000 deg(f)[n} 0000 27" — 2 = [lsep [-

6.2 OOOO

gboboboogobbboooobboooobbo,gbbbooobboooobn
gb.o0ooa,gbbobugoobobuoooobbbouoogon.

00 6.10 0000000000000000 (squarefree) 000, f € K[z] O
oo,

f=1Is"
00 ¢ 000000000000000 m<ne<---0000000,00000
00 f0 00000 OO0,

go,00 000 KOOODOOoDOOoooboooboooooboo.

00 6.11 KOOO 000000, feK[z]0O0O, f=[L¢*“0 f000000
ooooo,

GCD(f. ) =] "
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[RREY

;' =11g" " 3 nigi IT o)

i ki
HEN

GCD(f, f) Hg"z LGCD( Hgk,an%Hgk
% k#i

KODOOD 00O n;#£0,¢g. 40000,
GCD( Hgk,znzgzl_[gk HGCD 96, > _nigi [ 9¢) =[] GCD (g, g1.)
i k#i i k#i k

000 ¢ 000000, 00000000000 GCD(g,g,)=1. 000,

GeD(/. 1) =TT

O

000000 6.12 (00000O)

Input : f(z) e K[z] (K OOO 000)
Output : fO0O0D0O00O0O0 f=g7"gy% -

F—1
flat — f/GCD(f, f), m <0, counter «— 1
while( flat # constant ) {
(a) while ( flat|f ) {
f—f/flat, m—m+1

ki
(b)  flaty «— GCD(flat, f)

g < flat/flaty, flat — flat,
(¢c) F <« F-g™ counter « counter + 1

}

return F

OO0 6.13 000000 6.120 fOODOOOOOOODOO.

O00](a) DOOO counter =k 00,
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f — ng Nng— 19Zi+1 Nk—-1 | : flat — gkgk+1 cee m = ng_1 (no — 0)

0000000000000, k=10000000000.400000000.0
000, flam—=1|f 00 flat™=™-Hff00 (b) 0000

f NE+1—NE

m = ng_1 + (nk - nk—1) = Nk, = 9kt

000.000,()00000
flat = flaty = gpy1 -+

000 k+100000.00 (¢)D000 g=g,m=n, 0000000000
goboboogogoobooogbobog. o
Obp>000 KOOOOOOO oboobooboobobobobooooo.

00 6.14 KOOO p>00000000. KOOOOODOOD f000,f =0«
00000 ¢g00000 f=gP

00 6.15 KOOO p>00000000. 40, f000000,0000p00
0000000000,9=f/h=[l¢g*"000.0000,

GCD(f, f') = hGCD(g,¢") = h]] g "
OoOjW=000 f=gh+gh=¢gh O000,GCD(f, f)=hGCD(g,q).

GCD(g, 9 Hg”l 'GCD Hgk, Z nig; H k)
% k#1

00000 n#£0. 00 ¢z0000000,000000 ¢/£0000,

GCD( H 9, > nigi [T gx) H GCD(gx, Y_nig; [ [ 9x) = [] GCD(gs. g1.)
!

i k#i i k#i

000 ¢.000000,¢, 00000000000 GCD(gk,9,)=1. 000,

GCD(g, 9" Hg

O

000000 6.16 (00000)
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Input : f(z) e K[z] (K OOO p>000)
Output : fO0O00O00O0 f=g1"gy% -
F—1
if f7#0{
flat — f/GCD(f, f), m <0, counter «— 1
while( flat # constant ) {
(a)  while ( flat|f ) {
f—f/flat, m—m+1
}
(b)  flat; «— GCD(flat, f)
g < flat/flaty, flat — flat,

(c) F— F-g™ counter «— counter + 1

if f # constant {
g [P
g=gM¢g™...000000
F=Fogmgf

}

return F

o000, flee O, fOO000 pO0O00OO0O00O0O0COOO0O00O, flatOOO
0000000 fOO00O00O0O0O0 pOOODOOO. ODOO,1/p0oO0D00O0OO,
00000000 p0O000, fOCOOO0OO0OO0O0O0O0OOOCOODO.

0000,00000000,UFDOO0O,00000 000 cont(f)000O
0,000 foO000CCOOOOOOO0O0O00O0OO0OCO. 0OO000OOObOO,00000
ooooO0O GCbooooooooooooo,oo00000000,0000 GCD
oooooo0.oobo,ooboooooobooOoOOODDOOObOOO,00000
oooboooooooooooobono.

ooo0000000 YwOGOOoOoOoOoOoOoOoOOO. OO0,00000004, 0
O00000000o0oooooO,oooecCbooboooobobooooonoOonon
ooo,o0o0o0000000.000000O0O0,000000O0D0DDDOOOOO
000000 Wang-Trager 44| 0000000000. 00000,0000 Hensel
Ooobooooboodoooboooboooobob.0boobood0o 68300000,
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6.3 Berlekamp 00O 0OOOO

pO00000,¢00 K=GF(q) (¢=p") 0000000000000 R=Klz]O
0000000000000, f(z) e ROOOOOOOOOO. f=][, ;000
00000,000000000,

1) =@ R/

R/(f),R/(f;) DODDO K-O0OO (Frobenius 00 ) 0OODO.
m: f— ffmod f

mi o f— f?mod f;

ooo,
Ker(m — 1 @Ker

Oo00. 000, 00000 R/f,00000. OO0 2—2 0, KO0000O
0000000, 0 R/f000000,000000000000000. OO0
Ker(m; — )= K.OO

Ker(m — 1 @K

0000, 0000000000 »r0000,Ker(r—=0)0,r00 KOOOOO
g.ooo,g0bbbuogobobobogod.

00 6.17 1. fl(¢?—¢)=00 (s1,---,s,) € K" 00000 fi|(g—s)

2. 0000 (s1,--+,8)€eK"000,00 ¢g00000 fl(g?—9), fil(g —s)

g O, deg(g) < deg(f) 00DDODOO0O,geKer(r—1)0000,000 sOO00
GCD(g—s,f) 000000 fO0000000.
0000000000000000000000000000.

000000 6.18 (Berlekamp[5))

Input : f(z) e R, fO0O0O0O

Output : {fi, fo,--} f=fife--- 0 fOOODDO
F=A{s}

Q—700000
{e1=1,e9,---,e,} — Ker(Q—1)0 K-OO
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if (r = 1) then return F
k—2
do {
F1<—®
while F' # () do {
g— FOOOOD
F— F\{g}
F, —{GCD(g,ex —s)(s€ GF(¢)) DD 0O,0000000 }
gHg/Hhngh
FlHFlLJFg
if(g#1) < FiU{g}
if (|(FUF)|=r)return F'UF}
}
k—k+1
F<—F1
}

return F
00000000000 oooooooooooooooooon.

00 6.19 {e1,---,¢,} 0 Ker(r — [) 0 K-OODOODOOOO0OO i#500 4,50
00,00 ksOODDODO fil(ex —s), fiflex —s)

00j000000O0O
00 4,;00000,0000 e,s000 ((fil(ex —5) = fil(ex — 5)))

000.000,0 k000, filles—s) 00 s, 0000, {e,} 00000000
00

0000 geKer(n—1)000,00 sO00000 fil(g—9), fil(g—s).

0000,Ker(r—1) 0000 f,f,00000000000000. O

gbobooboboob,gbobobbobuobbobooboboob. O
000000000, 00 ¢0 GECDOODODDOOODOODODO. ODOobO,0b000
GCD(g,e—s)0 1000 ¢g0O0O0OD0OO0OO0O0ODODO sOODODOOOOODO,0000
sguogobooboooooooo.
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00 6.20 ec Ker(r — 1) 000,
S = {s € GF(q) | GCD(e — 5, f) # 1}

000. 0000 m(#) =les(r—s) 0000, m(z) 0 ed R/(f)00O0000
000.0000, flme) 000ODOD0,00000000.

00]f0000 000 e=s;modf, 000000 s, 00000, OODDO
SZ'GSD

fil(e = si)|m(e).

f0 00000 flme). 00, M=) O0,e0 R/(f) 000000000000, O
0 deg(M) <deg(m) 000,00 seSO0000

m=(zx—s)g+r, reGF(q)\{0}

00o00.000,f000 00000, file—s)00000, fir. 00000. O
e0000000, e 0 {l,e,e%---,e1} 00000000000 k=100
ooOoOooOoooOooooooO.
00000 m(z) 000O00,mO0000000000,00000000 GCD
ooooooooooooo.

6.4 Cantor-Zassenhaus 0000000

O00000 Berlekamp OOOOO0OO0OO0OOD0O0OO0OOODOODOODOOO ¢O
gobbbbbodgooooobbobobbo. gog,¢gbouuuooooobbn
gboogbobuodgbobooboobbodobo,bbodoboooboaob.ba, b
gbbobooooboo.

0o 6.21 OO pDDDDDD.eEKer(w—I)DDDD,
GCD(e™ V2 —1,f) #1, f

OoO0o0o0O0,k0 fOOO0ODOOODOOOD

q;l)k _ (ﬂ)k

1—(
2q 2q
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oolfiti=1,---,k)0 fOO0D00O000,e=smod f; (s, € GF(q)) DODO.
e 1/2 = g2 = g 11 mod f,
oo,
GCD(e@ D2 _1, f)=f<00004:i000 sV =1mod f;
GCD(e@ D21, f)=1« 0000000 2 =0,-1mod f;

scGF(q)DO000O,seV2=10000 (¢—1)/20,seV2=0-10000
(¢+1)/20.000,GCD(el@ V2 -1, f) = f, GCD(e V2 -1, f)=100000

0ooo
at1

q—1
5 (5

2q

)k
ogogd. o
00 2000000000,GF(2M 00000 f0O trace Tr(f) D0DDODO.

00 6.22 GF(2") 0000, Tr(z) € GF(2M)[z] O

n—1

Tr(x)zz.x?
i=0
googg.
00 6.23 z*° —z = Tr(z)(Tr(z) + 1).
0 6.24 1. ae€ GF(2") = Tr(a) € GF(2)
2. [{s € GF(2") | Tr(s) =0} = {s € GF(2") | Tr(s) = 1}| = 2!
00 6.25 00 p=2000.eeKer(r—1) 0000,
GCD(Tx(e), f) # 1, f

000000,k0 0000000000000 1-1/21
00]f (i=1,---,k)0 fOD00000, e=smod f; (s € GF(g)) 00O

Tr(e) = Tr(s;) = 0,1 mod f;

HEN
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GCD(Tr(e), f)=f«< 0000 «000 Tr(s;) =0mod f;
GCD(Tr(e), f) =1 0000 ¢O000 Tr(s;) =1 mod f;

sEGF()0000,Tr(s)=0,100000000 ¢/20. 000, GCD(Tx(e), f) =
f,GCD(Tr(e), f)=1000000000 1/2*0000. O
0000000,00000000000000.

000000 6.26 (Cantor-Zassenhaus|[8])

Input : f(x) € GF(q)[z], ¢q=p", fOO00DO
Output: {f1, fo, -} f=fife---0 fOD0DO0ODO
F=A{s}
Q—r00000
{eg =1,e9, -6, } — Ker(Q—1)0O K-O0O
if (r = 1) then return F
while(|F| < r) do {
g—FO0, FeF\{g
(c1,-++,¢)«— 000000 (¢, € GF(q))
e« > ce;
ifp=2
E — Tr(e)
else
E «— elae=D/2 _ 1

h — GCD(g, E)
ith#1,g
F— FU{h,g/h}
}
return F

6.5 DDF (distinct degree factorization)

0000000000000, GCD 00000 DDF (distinct degree factorization;
0000000)00000000000000000. DbFOOOOOOOOO,
0000000000 0o00ooodoOo. oo0oo,0000ogogon 100
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o000 GCboooooooooogooobD. oo,0bobobobobobo
gboboboooobob,ggbbbuoooobbboooobbbooon.
geotb,bguobboouoooobon.

doododd e6.27
Input : f(z) € GF(q)[z], fOOODO
Output : f(z)=1I1f;, ;0 fO0 0000000
we—x, 11
while(i < deg(f)/2) do {

w «— w? mod f

fi < GCD(f,w — z)

if £

w «— w mod f

B e ele-D/2 _q

}
while (¢ < deg(f) )

fi<—1

Jaeg(ry < f
return [] f;

i 0000000,;000000000000000000000000,4000
000000000.00,i>deg(f)/20000000, 0000 deg(f) 000
oooooooooooo.

000000000000, w'mod f00000000C0O0C0OO. 0OO00O,O
00

g= Zaixi = ¢'mod f = Zai:piq mod f
i=0

i=0
OO0, wy =2mod f 0000000 w; = wymod f = w;_jwymod f 0000
i=1,---,deg(f)—1 0000000000, wmod fOO00O0DOOOOODODODOO.

6.6 LUULUULogod

fO0b00D0O0,d0000000000D00DO00. fO00OD00O Berlekamp OODOO
gbobboogobbboooo,bogdbbbooobbbooobboooobon
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gboobooooobooo.

00 6.28 ¢q=p"0p0000000. f=ff0f, 0 0200400000
000. GF(¢) 00 00 2d—100 ¢g0000000000, GCD(gW'-D/2—-1,f) =
A000 000000 1—1/(2¢%.

00)f, ,0d0D0000O,
GF(q)[z]/(f) = GF(q)[]/(f2) = GF(¢").
000,000 geGF()z] 000,
s = (gmod f1)W" V2 = 0,41, 53 = (gmod f)@""V/2 =0, +1.

GF(q) 00000 (¢*—1)/2000 1000000 (¢*—1)/20,0000000
0 (¢?+1)/2000. GCD(g' V21 f)= 4000 £, 00000, s, s, 000
000 100000000.000,000000000,

GF(q)zl/(ff2) = GF(@)2l/ (7)) D GF()lx]/(f2) ~ GF(¢") D GF(q")

000,000 (a1,a2) € GF(¢HYPGF(¢) 00000, 00000000,a=g=
gmod fi,as=g=¢gmod 00 2d—1 0000000 ¢g000000000. 00
0,2d—1000000 ¢¢0000, GCD(gW' Y21 f)=f000 f, 000
0o,

20" —1)/2- (¢"+1)/2 = (¢ = 1)/2

0000,000 1-1/(2¢2). 0

00 6.29 ¢q=2"000. f=f/f0fi, 0 f0200d0000000,

000.GF(@)00 00 2d—100 ¢0000000000, GECD(Tr(z),f) = fi
ooo f,000000 1/2.

O0o0)f, 0400000,

GF(q)[z]/(f1) = GF(q)lz]/(f2) ~ GF(2").
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000,000 geGF(g)fz] 00O,
s; =Tr(gmod f1) = 0,1, s9=Tr(g mod f5) =0, 1.

GF(2 00000 Tr000 0,1000000 0000 200000,
GCD(Tr(z), f)= £ 000 £ 00000,s,s 000000 000000000.
000,000000000,

GF(q)la]/(fif2) = GF(q)=]/ (/) D GF(9)lz]/(f2) = GF(2") P GF(2™)

000,000 (a,a0) € GFR)@GF(2™) 00000,00000000, ¢ =
g=gmod fl,aa=g=gmod ,b002d—1 0000000 ¢000000000.
000,2d-1000000 2240000, GCD(Tr(z),f)=/,000 0000
0,2-(2r-12=92M-1O0QQQ0,000 1/2. 0
0000000,00000000¢000,f0200000001/200000
D00000000000.00000,000000, Cantor-Zassenhaus 0000
0DOo0o0000O000o0o.

googoodo 6.30
Input : f(z) € GF(q)[z], ¢=p", f00000 dO0O0D00OD0
Output : f(z)=1I1f;, fO OO0OO00OO
r e deg(f)/d, F e {f}
while(|F| < r) do {
h« F 0O deg(h)>d000, F« F\{h}
g«—2d—10000000000
if p=2
G =it g”
else
G — gla'=D/2 1
z — GCD(h, G)
if z#£1,h
F—FU{zh/z}
}

return F
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6.7 UUOUOUOUOUOOUOOOO

gbobboogobbboooobboooobboooobbooobo,booobon
goboboobboooogoogoboboobbo,bbddgg,gooooooboon
g,ggbbuogbbuogbobuogbbuogbbuogobobuoobbuoobboobn,
goboobooogogbbob. oo, bbbbooooobbobbuooooobon
goboboooboboo,bouggooogobboo,bbobbbdoooooooboboo
OOoooOoobD. o000, 0bb00b00b0o0DoOd Zassenhaus DO O0OO0O
gbobobooooon.

0000 feZx)0OOODDODOOOOOOO,000000000, Hensel OO,
gboobobooggboboobogd.

00 6.31 (Hensel) feZz],peNOODODO,
f= Hfli mod p, fi; € GF(p)x], deg(f) :deg(Hfli)

ful GF(p) 000OO00DDODODD. 000,000 k000, fiu €Z/P")x] 000
0o,

f =] fri mod p*,  fii = fra mod p, deg(fi;) = deg(fu)-
[DD]kDDDDDDDDDD.kD 1000000.k00000000.

fe+1)i = fri +p"hi

goooooooao,
I foerni = T fei + 2> hi I frj mod p**
i i P

DD?fEHifkimOdkaDa
f=T1] fui + p*h mod p***

gboo.ood,

hEZhinkjEZhinljmodp

@ J#i i J#
000000, h € GF(p)[z],deg(h;) < deg(f;) 00 D0000000000000OO
00.000,00511000000.0
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00 6.32 feZzl,peNOODO,

[ = goho mod p, go,ho € GF(p)[z], deg(f) = deg(goho), GCD(go,ho) =1

O00. 000, f=gh=¢ghmodp* 00 g=g = gomod p, deg(g) = deg(g') =
deg(go), deg(h) = deg(h') = deg(hoy), lc(g) =lc(¢’) mod pt OO O,

g=¢ modp* h="H modyp.

[00]k 0000000000, k00000000, k+1000,0000000
0o,
gd—g=pr, h—h=ps

O000. 00, gh = ¢k modp"*t 00 rhy+sgp=0modp 00O O0DO. OO
s=0modp 000 rhg=0modp 00 k+10000. 00 s£20000 golr. OO
0, le(g) = le(g') mod pF* 0 O, deg(r mod p) < deg(go). 000 r=0mod p OO
O0,00000 k+10000. 0

00 6.33 f=Y",a;z' €Clz] 000, f0000 || fl, || fll.00000,

If =2 ail, I f o=y D lail®
=0 1=0

(le| 0 eODDD)OOOOO.

00 6.34 (Landau-Mignotte[25]) f = S0 a2’ € Z[z], g =S bix' € Zlz] DO 0.
000 glf 000,119 < bm/anl2™ [ f 2

0 6.35 f.g€Zlz], glf DODO, [[le(f)/le(g) - g 1< 29 || f |2

00 6.36 feZx]00D00000,000000 pO000O0O deg(f mod p) = deg(f)
OO0 fmodpOOQOQO.

Oooo, f000000, f0 fO00000 0000000000000 OOO0OO
0.
00000 Zz 0ODOOD0DOD0OOODODOO0OOO0OOoOooOO0OO.

000000 6.37 (Zassenhaus[47])
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Input : f(x) € Z[z]; f 0000
Output : {f1, fo,---} f=fife--- 0 fO0O000O0O
p<—deg(f)=deg(fmodp) 00 fmodpODODODODODOOOO p
a— f0000
Fi— flamodp O GF(p) 00D0D0O00O0DODO (DODODO0DOO)
if |F1| =1 then return {f}
Fr=A{fu, -, fin} 000O.
ke pF>|| fl-2¢O+ 0000
f=1Lfumodp 00 f=T[ fssmodp* 00 Fr = {fer, -, fam} O
Hensel DO O OODO
[—1
F—10
while (21 <m ) {
a) S—SCF,|S|=1000000000
ifSO00000 thenl«—1+1

else {

g(-O/...Hsess

(b) g—¢O00000 000000000000 p4/20000000
if glaf {
g < pp(g) (primitive part), f« f/g, Fy <« F;\S
}
}
if (f#1)then F— FU{f}
return

OO0 638 000000 6370 fOOO0O0OOODOODOODO.

[00)()0000,S00000 GO0 pO000000 Hensel 10000000
000 p*0000000.000,0 p"00000000, (b)0000

a/le(G) - G = g mod p*.
Ooo00d,0 635000 kO00OODODOOO,

I a/1e(G) - G |lu< 295 || £ [|lo< 29800 || £ ||lo< p* /2.
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00, |lglh<pf/200
lg—a/1e(G) -G 1<l gl + | a/1e(G) - G 1< 2 p*/2 = p".

O0000,a/le(G)-G=¢. 000000 63700,0 pO0000O0COOOO0OO
gbboboooob,ggobbobbooogbobdugg. o
gbobobooaoobo,

g0 000000, IL(f)/le(g)-¢ 0 le(f)f 000

000000000oooooo00. 000, 000000o0o0 Ie(f)pbooooo,

O000000000,0000000000000 le(f)foc0oODOOOOOO.
gb,ggbbogdgbbuoggbbugobobuoob,oobbuooobod

gbooboooob.bbuoobobobooaol.

1. pOO0O

fmodp 000D0DDCOOOD,00000000000O,00000000
O000000 modp 00O0D0O0O0C0O pOO00OOCOOO. 00,00 p
000 fmodpO0OODODOD f00000000C000,00 fmodpOODO
000 pO000O000O00O00C0O Hensel 00000000 OO. ODOOO,
00000000 p000000000000000000000,0000
0oOooOO0pOO0.

2. Hensel OO

O00000O0 Hensel OO0 linear lifting 00000000, pO000 100
OO000000000. 00 pO000OD0O,000DO0DO0ODODOODOOO
OO0O0000D00O0O.0000,p000 200000000000 quadratic
lifting 0000000000000 0000. 000000, %;a;]lkyfr=1
0000 @ 0000 Hensel 0000000000000, 0000000
00000 quadratic lifting 0, 000000000 OOOO linear lifting O O
Oo0OoooooooogoooDo.

3. 0000

000000000000 2%) 0o00000. 000,00000000
gobbobobbooooobbobobboooooobbo. bbbooooon
OO00000000000 LenstradDO OO lattice DODOOOODOODOOOO
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gooboo,gobobodgguooboogobobo,gobbboood. d
goo,0bbogbbogobobog,bbogbbogobboobobood
gbooobood.obob,ogbboboooobn,

glf 000,00 «000 g(a)|f(a)
ooooo,

e 0000000O0DOOD (glf 000 g(0)]£(0))
e 10000000ODOOO (glf 000 g(1)|f(1))

gboboooobbbuoooob,oggoboboooobn.

6.8 UUUOOOOOOOOO,GCD, 00000

6.8.1 0OOOOOO Hensel OO

200000000 (00,000000000)000,0000,00000, GCD
0000000000000000,000000000000000000. 0O
0,000000 f0000000,00000 1000000000000000
00,00000000000,1000000000000000 cont(f) 0,00
000000 100000000000, cont(f) 000000000000, 00
cont(f) 00000000,000 1000000000 GCDOOOOOOOOO
0. 0000000000000000000. 0000 GCDOO0O000 Euclid
000000000000000 PRSOOOOOOOOOOOOOOO0O, OO
000,GCDO 1000000000000,0000000000000000
GCDDO 10000000000,00000000000 PRSOOOOOOOOO
00. 00000000000,000000 Hensel JOOODO. 00000, 10
000000000000,00000000000000 0000000,000
0 Hensel 000000000000 OOOOCOOO. 0O00,00000,0000
000000000000 0000000000,00000000, GCD, 000
ooooooooo.
oooo,

R:Z[le’...’xn], I:(x2—a2’..’xn_an>

(x;, —; 000000 ROOODODO)OODO.IO0OO¢r:R—Zx) O

o1(f) = flar, a2, -, an)
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O00000. feROOO,le(f) 0,2, 000000000000 O00ODO0OOO.

00 6.39 (Moses-Yun[26]) f € R,pez 000,
= Hfu mod (p', 1),  fui € Zylx1], deg(f) = Zdeg(fu)

fu 0 GF(p) 0DDOO, ¢;(c(f) # Omodp DOD. 0OD, D00 &k OO
O, fui € Zplry,---,2,) 00000, f = I1 frs mod (P!, I%) OO fu; = f1; mod
(' 1), deg(fri) = deg(fui)-

004 00000000C0ODO. kD0 1000000.k00000C0DO00ODO.

forri = fri +hi (hi € (', 7))

goooooooao,
Hf(k+1)i = kai+zhinkj mod (lekH)
0 D?fEHszl mod (plajk) U D7

f:kaHrh (he (@, 1Y)
gooog. ooa,

h= Zhi ka] = Zhinlj mod (pl,]k+1)
i g i j#
000000, h; € (P I1%),deg(h;) < deg(f;) 0000000000 DO0O0OOOO0
0.

h=> ho(z1) [[(z; — a;)* mod I*!

Jjz2
hi = Zhia(xl) H(SL’J — (lj)aj HlOd IkJrl
a j>2

gbooob,000oood

haEth‘aHflj mOdpl
i j#i
ooooono h, OO000ooooo, 000, oooboooooooooooooaa
ogoodo. o
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00 6.40 f; € Z[z], p 000, pfle(fy), fmodp 00000000, 000,000
k,0OO ceZz)000,¢ezz] 00000,

Yo [ fi=cmodp, deg(c) < deg(fi)(i > 2).
S 7%
000, deg(c) < X;deg(f;) DO O, deg(ey) < deg(f,) 00, 00000 ¢ 0 p* 0O
goooooo.

[00)modp 00000000, e, € GF(p)2] 00000, Yexfi=1modp. 00
000000000,000 k0000 ey € Zule] 00000 ;e fi = 1 mod ph.
0 f,00000 p00000000000,"000000000000000
000,0000000 ¢c0000,4i>2000,c-e,0 £0000000 ¢
00,000, f; 00000000000, 000, deg(e) < Xydeg(f;) 000,
deg(c1) + 32541 deg(fi) < s deg(f;) OO deg(cr) <deg(f;) 0, 0000, k=100
0000000000000000.

00 6.41 00 6390000,0000 (LI ODOODODOOOOO f,; O (P,1% O
00o0ooooooo.

gbobo,dgdoobogogb,ogggooboooooboo.

00 6.42 (Gel'fond[19]) f € Clzy,--+,2,] 000,0000000000 4,000
O|f000000 | <ebt -+ .max(|f 000 ).

00 6.43 fc ROODOOOOD, 000000 7000 le(ér(f) #0000 ¢(f)
oooo.

000, f000000,f0 fO0 2, 00000000 000000000000
ooooooo.

6.8.2 UOOOOOOOOOO

oboooo,RO00000DO0O0ODOO0ODLDOODODOO.

gbooodd 6.44
Input : f(z) e R, fO00000O 0000000

Output : {f1, fo,---} f=ffe---0 fOO00D0O0
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a «—deg(f) =deg(fu(z1)) OO fo(z1) = f(x1,0a9,---,a,) 00000
a=(ag, --,a,) € Z"!

Fy —{fu} — fo(e1) 0 20000000

if |F1| =1 then return {f}

pe fulz) DOODOODOO p

Fy={fu, fin} 000

[—1

F 0

while (21 <m ) {

}

S—Sch,|S|=1000000000
ifSO00000 thenl«—1+1
else {
g1 Ises s; b1 Ilsem\s 8
g1 < le(fa)/le(gr) - g1, le(gr) < le(f)
hy «—1c(fa)/le(hy) - by, le(hy) < le(f)
B —1c(f)f O Gel'fond bound
l—p>2B0000 1
ke fO a9,-,2, 0000000 +1
le(f)fa = gihi mod I OO le(f)f = grhy mod p', I¥ OO gy, hy, O
Hensel OO OOO.
g—¢O00000 000000000000 p/20000000
ifglle(f)f {
g < pp(g) (primitive part), [« f/g, Fi < F1\S

}

if (f#1) then F « FU{f}

return

gbobuobgbobodbo,gbuodbobuoooobobooboban.

1. 00oboo

Hensel 00 O0O0OO0O0O0,z;, —e DOODODOOODOODOOODOODODOOO
goboobood. ¢ 0D o000, b00000obbbbbooooaon
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goboboooboboodud,oddn o 0bbob,bbbbbodooooad
o 000000, 00,000000000,0000000O0000O00O0DO0.
gboboboooobbbuooobobuoooobbbudd,e; 000 00
gbbooobobbdd, Ubbbougobbuooobbogoobid aq
gboobooooobooo.

2.00000

Oboo0o0o 100000000000, 10b000bbo0,oobboon
OO000000b00bOob0obooobo00oboob. 00000, Hensel OO
ood,0boboboobobooboobo,ooboboboobobobon
Hensel 0O OOOO0OOOOO. DO0ODO,0000000D0O0ODOOO
O0000000000000000000000 Wang 42/ 00000000
uo.

. 00u0ogogn

OO0D00Db00000O0ob0obbo0on,200000 HenselOOODODOOO
gboooog.goo,

e J0IDUDOOUN Hensel OO OO0, 0000000OO0ODOODOODO
gboo,0ogbboobodb,gboobboobuooboonbbon
000000 boOoboO0Od,Hensel UODOODOOO0DOODODOODO.

e D OUODLDODLUODLOUODLUODLUODLUOLOD. ObOLOObLOO,d
goboboboboogooobbbbboooooobb,bobbbooooon
O000 Hensel OOODOODOOOOODOODOO.

OO0000000.0000000 HenselOOODODODOOOO,000000
O0000 Hensel DODOOOO,00000000000O00. 000,00
obobooboo,boobobbobbooobg,bobboboobod
OO000000000000b00b0b0bU0ObUO HenselOOODOODOODOO
gooboooon.

OoooooooOo,EZ00000,»000 OD0OODOOOOOODOOOOOOO
goob.bod,ggoboobbodbboobooboob,obbooobooon
O00000.0000,000000000000000 EEZO [42j000000.
gobobooobo,bboddogo,gooobbobobbbodgoooooooboon
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OoobobooobobOo,00b0bdbil Hensel DODODOOO, 00000
gbobobooooboboa,gbboboogobobboooobobod.

6.8.3 U0OOUOODDOOOUOODDOOO GCD

O00000 Hensel D00, 000000000000,GCDODOODODOO. O
O000000000,Hensel 0O0O0OO0OOO0ODO0ODO (006390 f1;,) 0,0 pO
O0000000000ooooo0O. GCD(g,h) DODODOODODOO, ;000

{GCD(¢1(9), ¢1(h)), ¢1(9)/GCD(01(g), o1 (h))}

00000000000,00000000 p0000000000000000CO.
000,¢000000000000000 ¢,=g¢/GCD(g,¢) 000000000
g1 = GCD(g,¢') O,

GCD(g1,4'/g1) =1

00,¢ 000000,000000 Hensel 00O0O00O00. 00,000,¢0
00000000000. 000 GCD(gs,h) 0 000000 Hensel 0100000
0,GCD(g,h) 00000000000000000000,000000 GCD(g,h)
0D000000000. 00,6 000000,¢9000000000000000
Hensel 000000000000,
000,000000000,¢9000000000000000000, g,00
00000000000. 00000000,00000000000000000
00000000.000,00000000.

00 6.45 fe K[x]0OO, f=hg* (h,g€ K[z]), GCD(h,g)=100 ¢g0O0O
0000 g|(d/de)*tf O

GCD(g, ((d/dx)*"f)/g) =1

O00]le=1000000. e>2000, (d/dx)(g°) = elgg® ' mod ¢g> 00O
0. 000, (d/dx) ' f = h(d/dx)* (g°) = elhgg® ! mod ¢> OO0, g|(d/dx)* "1 f.
000, ((d/dx)f)/g = elhg* ' mod g O, GCD(g,h) = 1, GCD(g,¢') =1 00
CCD(g, (d/dn)~" ) g) = 1. ©

44 00000000,000000,00,000000000000DQ0DOOO
O000000. 0000000000, 0000000000 goO, f0e—-10
O000,000000 HenselOODOOO f0O0,0000000000 ¢gO0ODOO
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OboOobo0O.0b0,00 Hensel UODOOODOODOOOO,DO000O000O00DOO
googbodoboo,bobudgbb.odbbogbooobooa,booobooon
gboboooobbbooooboboooo.bbooogoon,

e (00U -1)0000ODODODOOOOOO

e JO000O0ODODUODODODOOODODO, fODDLODODODOODOD
gbbbouoooobbbooodobbboooob

e UOOODODLUODOLOODLOL,DObODLODLOLUbODODLObLUObDOOn.
e JOUUOOOODLODOOUOUODLDDLDDOOOOODLDDO.

gbobodg.gbb,gbbodg,bbuoogbboodgbbooobboo.obo
g,ggbogbobdoadgbo,b pbbdudbbooobuoabbooboobbda, b
O000000000000000.000,00000000,44)00000000
OO0000O0b0000000,Hensel OOODOODOOOOOOODO.

O0,000000 Hensel DOOOOOOOOOOOO,0D00000D00O0O
gbogbobuodgboooboobbodabbo. oob,gbooboboob,obn
O0,GCD, 0000000000000, 0000000000D000000O0O Hensel
gbooobdgobooboboboobo.obo,booboobobbobbobob
oboooooboo,b00bo0obobbobbo0bo0,dd debugdooo g
goo.

6.9 U0OOUOOOOOO

00000,K0 QO0O0000000, K¢ 000000000000, 000
00000, Trager [40) 000,000000000000. K=Q(«) 00000
000000,0000,Hensel 10000000000000000000000
DO0000O0. Trager 0000, K(o) 0OODOOO0O00,K 0000000000
00000,Q000000000000000, K =Q(ay,-++,0,) 000000
0ooooooo.

00,K0,0000000000000000,g€ K]0 deg(g)=mO000
000,00 ¢g00000000. K(o) =Kla]=K[t]/(9)D00. L>KDO ¢g0O0O
0000000 ar=a,qe,+,a, 0 g 0000000000, L=K(a, -, am)
oooo.
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00 6.46 f € K(a)[z] D00, Norm(f) O
Nomm(f) = [T £(z. )
00000, L/K O Norm 000000, Norm(f) € K[z]. 00,
Norm(f) = res;(f(x,t), 9(1)).
00 6.47 fe K(o)[z] 000000, 0000000 heK[z]0ODOOO,
Norm(f) = h".

[00]Norm(f) =ab, a,be K[z], GCD(a,b)=10000000. f|[Norm(f) O,
fO K()DODODO, fle 0000D0. 000

Norm(f)|Norm(a) = a™.

000 GCD(Norm(f),b)=1000,bNorm(f) D00D0,b=1. 000, Norm(f) O
200000000 bboooobobo. o

0 6.48 fe K(a)[z] DOOOO0DODO0O, Norm(f) DOOOOOO, Norm(f) =TI/
0 Klz]0OODOOOODO0OO0, f=[IGCD(f,f) 0 fO K(a)z] D000
goooogooo.

[00]h0 fO K(a)2]00000000000. hOOO £00000. Norm(h) O
Kz]O0OOOOOODOO,Norm(h) OOOO0O0O Norm(f) DOOOOOO, Norm(h) O
00 Norm(f) OOOOO. Norm(h) O Norm(f;,) 000000000, f; = Norm(h).
0,h000000 O £0000,000 f =Norm(h). hh|f OO

Norm(hhy) = fi%|Norm(f).

000 Nom(f) 0D0OOODODDO0O000. 000 f0 f000000000
0oo00. o

00000, Nom(f) 000000000,GCDO00 000000 K[z] O
000000000000000000000. Nom(f)O0OOOOOOOOO0O
00000000000000000000000000000.

00 6.49 f € K(a)[z] 0000000, Norm(f(z—sa)) 000000000 se€ K
oooo.
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00]f000 B,---,4,0000,000000000000.000, f(z - sa)
0oo,
Br+ sag, -+, Bm + S0

O00.0000 Nomm(f(r—sa)) 00O0O0O0OD0O0O0OO,00 4,5,k10000,
5j+sai:ﬂk+sal

goobod.gobbobugoobb sgobbodugg. o
gobobo,gobooodogooboobod.

goobogogdo 6.50
Input : 0000 f(z,a) € K(a)[z], s€Z
Output : f0 K(o) DDODOOOO {f1,--+, [}
again:
r«— resy(f(x — st t), g(t))
if (rO0000000 ) then

s« s+ 1; goto again
r(z)=1IIrm(x): r0 KODOOOODOO
z—f
for each i do {

fi — GCD(h(z + sa), z(z, @)

t—z/f;
¥

gooboooobobooboo,gbbobuoogobbobuoooobooog.

1. 000oboo

O0oOooooOO0,0b0b0d,0bdd modular UODOOODODOOODODOO
gbo,ggbbogobogobboobbooobboobob,onboon
gboobooggoob.bob,ggoboboa,gbbobuoooobobobooad
g,0dggbbudgbbogobboobboooboa,bbooobood
gooobood.

2. KODOOooooo

KOoOoooooobobobooooboboboooboboboooboo
googobdag. oo, gobobobobo,bogboobooboon,d
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oooboboooboobobooooooobo.0obooQUuuooboboo
OooobobD,Qboboboooobooboboboooo.

3. K(a) 0ODO GCD OO

OoO0,000000 Gecboooo,0oo0oboooobooooDon
O0.00,Ecdid000000000O,000000,00000 gob0oO
O0,000000. 0000000000000 modular OO OODOO
oogd.

obog,2000 30boobooobboobog,100b00,boobod
obogobobobooboob,0obooboobg.

00 6.51 fe K(a)[z]00D0DO,
Norm(f) = [T fi™

(fie K[z)000,n0 1000000)0000,GCD(f,f)0 f0000000
0o,

f=1IGCD({, f).
00, Nom(f) 000D 1000 £00000,GCD(f,f)000.

[00]r0 fO000000000000,00 00000 A[f;00 ATIGCD(S, f;).
000000 fITIGCD(f, f;). GCD(f, f;) 0000000, f = [1GCD(f, f;). O
0, f0000000000000CO00000000,000 £0000,0000
000 f0000000000O00000. 000,000 f000000000
0,GCD(f,f)000000.00, ;0 Norm(f) 0000 1000000,000
0 0000000 ARO0O0000O00.000,000000000,f(0AR000
ooooooo o

0000000,000 (000)0,0000000000000,00000
f00000000000000000000.00,000000000000,0
00000000000,s0000000000000000000000000
0000,000000000000000.00,000000000000000
000 100000000,GCDO00000O0000O0O000D00NONng. 0o,
0000000000000, K0000000000,000000000000
0000000,KO00000000000000000. 00000000000
oooooooooo.
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gogddd 6.52
Input : 0000 f(z,a) € K(a)[z], s € Z
Output : f0 K(o) ODOOOOO {fu1,---,fr}
T« res(f(x — st t), g(t))
r(x)=IIr(x)™ :r0 KOODODOOOO
2 f
for each i do {

gi — GCD(ri(z + sa), z(z, a))

if m; =1then g; 00O

else (g;,s+1) 000000000000

t—z/g;

f(z) = 2'%—1362" 4 647622 — 1419122"° + 15133342® — 74531762° + 139507642"
—5596840x% + 46225

f@)0 a=v2+V3+v/56+/70 QOOO000O00000. Qa)/QDO00O0
0000, f(z) 0 Q) 00D0000O0DOODO. 0000000000000 6.50
000000, F(z) =Norm(f(r—sa)) 0000000 s€Z00000 F(x) OO
00000000000000000,00000 F(z)O,00000 p0000
D00000000000000. 000 00000012200000000,00
00000000000 (160)0,128000 800000000000000O0
000000000000000000000000000. 000,000 s=-1
000 F(zx)0OODODODOOOO,1600000000000000000000
00000000 00000000000.

F(z) = 2'%2® —28)%(a® — 20)%(2® — 8)%(2* — 12)®
(2t — 642% + 64)* (2" — 402° + 16)*
(2t — 8022 + 256)* (2! — 5622 + 144)*
(2t — 722% + 400)* (z* — 962* + 64)*
(2% — 2402° 4 125122 — 20352022 + 891136)?
(2® — 1922° + 85762" — 11059227 + 102400)?
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(2% — 2242° 4 112642* — 14336022 4 409600)?

(2® — 1602° + 56322" — 61440x* + 147456)°

(2% — 5442™ + 1036162 — 9082368z + 3874135042° — 76320522242°
1+571423293442* — 916986265602 4 3029401600)

000000000 f(x)0ODODODOODOOOOOO0OO.000,000000000
gobboobobod, g, gooooobbbobbbdooooooobobon
gob es200000000000.

6.10 U0 —0O0O0O0OO00goon

00000 GCDOODOD,0000000000,00000000000000
0000000000,

000,0000 f(z)=n(z)/dz) (n,d € Q[z]) 000000, f000000
000000000.000,00000004d01000000000000 40
00000000000000000.00,0000000,4d000000000
00000000000000.

D654f:dMDDDt/Mx:byt
gooooo,dooodoobooouoonooooboooooon.
6.10.1 O0OOOOOO
f=n/d, n,deQz] 000. 00 deg(n) > deg(d) 00O,

n=qd+r, q,deQz],deg(r) < deg(d)

000, f=q+r/d0000. 0000 [fde= fqde+ [r/ddz 0,000000
00000000,00000 deg(n) <deg(d) 000D00O.

00 6.55 deg(n) <deg(d) 0O0O. d, =GCD(d,d), d =d/d. 0000, deg(n,) <
deg(d,), deg(n;) < deg(d;) OO n,,m eQz] 0 000O0O00O0O0O,

M= Ty [T
/ddx_dT+/dldx
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0O0]d=[Ld 000000000000,

o ZZ nij (deg(rij) < deg(d;))

00000000000 5120000000. d, =[Ld™" d =1,d 000. d
DDDDDDD, GCD(dl,d;) = 1. DDD, 0 N DDD, Sijytij S @[ZE] (deg(sij) <

Sijdi + twd; = nij.

goobod,y>1000

nij . Sij twd;
/dgdx —/dgldm+/dgd:c

ooo,
L1y d
1—j5 a1 &
oo,
tid, 11 11,
/dﬂf 1—j @t 1—3j di—ltijdx'
ooo
g g — tij- +/ U+J1dx
d (1—j)d ™ 4
deg(s;; + i) < deg(d;) —1 00, 000000 200 [t 00000, 00

DDDDDDDDD.DDD,DDDDD j>1DDDDDDDDDDDDDDDD,

/ddas—zz

i g>1 1_j

s 1+Z/d de (deg(u;) < deg(dy)

obobobobobo.010,0200000000000000000 Z““,ZZDDD
obobobooboob.obobobog. o
goobboooobbn,n U, 0000000000000DO0O00.

godgdot 6.56
Input: f(z) = n(m)/d(x)(e Q(x), deg)( n) < deg(d)
n.(x
Output: /f(ac)dac: T +/dl 44 400000 ndmd €QW DODD
000 deg(n,) < deg(d,), deg(n;) < deg(d;)
d, — GCD(d,d'), d — d/d,

~— | —
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my < deg(dr)7 my <— deg(dl)
ny — Yt ny = Y b
n=nld — (%= )n, +dy 00 a;, b, 0000
n,(r) ny(z)
return / z)dr = + dx
k=5 @+ aw

6.10.2 U0OO0OO0OOO

f(z) =n(x)/d(z), GCD(n,d) =1, deg(n) <deg(d) 0 d0O00OO0O0O0O. 0000

/fd:c = Zci log r;

O0000.000 ¢€QreQz)00D00O0,0000D0D0DD0OO0OOOOOO
gb,b0gggbbobugoobobbooogoobood.

00 6.57 (Rothstein[12])
KOOOOO coooooo, f(x) = n(x)/dz), n,d € Klz], GCD(n,d) =
deg(n) <deg(d) 0 0000, 000000.0000,

n/d=">cv/v;
i=1

000 qeCOO000O0, v eClz],y, 00000,00000000,000000
D,CiD
R(z) =res,(n — zd',d) € K|[z]

0o
= GCD(n — ¢;d', d).

[00]claim 1 v =d.
v=1r, 0000,

nv = chl (v/v;).

GCD(n,d) =100 djo. 000, »|0000,00 v /dO000 vleui(v/v;) OOO
0,000 »,00000000000. 000 vwd OO odd000 v=d.0
claim 2 v; = GCD(n — ¢;d', d).

claim 1 00 n=Y",¢ui(v/v). d =30 vi(v/v;) 00O,

i=1Y;

n—cd =Y (¢; —¢;)vi(v/v;).

JFi
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0000 wn—¢d 0000. 000 w|GCD(n —ad,d). 000, j#:000,
GCD(n — ¢;d',v;) = GCD((¢; — ci)v;(v/vj),vj) =1

00, v =GCD(n—¢d,d). O

caim200,¢ 0 R(>»)0000000000000O00O00OO.
claim 3 {¢1,---,¢,} =R(z) 0000

cO R(z)00000,v=CGCD(n—cd,d) 000000 d000. 000 v O
0000 ¢g000000,00 vO0O0OOO g|v.

n

gl(n—cd) = Z vi(v/v;)

00, g|(c —c)vi(v/vy;). 000 s =c0000000. O

0658 KOOOOO COOOOODO, f(x) =n(x)/d(x), n,d € K[z], GCD(n,d) =
1, deg(n) < deg(d) 0 d0D00D0,000000,

R(z) =res,(n — zd',d) € K|z]

O000. KgO R(>) 0000000000, KzgO [n/dde00000000OOOO
KOO0O.

[D0]FDO KOOOODDD,g€eF, v eFg]000n/d=Y,cu/v; 000000
00,0000000,0000 ¢ 000000000000000000. 00
00,¢0R(:)000 e FOODO,KzCF. KxpOOOOOOOOOOOODOO
0000000000, 0
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000000

71 0OO0O0O0Oooooooon

0 KOO 000000 R=Klzy,-,2,)0000.00, (z1,--+,2,) 0 X O
ooo0o. ROO f,---,f, 000,

f].:O)...?fm:O (7.1)

Oooo0o0oC0o0o,0000000oooooo. (v)oooo K~O0O0OO0O (1)ooog
. gggoobbbbuogoobbobobuooooobbobobooooob,bo
gboboboooooboboga.

071 fi(v,y) =22 4+y*—2=0, fo(z,y)=2y—1=0000

O vfi—(zy+D)fo=y'—2*+1=000 y=2=1000y=2=-1.000
OoOoO00000. o

000000000, f, 0000000000000000000000000
00O0000000000000.

DD 7'2 flaafmeRDDD’
=1

O A, fp, 0000000O0O0O0O0OO. f,---, £, 0700000000000
go.

000,000 (71) 00000000, =1Id(f;, -, f,) 00000,00000
/0000,00000000000000000000000000. /0000

5
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000000 (7)) 0000000, 00000O0OoOoOoO0oooDooOoOo,000
gobboobbbooooooogobboobbood,ggoooooobo,boo
gboobobooooboobouooooboobod.

0 7.3 Id(@® +y* = 2,2y — 1) = Id(~y" + 2" = Lw +3° — 2y)

0 7.4 (00000)Id(2a+3b—4dct+d—1, 3a—2c—5d—4, a—b+4d—5, 3a-+2b+2c—2d)
— Id(—185d + 78, —185¢ — 94, —185b — 299, —185a + 314)

oboobdud,boobuooboobbooboobooboobobob.obd
oboooo,0o0boo0booboobooboobo,bobobooboo.

00 75 0000 7000 10 KrOOOO variety Vg(I) O
Ve(I)={a€c K" | 0000 felIOOO f(a) =0}

O0000.000000000 v)ooo.

0 7.6 ICJ=V(J)cV()

gbobob,ggobbbodoogobboda,gbbbooodobboboooooog,
gbbobooogbboooobboooobbo,gbbbooobboooobn
gbbboogbooogbbb.buoooobbbooodobbbboooobbn
gbbobooao,buoooobbbooaobobo.

72 OJUO0,b0goooo,ooooon

goo,0boogboodbbog,bgdgbbuaobba,bbogbbooon
goboboooggbbobbbooooooboobouoooobobo.oob,bo
googob,gbogbbodgbooobouoobbooboo. oo, gboooon
goboboo,bbobboddgooogobbobbboooooooo,oooboo
O000000o0o0o000ooooO0. 0Do0,0000 I00DoOO R/IDOOO
goboboboooggb,bbbooooobbbbooo. bbuooooobbon
gbboboogoobbbuooobbbouooonobboooobn.

e JJUJDDOD,00D0000UUDDOD (DODDOODL)ODDODOODDOODOO
gbooog.

/000000000 bo0oboobuooboobon.



2. 000,000000,000000 77
e OUO0O,0DO0O0O0DLDDOULO,DDODOUOODLDDLDOOOO0.
gboobuoooobooogooboobod.

e JJUJ0UDDODO (DO,00D0DO)DDDDODOO.
oboboobodg,oobooboboo.

077n=1000
R=K[z]0O PID(0000000O0)000. 00000000000 71000
feROODO I=Id(f)0000.000,f00000000000,/00000
oooooo,

geleflg

ooobooooboooob./oo0bo0ooooboobgobooo, fOo,000
OO00O0bO GCbOooooboboooogo.

gobbobo,godggobobo,oooobbbbuoooaodab,bbood
gbbboooobbododo. gbob,ogooobbooodaob.

e DD OUOUOUOOOODLODDODLDOO, U000 0D OLDOO. 000,00
g, bugggbbbugobbbbooogbbbuoooobobod.

gboodbouogbouogbodgb,gbuodgbodgbogo,ggbugouogbooon
O00000000o0. 00,0 KOO nO00OOOO R=Klxy,---,2,) 0000
obob.oob NO,0000000D0.

od 7.8 T:{aﬁl---xf{i\il,---,ineN}DD,TDDD teem (0) O0O0O. OO0,
TOODODOOOO <0 term order 000000,

1. 0000 teT 000 1<¢
2. 0000 t,ty,s€eTOOD0 (b <to=>t1-5<ty-5)

ooooooooo.

00 79 000 NOO0O0O000,N0000 term order < O
1. 0000 aeNtO00 0=(0,---,0) <

2.0000 aj,a9,se NOOO (a1 <ag = a1 +s<ay+s)
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gboobooggbboobood.

00 710 LcN*OO00O0O000O00,000 acL,B3eNt000 a+BelL
ooO000O000O0.00,ScNoO00,

mono(S) ={a+ 0 |a€sS,FeN"}
OSO0000000000DOO00DOOd.

U0 711l teem 0000000 0O0O0O0O0DOOODOODODOODO.

fr9€ RO, f=Ys0cifi, 9= Yis0digi (cidi € K, fi,q: €T,i> 5= fi> f;,9: >
g;)) 0000, f>g0

goooao.

00 712 M ={c-t|ceK,teT} 00, M OO0 monomial 000O.

OO0 713 termorder OO0 O O0O0OO0DO, 000 fO0O0O0 term OO0, 00 order
0000000000 U0 (head term) OO0, HT(f) ODOO.
HT(f)ODDODOO, HC(f)OOO.

HC(f)-HT(f) O HM(f)oOOoOODO.

HT(f)0D0OO0OO HE(f)OOO. HE(f)eN*ODOO.

000, f—HM(f) O red(f) (reductum of f) 00O .

o0 714 N OOOOOODOOO0ODO LOooOooo.

0O0j»n000000000000.n=1000,L0 NODOOOOO «O0O0OO
LO«000000.n—-100000000.0 jeNDOO,

LJ = {(Ofly"Wan—l) S N'fl—l | (ala""an—hj) € L}

0000 {L;} 00000000000, L,=UL; 0000 L, 00000000,
000000000 L,00000. 00000500000 Le=L,,. 0000,
LO,j=1,--,40000 L;0000 (0000000000000000000
0)0000000000. O

0o 715 {L;}¢=1,2,--) 00000000000O0ODOOO, 00 400000,
ZZ’LO:>LZ:LZO



2. 000,000000,000000 79

O 716 N OODOOODOODOO termorder < 00O O0OOOOOO.

O 717 <O T0UOtermorder D000, 7T000000OO0OOOO0ODO. <O RO
O000D0000o0oooobbog. 0bO,00000, term order 0 Noether OO 0
oooooo.

0O0]j7T00000000000O0000O000O0O0O0OOO. ROODOOO,00 R
gbooboobobobobobob,bob rooobobobobobobgbd
ooooo. o

OO0 718 SC ROO0O term order < OO0,

E(S)={HE(f)| feS}cN"
O00000.00000000000 <00000O ES)0O00.
00 719 0000 I000,E(I)00O0O0OOO.

O0000000Q0oo0o0o0o0 /0000 G={fyoooo,
E(I) = mono(E(G))

OO000OO000OO0O0. o0o0o0oobO0o0oDbOO0o0oDbDOo0oDO0o0ObD0 Gqoooooooo
goboo.

OO0 720 0000 /7000,00000000 GO,
E(I) = mono(E(G))
goobood 10 <bbboooobbbooa.

ooooo,0o0oo0ooboobooboog,o0obobobobobobooo
gboooggo.

OO0 7.21 000 termorder < OO0, 0000 700000O00OO00ODOO.
00j00000ooooooooooog. o

00 7220000 70000000 GO I10000O.
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0O0]fel000.00000,00¢geGOOOO0O, HT(9)|HT(f). ODODO,O
0 seMODODOOO,HI(f-s-g)<f. f—s-gel000,000000000
OO00000. term order O Noether OO0, 000000000 OOOO. OOO
O,00o0dboodo,o0bgo.oogd,Go0 Ioooobgooogoooo. o
oooooooo, f-s-9(f,ge Ry,se M) JODODOOOO. ODOOOOO,
foobooooooooooobooo,ubOo, fO0O,000bD0ODOODOOn
g, 00dgobboboooboboboooobobo.

00 7.23 f,g€ ROO, f000000 monomial m 0 HT(¢) 00O00OO0OOOO.
0000 f0 g0 0000 (reducible) 000000. 0000 k= f—m/HT(g)-g
0oo, f»h000.

GCRODODOD,GOO0000D00 f0A00000000 f2R000.00
0,6000000000000000 20000000, 5000,
f00000,G000000000,f0 GOOOO OO0 (normal form) O
ooooo.

00 7.24 0000 /0000000 UOO0ODO,0000D00000A0.
1.fe]<:>f§0
2. f%fl?f%fZDD fi, 0000 = fi=fo

3. feG0,00 he@GOOOOO HT(W|HT(f) = G\{f} 0 100000
0o

[00]1.0,00000000000.3.00000000.2.000. f—fi,f—fs€
100 fi-f,€1.000 fi-f>0.0000,f, £,00,6000000000
fi—f,0000.000,fi—f=0.0

0725 G={g, ¢ 00000 /0000000000, 0000, OO
HCGOOOOO HDO IO 00000000 HT(g)(g; € H)OOODODOOOO
0oooooo.

gobboobb,bbbdugooooobb bbouooooodo,oob,obobbo
gbobobooboboobobobo,boboob1100b0obo0bobg
00 (reduced) OOO0O0O0O OOO. OD0OO0OODOOODOODODODO ODOOOOO
goooboogob,gbboggbobbuoobbuoobb.o0bboobo,on
gobobooogon.



2. 000,000000,000000 81
Oob0 726 J0OO00DOOO0OOOOOOOOObDOOoDOn.

gob bobbodoooooboobboooooooboboobobboooooo,gon o
gbobboogobbboooobbooooboboa,bbbooobbboooobon
gooboooooboaa.

00 727 G={q,--,¢} 0 (000000000000)ROOOOOOOOO
0.00000,00 4, 0000000.

dli Rl — R
(fi,-- fi) V— 2 fi- HT(g:)

00 7.28 f=(fi, -+, f)eR0T-00 00,00 temt00000,0000 4
000, f,=0000 t=f -HT(g;) 000000O0OO.

00 7.29 ¢; € RO ¢;=(0,---,1,---,0) (0 0000 1)00000.
i,---,ix 000, Ty O

Lo
0000O0. 00,7, =HT(g) 000,
o0 730 0000 roooo,oooa.

1. G={g, ,¢}0 10000000

2.fe[<:>f%>0

3. fel«< 0O fii=1,---,) 00000 f=%, fig; 00 HT(fig;)) < HT(f)

4. L0 T-00 O Ker(d,) 00000000,000 h=(hy,--, k) €L 00D,
Zhi'gizo

[O0O]

1.<2)000.

2.=3)G000000000000000000000O.
3.=2)00400000 HT(fig)=HT(f) D00, HT(f) O HT(f;) 0000
000000000.

4 =1)f=f;-g;€100,HT(f)0 HT(g;) 000000000000000
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0000.00000,0000 000, HC(g)=1000. L={b,---,b}00
0. m=max;(HT(fig;)) DODO.

HT(f)=m 000 HT(f)O,HT(s) 00000000000,
HT(f) <m 000 A={i|HT(fg)=m}0000,0000,

ZHM(fi) - HT(g;) = 0.

€A
000, h=(hy,--- k) €R O, hy=HM(f)(ic A),h=0i¢ A D0D0O00O,
heXKer(d)). 0DODOOOO,

OO0 eMUODOOO h=3,cb;.

0000

> hege =YY gibik.

k [ k
Gi:ngbikDDDD,Gi%ODD,Z =3 0000,00 %, 00000 G;=

k
i k k

= Z Jrge + Z(red(f) + fi) 9k

igA icA
ooo,
HT (frgr) < max(HT (cibygr)) < max(HT(c;G))

< mgx(m’?x(HT(cigkbik))) = m]?x(HT(hkgk)) =m

OO0, mUO0000000D00D00OD00O00O0. OO0, order O Noether DO OO
00000000, m=HT(f)D0OO0DOO0OOOO. O

00 731G ={q,,q} 0 HC(¢g) =100 ROODOODOOOOOO. 4,5 €
{1,---,13000,8,;€ RO S,;=T;/Tie;—T;;/T;e; DOODODO. 000, L={S |
i<j} 0 Ker(d,) O T-00 000000. 00000 Taylor 00 OOO.

[00]f € Ker(d,) 000, f0 T-00000000000000, f00 T-00
00000, f=Y, /e 0000, fcKer(d)O0O, f£0000,00000 2
00000 0000. 0000 fi, itk <)) 0000, HT(fage) = HT(fig) OO,
TulHT (frgr). 0000 f' = f—(HM(fegr)/T)Sw 0000, 00 K000 00O
Oo0,00000000000.0000000000, 0O {Sij}DDDDDD.D



7.3. BUCHBERGER OO DOUODOO

00 7.32 f,ge ROOO,S0O00 Sp(f,g) O,

o HC(Q)ng

HT(g)

(Ty, = LOM(HT(f), HT(¢))) D000 D .

gboooo, bbb ogboboboogobbobooon.
OO0 733 0000 7r7g000,b000.

1. G={g,---,¢} 0 10000000

2.0000 {f.g}(f.geGif#9) 000, Sp(f.9)=0

7.3 Buchberger 000000

gbobobooggbobo,gobbobooogbooobo.

000000 7.34 (Buchberger|[7])

Input : ROOOOOOO F=f,---,f
Output : FOOODOOOOOODOO OOODDODO G

D—{{fg}| fL.gcF;f+#g}

G~ F
while ( D # 0 ) do {
{f,g} — D OO
D «— D\ {C}
heSp(f,g) 0000000
if h # 0 then {
D—DU{{f,n}|feG}
G — GU{h}
}
}
return G

O00,D0000 (pair) 00O0D0OODODO.

HC(f)Ty, .

83
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o0 735 000000 73400, 0gnoooboobgon.

Oo]

b0 boodobbbdoodobb,o0bbboooobbooobbobooobn
ooooog,0 risb000og.

goboboogobobddgd obbbdoodgbb. o

OO00000D00O0 Buchberger 0O DOOO0OODOOOOOOODOODOOO,

e JO00OO0 OCODODOO,DDOODO GUOOODODODODO.

e DOUODOODOODLOOOLODOODOODODODOO.

gobboboooggb. ggoobboobobooooobbobog,oooboboo
gboboboogobooboda. ggobobooag,bbbuoogon.

7.4 Term order [ [

OO0 termorder O OOOO. OOOD order OO ODOOODOODOOODO, DO
gboboboooobbbouoooobbod.

00 7.36 00000 (lexicographical order; LEX)
it g > gt g o

00 mOO0000 4= j1,,0mt = Jonetsim > jm

goobbooboboboodgooooboboboobobboodoooooobbobooboobo. g
gb,goboodb,go,ggbbugobooobooobbuoobbuoonoon
goood.

00 737 00000000 (total degree lexicographical order; DLEX)
Tt gin > x{lxﬁf &

2opte > e 0O DO

Crir=>r7x 0000 mOO0OO0OO 41=J1, "y lm-1 = Jm—1,%m > Jm)

O0000DO0O0,0000DbO000DO00DO0ODO0OD0OODDOODODODOO
O0000000. degree compatible order 000000, OO0 OO order OO O
OO00O0b0o0ob00ooO0ob0ooo0ooOOobD0oboobO,00b0boobOobDOoDbo
OO00000000D00D0O0DO, 0000000000000 oOo, 00000
OO000D0OO000O0,00000000o0oo0oooooooooooooood
Oo0oDOoooooooono.
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00 738 000000000 (total degree reverse lexicographical order;
DRL)

it > g i o

2opte > 2 0O DO

ki =>,7x 0000 mO000O 4, =Jn, s fme1 = Jmttsbm < Jm)

gbbo,dbbogdgbobooobbooobb,obbboobboobbod
oooboooo,b0o0b0booobo0oboooobOob. obog, oo, Hilbert
function 0O 0O0O0O0OOO0OOOOOO,OD00000000DO00000O0O00OO
gbboodod,bouoobboooobbuooobbbooobooooo. bo,
gbbboooobbbuoooobbooooboboo.

00 7.39 block order
{z1, - 2, } =S1U---US; (disjoint sum) OO0, <; O T; = K[yy, -] (yr € .5;) OO
termorder UOO. DOOO, 7T 00 order 0, <; 0 order UOODODODOOOODO.

000000 {zy,--, 2} ={m}U---U{z,} 0000000 block order 0O
gb,gb0,ggbbogobooobboodgbboobba,bbogbbooon
oo.gooboogooogoo,ss0o0obooooo,Sssbobooboobo,opoog,0o0on
O0O0,000 DRLorder DOOOODOODO S000000O00ODOODOO.0ODOO
goobooogn.

OO0 7.40 matrix order
MOOOOOOO mxnOOOOO.

1. 0000000000000, Mv=0&v=0

2. 000000000 nOoO0bDOOOD OO0, MvDO OOODLDOOOODO
uo.

000,N"00000 w,o000,
u>ve Mu—v)0 00000000000

OO00000,00 order O termorder D00 . 00O, M OOOOOOOO matrix
order 0O 0.

00 7.41 (Robbiano [[34]]) OO0 O term order O, matrix order 000000 0O.
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O 742 000000 order 00000 matrix OO

1 -1 1 .- 1
1
1 O O -1 . O
Mprex = . Mprr = Mppx = -
0 1 —1 0 0 L

Mprex, Mprr, Mipx 00000000000, 0000000,000000
oooo.

0 7.43 weighted order

wy - Wy
1

MwDRL == O
1 0

0000,000000 (dy,---,d,) 0000, wid; 0000 weight 0000
i=1

gboboobooooboboooobood.

O 7.44 block order
M, 0
0 M,

O M, 0,000000000 termorder OO OO0 matrix O0O0.



Chapter 8

Juoootgdog

gbobbboooogbbbbooooooboboo. bbbob,o0oo00obbo
obooobooobo.

Notation 8.1 000, 0000000 0OOOO.

K: 0.

X ={xy,-,z,}: 000
R: K[X]
T:ROOOO

HT.(f): f0 <000000.

HC.(f): fO <0O00000O0O.

GB.(S): SO <O0000OO0O0O000000.

NF.(f,G): f0 GO00000000O00.GO0O0000000000000000.

8.1 UUOOOOOOODOO

00 8.2 (00OOOOO)
0000 I,JcROOOI=Je GB(I)=GB(J).

00 83 (00000000000,000000)
0000 7, f,ge ROODO f=gmodI < NF(f,GB(I)) = NF(g,GB(I)). 0O
fele NF(f,GB(I)) = 0.

00 8.4 (000O00DOD)
0000 JcROOOI=R<sGB(I)=/{1}.

87
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00 8.5 (elimination 00 0O0)
/00000000, X =(X\U)uUDO,00000000000 weT(U), 000
OzeT(X\U)DOOu<zOOorder<O00000O,GB(INK[U])=GB(I)NK|[U]

00]feJ=INK[U]ODDOO. felI0OO0O0O ge GBU)ODOOOO HT(g) |
HT(f). HT(f) e T(U)0ODO HT(9) e T(U). 000, <00000, HT(9) € T(U)
D00 ge K[U]. 000 ge GBUI)NK[U]O,GB(I)NK[U]O JOOOOOOO.
O

00 8.6 (00000000 =1Id(f, -, f),J=1Idlg, -, g,)0000,INJ =
(yIR[y| + (1 —y)JR[y]) N R

[0 ]femJDDDD f=yf+(1-y)f € (yI+(1—y)J)NR. OO f=yg+(1—y)h
(g€ IR[yl,he JRly) OO, fe RODODO.000,y=000000, f=h|y—0 € J.
y=100000, f=g|l,1€l. 0

0 8.7 I =1d(fy,--, fm), ] =1d(g1,---,9) 000 GBUINJ) = GB({yf1,- -, yfm, (1-

Vo, (1—y)gHNROOO0 INJOOO0D0O. (000 X <y OO elimination
order 0O ODOO. )

00 88 (D0DUUO)0O0ODOD [,RODODDODO SOOO,000001:50
I:S={feR|fScCI}

00000. J=1I1d(S)0000,[:S=1:J0,J=1d(f, - f. 000,

I:Szﬁ]:]d(fi)

i=1

00 8.9 I:1d(f)=L(InId(f))

[DD0Jgel:1d(f)000 gf €100 gf €INId(f). D00, g€ L(InId(f)).
00,g€i(InId(f) 000 gf €INId(f) 00 gel:1d(f). O

0 810 IN[d(f)00D0O0OD0O0O0OODO, 0000 fOO0O0DOOODOO,0000 f
00000000 [:ld(f)0000. 00000 7:Soo0oooooooooo,
INld(f)0 0000000000000 0DOO87T000U0ODOOOOO,0ODOO
obooooobooobogoo.
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00 8.11 (saturation)
00000, feROODOO,I: fO00000D0O00OD,00 seNOODO
0o

i>s=1:f=1:f°

OO00oO00o.0000d
I:f>*=1:f°

0000,I0 0000 saturation 000
00 812 /00000, feRODDO,

I f*=URyl+(1-yf)RY)NER
0000 I:f°0 elimnation 000000000000.

O0O]

00 cO00 ¢ge000O00,g=ah+(1—yf)b(a,beRy) D000, 00O
O,y=1/f0000,000 f¢(@000)00000 flgel 0000 gel: fe
000 geDO.

00 cO0 ¢ge00,000000d000 figel000.0000

9= (yf)'9=0mod IR[y] + (1 — yf)R[y]

O0,geRO0Ogeldd. O

8.2 000,00

00 8.13 (00O0O00)
0000 J000,000 R/I0,0000000000000000000000
000000, R/I0,0000000

{NF(f,GB(I))| f € R}
000000,0000 (@)-00 (9)0000000000000000O0O0
f@&g=NF(f+g,GB())

fO©g=NF(fg,GB(I))
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00 814 (DOD0DODOUOOUOODOODODODODO)

0000 /000,000 R/I0 K-OOOODOOOOOO,0000000000
0000000 00ooo0oUooooooooooooooooo.oooo, R/I
gbooooog

{ueT|0000 feGBUI)OOO HT(f) fu}

gooo.

00 815 /00000000. U CcXO0O0,INnK[U]=00000000 UO
independent modulo 7 0O 0O O .

00 8.16 (00O0O0O000)
0000 J7000,0000000 dim(J) O

dim(/) = max(|U| | U C X independent modulo I)

gooog.

00 8.17 (0D0OO0O0)

1. 0000 /0000, KOODODDODOooooooooooo v(hooooood
goooDoog.

2. 00000,00000000000000D000000 (KWl OO)O00O
gb,b0ggdgoobooggoobodg.

00 8.18 (Hilbert function)
R=K[X]0O 0000000 R, 000O00DOOD. DODDOOIDODO, I, =
INK[X],000.000000 I000, 70 Hilbert function Hg7(s) O

HR/[(S) == dlmK RS/IS
gooogg.

00 819 <0000 order OO, JO IT0000000O0O0OOOOODOOOO0O
D,HR/[(S):HR/J(S)
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8.3 0O0OO
00 8200000 /000,70 radical (O00) VIO

VI={feR|00 eeNODODODOO feel}

0ooo0.y/Io0ooooooo.

00 821 L0 KOODOODOO,VcK*"OOO.O0OooOoooooO I[(V)CcRO

I(V)={feR]|[flv=0}

gooog.
gboboboogoobooboagd.

00 8.22 (Nullstellensatz; Hilbert 0000 0)
KOO,R0 KDODOOOOO. 0000 IcKX]000, I(Ve(I) =vI

0 8.23 0000 I,J000,Ve()=Vg(J) &VI=+VJ

00 824 (00OOODOOOODO)
0000 KOOOOOOOOOODO 10000000000« R/ID KOOO
obooboo

OO}
=)000000 rg= (s 7km) (k=1,---,m)000. fi(z:) = [Is(z: — rie)
0000, fi(z;) D /00000 000000, Hilbert 0000000000 ¢t00
000 fi(z)'el. 000,GB(I)00,04i000,HT(9)0 2, 00000000
0000.000,0081400 R//0 KOOOOODOOOO.
<)04i000,0000 ¢,000000000000000000000, GB()
00, f(z) 0000000000000000000.000,00000. 0
0000000 o, <2, < - <, 000000000000,0000 I
00000000000, 0000 000, 00 f € GBUI) N (Klay,--, 2] \
Klzy, -, 2;4]) 00000. 000 fi(2:)000 o, 000, falay,22) 000 ap O
00,00000000000,F000000000000000000
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84 UUUOUOOUOOO

0000 K[X])000,000000 McFOOOOOOOOOOOO0OOO0OO
0.0000,00000, ¢t (teT(X):e=(0,---,1,---,00: 00000 1)0
oo,

1.0gobter,0bD0 FOO mUOdOO m<tm
2. 0000 tET,DDDD FOOOO ml,mQDDDmlgmgitmlgtmg

00000000000. 000000 E(S) 00000000, 0000000
E(G)0 E(M)000000000000000. Buchberger 0000000, S-0
000,000 FOOOOOOOOOO (D000, HT(a) = teea, HT(b) = tye, O
00 ¢«=$)00000000000000000,00000 000000000
000000.0000000000,syzygy 0000000,0000000 (free
resolution) 000 0. 00000, 000000000000000000,000
noooo.

85 U :000O0OOON0

elimination ] J00000000,000000000000. f(21,7) € Qfa1, 2]
00, F O total degree 0 d 0000, F(wg,x1,79) = 28 f(21/20,22/20) O d 000
o000, FOOOOODDODODODOOOOoOoOOO,
u; = 55 (w9, 21, 22) (1 =0,1,2)
F(x()wrlaxQ) =0
Ud ze,z,ze UOUOOOOOO. DOOOLOODOODOOOOOOOOOOOOO
googgg.
OF OF OF
I=1duy— ——,ug — —,us — —, F
(uo 8x0’u1 8x1’u2 ,F)

0000, {zo,21,22} = {up,u,u,} D0000D00000D I 0000000
GB()oDOoOooO,

In Q[Ug,ul,UQ] = [d(GB([) N Q[Ug,ul,UQ]).

0oo0o0, V(g O V(f)oooooooo.

{fl =2 — 2 +y°
g1 = 10827 — 10825 + 1017y%x* — 16y*2® — 4250?22 + 1800y*z — 108y° + 312512
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fo =25+ 32t + Byt — 4y?)a® +9°
s = — 25625+ (6dy* — 1924 +864)a + (— 1924 +16204— 7292 — 2565+ 864y — 729y

fs = 22" = Bya® +y' — 2y° + 4
g3 = —1225 + (—y2 + 178y — 37)x* + (1213 — 768y* + 2208y + 4608) x> — 32y* + 1024y> —
768012 — 8192y — 2048

—

- | precise ||l‘ornula ||nuaxis | - | precise ||fornu1a Hnoaxis ‘
— .
.

xcoord | | ycoord Hcoord | | ycoord

Figure 8.1: f; =0 Figure 8.2: g =0
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.

reoord

Figure 8.3: fo =0

[uide |[precise | [fornula]

rcoord

Figure 8.5: f3 =10

CHAPTER 8. 0O0O0OOODOOO

.

®eoord

Figure 8.4: go =0

reoord

Figure 8.6: g3 =0



Chapter 9

HRERERERERNRN

0000 ICR=K[X]000,/=LNLO0000,V(I)=V(I)UV() OO0
000.0000,00000000000000000.00000000,000
000 radical 00000000, 000000000000000,000000
0000000000000.0000000000,0000000000,000
000000000000000000.

9.1 UU0bogo,bgoboobo,dgobogobogn

00,R=K[X]0OO0OO0OOOOO.

00 9.1 0000 ICcROOOODODO (prime ideal) 00O,
abeI 00 a¢ OO0 be]

O0000.000 R/IDOOOOOOOOOO.

00 9.2 0000 ICcROOOODOOQO (primary ideal) d O,
abeI 00 ag¢ I OO0 beVI

gooboo.

00 930000 ICRO I=+/I0O0O0O0O0OO I0 radical DO00OODOOOO
O.VI0O radical OOODOOO.

00 9.4 VI =0icpprimeP

95
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0OjIcprPOOO0VIcYP=POOOO CcOO0. 00O0DO0OO0O00ODOOO
00,00 f € NicpprimeP\VIOODOOO. OO0O0O,S={ff%---,}0000,
SNVI=0. F={J:0000 |VIcJOO SNnJ=0}0000,F#00,00
0000D00000. 00000g Jooood.

oo J,00.

[0O0Jabe Jo, 00 ab¢ J, 000, J, 000000, SN (Jy+ Ida)) #0 00
SN (Jy+1Idb)#0. 0000,00000 s,t>0,c,de€ Jy,e,fc RODOODO,
ff=cHae, fl=d+bf0000. 000 f* =abef+cd+aed+cbf € J, 000
00.000 J,00.O0

Doooooo, f¢J,00 Ic 0000000 J,00000.00000. O

00950000 JCRODODODODODO,VIOODDODDODOO.

0096 0000 ICcROOOOYI=POO0O,/0 POOOODO.O00 PO
0000000 (associated prime ideal) 0 O O

od 9.7 0000 ICRO
I=hnhL=I=L0O00 I=1I
dooooo,/oooooag.
oo 98 Juoooooog.
[0O0]I00000, fgel00 f¢I000.1:¢g°=1:¢°00 s00D00O,
I'=(+1d(g®) NI+ 1d(f)).
000,h=a+bg=c+df (a,ce )00 hODOOO,
bt =(c—a)g+dfgel=bel . ¢ =1:¢°=bgcl=hel
00000.IAT+1d(f) 000 I=I1+1d(g). 0000 geVI. O
o0 9.9 00000l IcROUOUUOODODODUOOUOUOUDbOODOOUOODDDOO.

00]/000000000000000000000000O0OOOODOODO. IO
oobooooo,I=hHnL 0O, 70000000000 DO0O0ObOOo0bD. OOO
ooobo,,0b00ob0o0obobob. oo, 0booooboboooobo, g
OO0Oo0oOO0o0oo0obo0oboobuoobOonD, RO Noether DDOODODO. O
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00 9.10 0000 /0000000, I=nN_,Q; (Q:00)0000000. 0 @
O0000000. 00000 mnimal 00,000 vvQ; 00000, N;jQ;2Q; O
goo.

00 9.11 000000 [,J0000,VI=y/JOOOo InJooo.

OO0JabeInJ OO0 a¢INJ OO0, ag¢I000,beVI,a¢JOO0 beV]
O00o00.VINnJ=VINnyJOO,beVINJ. O

00 9.12 0000000 ICcRO mnimadl OO0OO0ODO0O.

00j0000,00000000000000000000000O0O0ODODODOO
O0000000000.000,n;4Q;, c@;00 0000000000 IO
Ooooooboo0,00bi0bdb mnimdl DOOOODOODO. O
goo,00oooo.

OO0 9.13 minimal 000000000000, 000000000000000
go.

00 9.14 0000 /00000 QOOOO0O0OOODOODOOOO (isolated) O
O00.000000000 (embedded) DODO.

00 9.15 00,00000000,00 vatiety 000000. 0000 QOO0
000000 POOO.QOO0O0O0OO,POO0OOOOOOOOOOOOOOO,
variety 0000, V(P) 0000000000 variety 100000.00,Q 000
000,PO0000000OO POOOOO,vatetyDOOO V(P)CV(P)O
ooooooooo.

9.2 UOOOOOO

0000000000000, 00000|, extension, contraction 0000000
ooooooo.

00 9.16 0000 [, feR\IOOO,[:fm=I:f°00mO000,

[=T1:f°n(+I1d(f™)
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[0DO0]h e 000000, Af" e 100 h=a+bf"(aecl)0O000. 00O
bf2m = hfm —qfm el 0000 bel: fm=1:fmO000 hel O

00 9.17 (extension)
YCcXDOOO,lc=K(Y)X\Y/OOOOO.

00 9.18 0000 dim(/)=d0000,00000000,Y|=d00 indepen-
dent set Y C X DO 0ODO. O0ODO maximally independent set O O O .

00 9.19 Y 0 maximally independent set 000 [0 K(Y)O 0000000O.

[00)00000,000 zeX\YOOO,INnK[{z}uY]#£0000,K(Y)OO
0000200000000 F00000000000.000 I°0000.0

00 9.20 <O Y <(X\Y)ODO blockorder 000. GO [0 <000000O0O
Ooooboo,Go,If0,00 order OO OOOoOOO.

00 9.21 (contraction)
0000 Jc K(Y)[X\Y]OOO, JNK[X]O JO contraction 000, JeOOO.

00 9.22 J00000,<0 Y < (X\Y)OO blockorder 10, G0 <0000
/0000000000, 0000,

f=LCM{HC(g) | g € G}
(000, HC(g) O K(YV)[X\Y]O00OOOOOO)0oO0OOO, I®e=1: f

gboog,buogob obbodbbooboooboo,buoobbuodgbbd
goo.

0ooooo 9.23 [20]

Input : 0000 € R=K[X]
Output : I =NQ; (I O minimal 00 000)
P=y0Q,(Q00000000)

Y « maximally independent set modulo
NQ; < I°(000)0 K(Y)ODoOoooao
(f,s)—Ic=1T:f>=1:f00 fO000 s
NR; — I+1d(f°)00000O

return @;° N (NR;)
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I+Id(f)0 I0000000,000000000.0000000000000
oooo,

e 0J0ODODODODODO
e maximally independent set [0 [0 00 [J

0000000000000 000. 000, maximally independent set 0 0O 00O O
ooooooo.

00 924 0000000, MB.O,R/I0,00000 order <0000 mono-
mial 000 K-O0OOOO. 0000, dim(!) ==max(|U| | T(U) C MB.).

O000000000,00000000000,dim(J)0000000000O00O0OO
gobo.oog,ogbboboooobbbuoogobbooon.

9.3 O0UUObOUObOOoboOoboOon
ICR=K[X]0O000O0DODOOOOO.

00 9.25 fe K[X]| 0O IO separatingelement 00, /0 KOOOOOOO a,b0
00, fla)# f(b) 0000,

00 9.26 fe K[X]0OO.t¢ X00000000O, R 00000 J=IR[t]+
Idt—f)00000,J0000000000, I +1dt—f)NK[t] = Id(g(t)) O
000000 geK[)OOOOO.¢0 f0 /000000000000,

00 9.27 f0 I 0 separating element 00, g0 fO000000000. 0000,
g=gi' g
(30 KOOD)OOOOOOoOOoO,
I=({I+g")0---0(+g7)

O 7000000,

VIi=\I+gn--nyI+g

0 \/TDDDDDDDDDDD.DDDD,\/I—l—giDI+gfiDDDDDDDD.
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00000 seratating element 0, 000000000000, 0DO00O0O, VIO
separating element 00 [ 0O seratating element 00O OO OOO0O, Vioooo,
separating element O O OO0 O0O0O00OOO.

00928 0 KOOOOooo,oobuoooboooooooooo.

b 9.29 JpopoO,0poobooobbo,bbbboddooooooobooboon
gooboooo. bbb ouooobbbooogbo.ob,oobbbooooobn,
gbobogobbuogobbooob.boobobbogbbooobbooonbn
gboboboogobbbuogoobbo,gobbbag onobbod.

OO 930 KOOooooo,

0000000 ID0radical & 70, 0000000000000 O0OO0ODOO.

00 9.31 KOOOOOOOO,000 radical D000 710000000 dimg K[X]/I
goboo.

00 9.32 000 f0 f=f"---for(,0000)000000, f- f,0 fO
oooooooo.

0 9.33 IN Kz =1d(fi(z;)) DDODO.
VI=T1+1Id(hy, -, hy)
(h, O, f000000)
radical 00O 000000, separating element 0 0000000000 0O0OO.

00 9.34 KOOOOOO,0000 I0 000 radical 000, f0000000
¢g000DO,

f O separating element < deg(f) = dimg R/

ooboo fO0b00O0. KODOOoOoOOoD, fO0D0 XODbooooboooo.

goo,gbbdg obgobbogbobooobboob.booobboobo,
gooboooon.
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00 9.35 (shape lemma)
10000 KOO 000 radical DOODO OO, f O separating element O OO .
<< X 0O0O00O0OD0OO0OO0O0OD0OD0OO0,Rz00000 IR[z]+1d(z—f)O

{Il - fl(z)7 T fn(Z),Z - fz(z)am(z)}

OO0000O0b0ob00ooogD. 00000 gn shape basis 0 OO .

[00)>000000m0O f0000000000,00000 dimg K[X]/I 00
0000.2<<X000000000,0000000 mO00,0000000
D000,»O000000000000 100000000000.0

shape basis 0, 0 00000000000000000000000,000000
0000000.00,7/0000, f.(,) 000000,

{(fil), -+, ful@)) [ m(a) = 0}

OO000.000,000000000 shapebasisO 000000, mO000000O
O f00000000000000DO00.0DO00obooboobLoOoOo,obb00ooDo
gooo.

00 9.36 (rational univariate representation; RUR)
000000000000, IR +1d(z— f) 000000,

{m'er —gi(2), -+ m'z. — gn(2), m(2)}

gbooboooobooo.

m O shape basis UO O UOOOOO. OO00OOO0OOoOooOOoooOOoO,

) @)y oy~ oy

oooo.0oooboooboD, 00000, mb0b0Ob0Ob0ODbObODbO
OO0b000b0o0oboOg,ob0 radicalU00O00OO00O0OO0O0OO0 RUROCODOOODOO
oooboboooob. RURODOOODODOOO0O,0b00b00bDO0o0b0obOobOobDo
0 00O, modular change of ordering 0 00000000 O0OOOOOOO, RURDODO
O00000oooooooo [32].
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0000, symplectic integrator D 0 000000000 OO0OO0OOODOOODOO
O0000000ooo0o [46).

di+do+ds+dys=1,c1+coa+cg+cq =1,

(Gdlcg + (6d1 + 6d2)63 + (6d1 + 6dy + 6d3)C4)Cl + (6d263 + (6d2 + 6d3)C4)62 + 6dscqgcy =1,
(3d3 + (6d2 + 6ds + 6dy)dy + 3d3 + (6d3 + 6d4)da + 3d3 + 6dsds + 3d3)cy

+(3d% + (6d3 + 6d4)d2 + 3d§ + 6dyds + Sdi)CQ + (3(1% + 6dyds + 3di)03 + 3d?104 =1,

(3d1 + 3da + 3d3 + 3d4)c% + ((6d2 + 6ds + 6d4)62 + (6d3 + 6d4)C3 + 6d4C4)61

+(3dg + 3ds + 3d4)c3 + ((6ds + 6dy)cs + 6dycy)co + (3ds + 3dy)c3 + 6dycacs + 3dyct = 1,
(24d2d163 + (24d2 + 24d3)d1€4)€2 + (24d3d1 + 24d3d2)0403 =1,

(12d3 + (24d3 + 24dy4)dy + 12d3 + 24dyds + 12d3)d1ca + ((12d3 + 24d4ds + 12d3)d;
+(12d3 + 24dyds + 12d%)d2)cs + (12d3dy + 12d3ds + 12d3d3)cy = 1,

4d10§ + (12d163 + 12dlc4)c§ + (12d16§ + 24d16403 + 12d16?1)62 + (4d1 + 4dg)c§

+(12d1 + 12d2)C4C§ —+ (12d1 + 12d2)0?103 + (4d1 —+ 4d2 + 4d3)6§1 =1

gooboog,bobugoobbbooooobooooboog.

24c3 —6c4+1=0
01:—C4+i,02:—c4+%,03:c4+id1:—204+%,d2:%,d3:204,d420
6c3 — 12¢2 +6c, —1=0

c1 =0, ca = ¢y, 032—2(344-1611:%04, dgz—%c4+%, d3:—%64+%,d4:%c4
48c; — 48c2 +12¢, — 1 =0
cl:c4,02:—c4+%,03:—c4+%d1:2c4,d2:—4c4+1,d3:2c4,d4:0
6c2 —3cs+1=0

1 1 1 1 1 1 1 1 1
c1=0,0=—c+t5,c=5d =—5¢c+ 3, d=—50c+35 d3=35c+ 7, di= 304

—N
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Juoooudoootdd

O7000000000000O0000D0O000O0ODO BuchbergerOOOOOOO
obooobooboo.gbb,0bo0boboobb,0bbobob 734b000bd
gobobobboo,gooobbboboobbbo. obb,0000o0o0bbbobobn
g,guobbb odgbobbbbbouodgooooobb. oo, guooooooboo
gbob. goobbbbuoooob,bbbuoooobbbbouooooobbn
gbbood,bbugdbbbduodobbbooobbboooobboooobn
gbbob.ugdo,buodgobbboooobobboooobbboooobn.

Notation 10.1 OO0, 00000000 0O0OO.

p: 0O0.

GF(p): pOQO.

Zipy =1a/blacZ;beZ\pZ} CcQ:Z 0 pZz 0000000,
X=Azy,---,z,}: 000O.

bpt LX) OO GF(p)[X]OD0O0D0O000O. ¢p(a/b) = dp(a)/dpd). (a € Z, b €
7\ pZ.)

<, <g, <1, <; : term order.

HT.(f): fO <00O0D0O0DO.

HC.(f): f0 <0D00D00OO.

T(f): fO00000O0D0O0.

GB.(S): SO <0D0O0O0OO0O0O0OOODODO.
fi,o, fm s Z[X] 00O

NF.(f,G): f0 GOOOOOODOODO.

Init-(I): {HT-(f)| fe} 0000000000,
Useless_Pairs(D) : DO0OO0O00O0O.

103
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Select_Pair(D): 0000
Sp(C): 00000 S-000000

10,1 OO0OOOO0OO0O0

Buchberger OO0 OO0 O0OO0O0OO, 000000 o0b0O0O0O0oODOoOooOobOO. OO
gb,0ggobbood bbboodbooboboooobbbooobbobooa, o
gobobbob ooooooooobbbobobbbboooooooooobobobooo
gob. booo,0gg gobboddgogd,goobobobouuoooooboo
g, dgogodoooobboooobbbooto,otdddoooooooooon
O.go,0oboooooo,og v3000bobobob. obobd, Taylor OO
000000, Taylor 00000, 000 (00000000000 OOOOO)0OO
gboboogbogoboog ouooboooooboooboob.bogbobooon
gobobobouogogboboobooboa,ggbbbobdgougoobbbobuoooon, o
gboboboooobbb.oooboboboooo.

10.1.1 OOO0OO0O0OO0OO0O40

Taylor OO OO OOOOOOOOOOOOOOOOOOOO, 0000000004
goooad.

doooooooo,oobogodo 10000, 000ooobooooo,ooon
doooooooo. tgooooodoooobooooooooo,ooo, oo
dodododoboooboobooouoooooooo, oouooooooo, oo
0doo0oooooooooooooooooooooooooo,bgoooooo

goooDood.

Ski =10

00 102 {S;;|:<j}000000000000000OOO.
Sij<Skl<:)

ﬂj<TleDD

(T; =Tw 00 (j<1000 (j=100 i<k)

00 103 0 (i,j) 0000000000000000000.
M@i,j)= 00 k<jO00000 Ty | T; 00 Ty, £ Ty
F(i,j)© 00 k<i0DODODO Ty = Ty



10.1. 0000000 105
B(i,j)e 00 k>;00000 T, |T,; 00 T £T,; 00 Ty, # Ty

ooood,00o0o0o0000o0, 5;0000 100 5;,000000000000
000000000000000.00000000000 T,,|T; 00 S; 0000
1. 00oo0oooooogoooo,oo00 S;00o0boo00onoooocooooon.
gbobo,o00bbobodadgd.

00 10.4 (Gebauer and Moller[17]) Taylor 00O, {S;; | =M(4,j),~F(i,7),~B(i,7)}
gooooo.

00 105 00000000000O000,0000000000000,D000
000000,000000000000000000,00 M,F,BOOO,M,F
0,00000 GOOOO0000O0000000000000,B00000000
00000000.00000,00000000000000,000000000
ooOoooOooooooooog.

10.1.2 OoUOUObOOOUOoOooon

goobobboobobo,bbbbbobo,otdudooooooooobbbboon
go.

00 10.6 (Buchberger)

GCD(HT(f), HT(9)) =1000 Sp(f,9)——0

OO0]f=%fi, 9=%i9 (fogi € Msfr > fo> -1 > g >+, 00000
00 000000)000. 00000 GCD(fi.g) = 1. 0000, Sp(f,g) =
g12i>2fi—f1 S552;0000,000 m>2000000 k00000
Sp(ﬁ) ol = (ot ) (fmprr ) = (it Sk (Gn )
O00.00,m=200000000.mO0000O00O0O0O. GCD(f1,51)=100,
Gifmtkr # frgen 0000, 000,00 gifmi > figre 000, HM(R,,) =
G1fm-r+1- OO0,

Rm?Rm —gfm-rr1 =g+ ) (frro+ ) = i+ + fnkr1) (Grr + )
000, m+1000000. gfmin < figrs 0000000, 000,0000
000000, 00 Sp(f.e) 50000, 0
doooooo,0oooboooooooooooo oooooooooooon
oooooogo.
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10.2 OUOOOOOOOO

gbobogd 734 boggbobog,bbogobobooooboboo,booobo
Ooboobooboobooboo,0obb0oboboboob0oobonn. Buchberger
gboboboooooobobooooboog.

00O 10.7 normal strategy
T,0oob00000000000O0O0.

gbobood,bbbugdbbbuoodgbbbooobbbooobboooobn
OO0,00000b0ob Subooo,b0obobobobooooogoooobooDo
OO00ODoOoD. obob0,termorder OO0 00000 0OD0OOOODOODODOO
goo,dd,bbogoubobb,oobbbbooobbobooogbobobo.

00 10.8 OO0
t00000000, R=kEklxy, --,x,] and Ry = k[xy,---,2,,t] D00, fe RODO
000 f*¢geR, 000000 ¢.000.00, 00000 tdeg(f) 0OD.

fr=10 D ey [t /)

g« = g|t:1

O00.00000 FCR, GCR,O000OOO,0000D00,000000000
o000 F* F,O000.
O000, RO order < OOOO, Ry, O order <, O

(H)0DO0O00000 ge R, 000, HT(g), = HT(g.)

gbobobod, <, 0 <tbbbuogobobog.

0 109 XU{t} (XOOOO <)000 blockorder 0 < 00000000000,
ooooo,

ut™ <, vt" < tdeg(ut™) < tdeg(vt™) OO O tdeg(ut™) = tdeg(vt™) OO0 u<w
Ul <, 0 <0Ooooggag.

00 10.10 F C ROO, <, 0 <0000 order OO, ODODOD, 00 GO
ld(Ff)0000000000DODOO00ODOO0O0,G. 0 d(F)ODDODODODODOOODODO.
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gobboobobboooooooobob,bbbobbbddgg,ggooooobooo
O0000 <, 0000 normal strategy U0 O OOO0O0OOOO0OOOOOOOO
gobobooboboodg,ggooogobboobb,bbbdogooooooboo
gboogobodgboo.gbogbboobobooo,ggboo,bogbooon
gbboboooobbboooobboooobbog,bbbooogbboooobn
gbobooooobooo.

00 10.11 sugar strategy
0000000000000 00000 f0,000000000000 s¢ (sugar)
goooboog.

1. 00000 f00000, s; = tdeg(f)
2. m 0 monomial O 0O s, = tdeg(m) + s¢
3. Sf4g = max(sy, sq)

sugar strategy O 0, SO0O00 sugar 0000000 OOOODOO normal strategy
gooboooooooo.

Giovini 0 21]00000000O0OOOO,00000000000000000
gbbobuoooobbbuoobb,swear DODOOOO0OODOOOOODO.

10.3 Trace lifting

sugar strategy 000, 0 0000000000000000, 0000000000
0000000.000,0000000000,0000000000000000
0000 SO00000000000000000000000000000. 000
0,00000000000 (trace lifting) 000000 [41).

gooddd 10.12
trace_lifting(F, <)
Input : F' C Z[X]; term order <
Output : FO <0O0O00O0D0OOOO
do {

p— 000000

G — tl_guess(F, <, p)
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if G # nil 00 tlcheck(F,G,<) =1
then return G

}

goooono 10.13
tl_guess(F, <, p)
Input : F' C Z[X]; term order <; OO p
Output : FOOOODOOOOOOODO nil
if00 feF00000 ¢,(HC(f)) =0 then return nil
G« F
Gy — {0o(f) | f € G}
D—{{f,g}| f,9€eG; f#g}
do {
D «— D\ Useless_Puairs(D)
if D = () then return G
else { €'« Select_Pair(D)
D~ D\{C}
}
s < Sp(C)
ty = NF(dp(s), Gp)
if ¢, # 0 then {
t— NF(s,G)
if ¢,(HC(f)) = 0 then return nil
D —DU{{f.t}|feG}
G — GU{t}
Gp — Gy U{t,}

}

obobod 10130, 000000b00b0obo0oboobobboboobd
obo,00bo0bO0obO0OO0b,0bo0obOobbo0ob oobOobbOobLOODbOd
gbobobob.oboboobobobob,bobooooboboobobg,d
O00O0,000 Buchberger DO O0OOOOOOOODOO0OOOODODOODOO
goob.bod,pdgdbobbbogoobbbooooboboooooon,
gobobooogbobobooa.
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ooo0oo0Od 10.14

tl_check(F, G, <)

Input : 00000 F,G CZ[X]st.G C Id(F); order <

Output :00 GO <0000 FOODOOOOOOO1
oooooogo

itGO <O0000000000000 then return 0

0000 feFOOO NFE-(f,G) =0 then return 1 else return 0

00,000000 1013000 GO000,GCld(F) 0000000000000
0,10140 10000 [d(G)=Id(F)0,G0 [4(F)0000000000.00
0000000000000,000000 1012000. 00000000000
000 pO0000,000 Buchberger 10000000000000000000
000000000000000000000000. 0000000000000
0000000000000000,0000000000000,0000000
00000000000000. 0000000000000,

Oo0O0oo0ooO0oOobD soboooooooo
4
ggooboboooobobobodoo +0bbboooob +0bb0o0ooobbooo
gobooood

goboboboooooooobo. obb,bdoooobobobboooooooboobon
o,goobooboobooboobooboobobo.bbobbobboboobo F
O00,0000000 oder DOOODOODDOOODO,00D0O00O0DL0OOODOO
gooo.

e V(Id(F))DDDOOOOOOO

0000000000000000000OOOOoOo0O0,o00,V{dF)) O
ooooboooboobo,FO00b0booboobobOooboobbobobOon
gbo.o0boogoobob,ogoobbboooobobo,oobbbooaf
gbooo,200000000040oooo.

e V(Id(F))DDDOOOOOOO

gobodoboooboboobob,gobbooobobo,bboooboon
goobooogo.
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goboboo,gggobbbouoogobobobbog,gbobbbooooob 200
OO000D0D0O00O000On, DO trace liftng 00000 ODOODOOODO.

goobbooboboo,pugdobbbbobbbool10obobbobboodd
gobboobboodag. gob,1ggoooobobobbouoooooobon
gobboobbobouoooog,goboboboouooag. bo,bbodg pbO0
gbooogboogbood,pudbbd,pbobboobbuoobboonn
gbobogdgbbodg.gbo,0bbbodb pood 1buoobboodgbn
gbobooogobobogd.

10.4 OO0 O trace lifting O 0O 0O O

trace lifting OO0, 00000000 SOOOO0O0OOOOODO,000000000
gboboogg,bugdbbobdoodgbbbooobbbooobboooobn
gobobouooogobobouooooo. oo, gobbobouooooobon
gobboboboodogod, sugar strategy U0 OO ODODODODOO0O0O0O0O0O0OOO
gb.o0oug,bbbugoboboboooobobuoooon.
gboboboooobbobooogobn.

0 10.15 [ = Id(—3x; — 3z — 5, —3w123 — 8xg — 6,422 + (=223 — 7)zg — 3z37% —

2, —xy — x§ + 3r120 — 47)

I0x>x>2,>23000000000000000000 GB(I) O,
GB(I) = {f3(x3), fo(x2, x3), f1(21,73), fo(T0, T3)}

f3 = 2869781400002 — 30735638450064x3 +139368108773718x5 —401122901874078x3
+ 3813285736741284x3 — 17712668879937657x3 + 25309718023001309

fo = —24359129516408255978429894458178435051554483918248x4

— 91173387252004471831217734836181460114173800003

+ 94543724248166839034890914739396232954660361 74883

— 1215199713704678902273407299537086048391876350746x3

+ 920389142770322117249917484230740876306027851954423

— 87128026603776953223695902278763008965980027109460x 5

-+ 198072128718550346069760390022952204794356946307195

f1 = 24359129516408255978429894458178435051554483918248x

— 91173387252004471831217734836181460114173800003

+ 9454372424816683903489091473939623295466036174883
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— 1215199713704678902273407299537086048391876350746x3

+ 9203891427703221172499174842307408763060278519544x3

— 871280266037769532236959022787630089659800271094602 3

+ 238670677912564106033810214119916263213614419504275

fo = —9134673568653095991911210421816913144332931469343z

— 334442494143970788481038492015748108482000000x3

+ 37671432710327352302696037580172208903376423200x3

— 352356049164307536666247874973386638400872538040x7

+ 4999692708559853511609095189896532209176087712622

— 6841618915067057146509523126510725094238856771432x3

+ 31588951614319486540726259755101613855437086625238
goooo,obboooboooooboo,booboboobobooboboubbog
00 148900000, sugar strategy 10U D 00000000000 ODO 10258121
O0D00000.0000000b0obO0bOong, sugar strategy OO OOODOO
oboboobobooboboobob.oboobobooboboobobo
O0000O00 strategy UOODOOODOOO0O,000000000O00DLO0OO0OOO
opoooobooobooobbooobbooob,booobooob,booobo o
oboooooboobobooboob. boobbobobuooboobo,oobog
ooooooo.

goododg 10.16
homogenized_trace_lifting(F, <)
Input : F' C Z[X]; term order <
Output : FO <0O0O0O0O0OO0ODOOO
do {
p— 000000
G — tl_guess(F*, <p,p)
if G # nil
00 G, 0 <O000obooobogooo
000000 feFOOO NF(f,G,) =0

then return G,

}

<, 0 ol190000 oder OO0 OO0DOODOODOOOD. ODODODO,DO0O00
OO0D0000D000D00O trace lifting 0000000000 ODOODOOOOODOO
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gboogobodgboboobogbo. bogb,gobodgboobooboooboba, b
OO000D00000000DO0b0ObO0O00oOgn tracelifting 00 O00OOO0ODO.

e 00U =0000 =0000 =000

gobobobbbbbotodddddooooooooo, o000 on
gbobbooogooobogoobood.

e 00U =0000 =000 =0000

OO0O00000000boo0o0o,0ob0obooooogog, trace lifting OO
gboodbbuogboboggbboobbooobooobboobboon.

gobbO,bbbobbboddgooogob,bbbbbbbdoooooobobobbo
O0. 0000000, tracelifting 0000000000000 0OOO0OOOOOO
gooboo.

10.5 F,OO0O0O0O0OO

gboboooggobbodg,bbbuodbbbooobbbooobboooobn
OO0DOO00O000O0bOob00O0DoOoD,0b0000b00 dominant step DO OO0 O
O0.000000000000000 Buchberger OO ODOOOODOODODOO
O00000,00 Faugere 000 Fy(OOOO F;) DOOOOOODOODO,000
gbobobuoooobb. oo, bbougoobobbooooboobg.

10.5.1 Symbolic preprocessing

ooooobo 734 00o000dboo, 00000000 ooobo,ooboooo
ooooooooobobo,0b0bobbbbo0. oo, 00gooooooooo
0,0000000000000,NF(Sp(f,9),G)0o0O0O0OO0O0O0O0oooOo,on
00000000000, 0000, trace lifting, homogenization 0000 00O O
O0000000000000000. 000, Buchberger 000 OO00O0OOOOO
O NF(Sp(f,g),G)00000000O. NF(Sp(f,g9),G)0DO0O0OOoOoOooOooong
oo.

r—af—>bg(a,b0000)

while (00 ¢t 00000 heGOOO)
r«1—ch
(rO0t00D000)
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oobO,r0000000000 heqOOODOOOOODOOOODOODOODO
O00000oooo,0000 (0000, 000oooooooooo0)oo
g,0ooggoboooogoobn.

000000 10.17 (Symbolic preprocessing)

Input : OO0 f, 00000 G

Output : Red ={ah|a: 000, h e G}

T —T(f)

Red — ()

while HT ()|t 00 t€T, g GOOOOO do {
Red « Red U{t/HT(g) - g}
T — (T'\ {t}) UT(reductum(t/HT(g) - g)

}

return Red
dododooooogodg Red(Redueer)DDDDDDDD:

e {flURed0000O0ODO ¢t000 geGUUO HT(¢g)OOODODODODODOO,
HT(z)=t00 z€ Red 00 O.

gooo,g0obooo.

e {f}0,Rd0ODD0O0 KOOUOODODDODODOOOOOO,GOOOOODOOO
Oo.

000,000000000000000000000. 00,{f}URed0D0O0OO0
b0 7rgo,rogbooboobooboobbonb tr>te>---000. T 0O
KOOOOOOOOOOO kO, (t,t,--) D00000000O0O0OOOO [A],O
0000 00000000 poly(v) COOOOOODO.

[fl=1fifa-"]
T, = [7““7’@-2 . ] (Ti € Red)

ooooo,
fi fe

oboobo,0b0o,000oboobooboboboboboobooobo BOOODbO.
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e poly(B;) 0 000000, poly(By)(k#i) 0 HT (poly(B;)) DO OODO.

1 0 0
0 1 0
B=|(0 0 1
0o 00 -~ 00

0000, poly(B;) 00O, HT (poly(B;)) O {HT(r) | r € Red}y 00000000
0,NF(f,G)000.

10.5.2 F UOU0OO0O0OOd

O000 00000000000, 00000000000DO00000DO0000
O, 00boobgoobgoob. k0000000, 0gbo s-ogboooooooog
O000000. 00000 symbolic preprocessing 0, 0000, S-000000O00
00000000000, 0000000DO00DOO00DO00DO0ODOODOOD.

000000 10.18 (Symbolic preprocessing)

nput: OOODOO F,O00000 G

Output : Red ={ah|a: 000, h e G}

T — UperT(f)

Red < ()

while HT(¢)|t 00 teT,ge GOOODOO do {
Red «— Red U{t/HT(g) - g}
T — (T\A{t}) UT(reductum(t/HT(g) - g)

}

return Red

OO0 AD,000 S-O0000000000D0DOO0O0 symbolic preprocessing (0 00 [
OO0 Red OODDOUOODDOOODOOODDOODOOOODDOOOOOODOODO. O
O000,00000000,0000000000 BOOODOO.

e poly(B;) 0 000000, poly(By)(k #4) O HT (poly(B;)) DOODOO.

O00,t >t>---000000000,00000 reduced000000O0OOO0
gobobooogon.
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F'={h =poly(B;) | h#0,HT(h) ¢ {HT(r) | r € Red}}
Red = {h = poly(B;) | h £ 0,HT(h) € {HT(r) | r € Red}}

ooo.
00 1019 1. he F'O GU(F'\{h})ODDOOOOO
2. FOOO *
fe fGT>F,0

Proof

1: he OO0 T(h)N{HT(r)|r € Red} =0. 000, Red 000000 A0 G
00000000000000000. 0000 RO FP\{(R}OO0OOOOOOO
ao.

2. feFOOO.

F(f,G):f— Z CiT; (CiEK)

r;€Red
O0000.000,NF(f,G)O FURedD KOODOOOODOOODDOOOOO. OO
O0,FURedd F'URed 0 KODOOODOOOODODOODOOO,00 NF(f,G)O0O Red
guouououooooan,

NFE(f,G) = Z difi (di € K)

fi€F’

O000. 000000000 FFOODODDODODODODOOD. o

2. 000 FOODO,00000 S-OOD0DOOOOOO, FPODOOD G0O0O0O0
oo0ooooo,FO0000 S-O0000 oOooOoOooooooooo. oo, 00
O,00000000000000. FOODOOOO Ss-O0O0OOoO0OoOOoOoOooO
Buchberger 000000000, 000000,000 (selection strategy) 00 OO
0o0oddoooooooooooooo. 00000 FOOOooooooooa,
000000000000, selection strategy D 0000000000 DOOOOOO
gooooooooogg.

000,00000 strategy OO0, 00000000000 O0O0O0.

OO0 10.20 S-0000 sugar OO OODOODOOODO.

OO0, [UO00,000000000000 sugar DOOOOOOOOO, OO0 sugar
OS-O000000000000,0000D00D00 sugar 00O O0OODODOO,
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D000 sugar OO0 O0OOO0DOO0OO. O0,00000000 homogeneous [0
0,00 strategy 00, 00000000000O00O0O,000 4000, reduced
O0O00000obOOooD,do0booooon. 000, homogeneous ideal O O 0O O
goobooogoooo.

l.000000000DO0O SODOOODObO d—-100000D0O0O0OODODO.

2.d00000000,d+1 0000000000 ODOODO.

10.5.3 Modular OO0 QODOOOOOOOOO

F, 00000, selection strategy DO OO O0OOO0OO0O0OO, 0000000000
gboogobodgbobogboobb.ggb,gbobodgb,obbogbooon
gooboog.gooo,

.00 AQ0DOOCOOOO0OoUOOoooooo Aoog.

2. A0000000000C,000D00000000000O0OOODDOOO,O
O0000o00ooooooo A”ooo.

3. A000000ooo B"ooo.
4. A’X =pB"0000000000.

5. XO00,A000000D00000000.

gobbbbbodudg,ggooogobbobbbodododo,gooooobbbo
O, det(A”) #A#000 A”0 modular 00 OO ODO0O0ODOODOOO, A’X =B"00
O00 modular OO OODOOOOO,

e ADODO,00000DODOD OOODODODODODOD.

O0D0000bo0o0 modular OO OO0, 000000000000000O0O
OoO00,00 Ad0DoO0ooooooooooooDoo,b0ooooooooDoo
OO0000. 0D0000b0obobo0o0ob0obOonbD,00ob0ob0b00dn Hensel O
gbob.o0boobooboobg,bpbb0obbO0obOo0obOo0obOo0obo
O0oOoo0o,00ob0booobobooobob,bb-ocboo0obobOog stable O
O000 AO0ODOO0ODODOOOODODOOODOOO0. 00,HenselOODO OOOODOO
11.3000b000bd. Faugere OO O, /, 00000 pBOOOODOOOO, BO
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O00 ADO0DOOOOO0O0ODO0ODO0O0O0ODO0OD0O0D000000DO0DOODOO0OO
0. 000000, modular 00 0000000000000 D0OOOOOO, det(A”)
0000000000000 0000. 000000000 ooooooono, d
OO0D000000O, homogeneous DO OO Fy, O reduced OO DOOOODOODOO
O000,0000000,reduced 0000000000000 0O0DOODOODOO0O
modular 0000000000 OD0ODOODOOODO.

10.5.4 0O

28] 00,4000000000 (oddorder 000 )0000000O00OO Buchberger
doodooooooono. oo oooooooobo,1edonoooon
00000, inter reduction 000000, 0000O0O0O0O0OOO0OOOOO0O. O
OO0, Buchberger 00 OOOOO oddorder 00 O0OOOOOOO,0000OO
ooodooooooooooooo. oo, g0nouooo, gooogooog, 16
0oo0doooooooooooooo,doogooooodooooooooon
000, 000o0ofdood. oooooodooooooooog,ledooon
00000, inter reduction OO0 OO0 OO0OD0O0O0OOOOOODOOOO. OOOO
O000,000000000,modular 000000O0O0O0OOOODODOOOO. O
00,15 00000 inter reduction DO OO0, 00000000O0OOOOOOO,
O00000000. 0000oooboooOo,0obo0obodd odd order OO O
0000 Buchberger 00000000 (homogenization+trace lifting) 0 00 Fy O
O0000. 00, GaussElim, ChRem, IntRat, Check OO OO0 Gauss OO, OO
gooo,oo-ggood,gobogooooooooog.

Table 10.1: D OO OOOO

total | GaussElim | ChRem | IntRat | Check

Buchberger | 264710 — — — —
F4 homo 32880 6437 6300 5763 | 13340

F; non homo || 39970 4832 6143 18240 | 9950

O0,total 000 1/8000000000000O0OO0ODO.O000,000000
O000000b00bOobOn, Buchberger 000D OO00OO0OOOOOOOODOODOO
00000000000 1600000 1/lo0 00000000000 OOOOO.
O00,0000000000 reduced0000000O0OO0O0OOOOOOOODOO
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Table 10.2: 000000 OO0ODO
10 11 12 13 14 15
Fy homo (56,334) | (119,441) | (182,545) | (362,774) | (671,1009) | (1195,1359)
F; non homo | (62,339) | (128,448) | (137,461) | (227,571) | (307,621) | (955,1149)
16 17 18 19 20 21
Fy homo (836,688) | (2323,1761) | (895,964) | (204,271) | (446,515) | (308,374)
F, non homo || (555,508) | (2022,1763) — — —
22 23 24 25
F; homo — — — —
F4 non homo || (799,868) | (300,367) | (398,467) | (361,427)
Table 10.3: 0D O0OOO0ODOOOO
10 |11 (12| 13 | 14 15
Buchberger | 2.3 | 11 | 43 | 164 | 1214 | 32512
F; homo 1.8 | 10 | 45 | 357 | 2574 | 26519
Fy non homo || 2.2 | 12 | 28 | 166 | 1064 | 35906
16 17 18 |19 ] 20 21 | 22 | 23 | 24 | 25
Buchberger || 205234 | 10300 | 4530 | — | 10700 | — | — | — | — | —
F; homo 1340 | 1097 | 359 | 45| 208 | 150 | — | — | — | —
F; non homo 937 902 — | — — — 1341 | 132 | 186 | 164

maximum bit length

20000
18000 -
16000
14000 -
12000 -
10000
8000 -
6000 -
4000 -
2000 -

f4dhomo
fdnon-homo

" I
1 Y L R I

150 200 250

normal form computation

300 350

Figure 10.1: DO OD0OO0ODOO0ODOOODOO
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. gggogbbobbuogg,gobbbbooooobboboooooobon
goobooogn.

10.5.5 0O

F, 000000 Buchberger U0 OOO0OO0OOODOOO0OODOO,0000000O
go.

e II0UI0ODOUUODL,0DUDDODDUOD imdexOOOOO.

e 00000 reduced 000 000000000000, 0000000000
000000. (0000000000000000 vs. 0000000000
0ooooo)

e reduced 000D O0ODOOOODOOODOO, modular 00 OOOOODOOODO
gboo.oog,bobouogg,bobooogobboobbboooobn.

000000000, Risa/Asir 00000, Faugere 0 home page
http://posso.1ib6.fr/  jcf/bench.html
O0000000000000.0000, oddorder 0000, P6-200MHz PC OO

54000000000. 000, Faugere[16] O,

Moreover, since big integer computations could be done by means of p-adic or
multi modular arithmetics it means that the cost of an integer computation is roughly
time of modular computation * size of the output coeffs
00000000000, 0000000000000000000, 00 d modular
O00000000,000000000000 stable0O000O0O0O0ODOOOO0O
O,0000000000000. 00000000 DO0DOO0DOO0DOO0ODbODbOO0OO

O0000. Faugere O,

1. Buchberger 000 O00O0OOODOO selection strategy 0 OO0, Fy, OO “make

no choice”

2. non homogeneous case DO OO 00O, Fy, O Buchberger 00O OOOOO
O0.

O0O0000D0,1. 00000, critcal pair 0 subset 0O OO0O0O, 000000
Ob0ob0bdb0,oddorder OO0 OOOOODOOODO. O0O,2. 00000,00
O0O000000D000b000 BuchbergerDOOODOOODOOODOOOO. OOO
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0,000 Buchberger UD DO OODODOOOOOODOOOODOOODOODODOO
gob,0bboobbodud,ggggooobbobobbboooooooobon
gooog.



Chapter 11

Change of ordering

O0D00,0000 Buchberger O ODOOOOOOOODOODOOODO. OODO,D0O0O
OO00000D000 Buchberger OO DOOOODOOODOOODO. ODOODO,0000
OO0 order DODOOOOOO0OOOOOODOOOOOOOOOOOOO,O0O order
gboboboogogboboboooobbobod.

11.1 FGLM OOOOOO

ICKX]OD 00O0ODOOOOOO,I000 order<; OOOD0ODODODOOOOOO Gy
OO00000O0ODbO0D0O0b0. bobOo,00 oder <0000 70000000 G
O,000000000000000DO FGLMOOOOODOODOO.

00 11.1 < O admissible order, F = GB-(I) 000. T ={ty,---,t,} CT(X) O
guoodoob. e 0bbooog,

I
E=3% a;NF(t;,F)

=1

O00. FO X0O0OOOOOOOOO CcO000,Eq={f=0|feC}O0 ;O
gbboboogodgbobob.odgd

EqOO000D00O0OD0D0OD «TO KIX|]/IOODODO K-000OO

000000 11.2 (FGLM OOOO000 [15)

FGLM(F, <,, <)
Input : order <y, <; FFC K[X]| st. F=GB.,(I) 00 dim(/) =0
Output : FO <0O0O00O0O0ODOODO

121
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G—10
h—1
B — {h}
H—1
do {
N—{u|lu>h0O00000 meHOOO mju}
(0) if N =0 then return G
(1) hy < min(N)
a:te B 000000000
ap, — 1

(2) B« NFe,(h1, F)+ 3 a;NF,(t, F)
teB

C— FDO XOOODOOOOOoO
00000 {f=0|feC}00{a=¢|aeK}OOO
then

G—GU{h+) at}

teB

else B«— {h}UB
h<—h1

00 11.3 (0)0000,B={u|u<h000000 meHOOO mju}.

0O0|j0oo00oo0foo00. 0oo0o0ooooogoooooooooo. o
00000000 00000. 00000000 U00oooooooO (o)oooo
OD0O000bO0o0b0. JobobooboooobooobOog N, B, hO Ny, By, hy
000. h=min(No) O, B=B,U{h} 000 H=H,U{p}0ODO.
B=B,U{h} OO H=H, 00,00 = ByU{u|ho<u<hOODOOOO me H
000 mfu} = ByU{h}.

H=HU{h}) OO 00 =BoU({u|hy<u<hOO0O00OO0O me H OO0
m fu} N {u | hfu}) = BoU({h} 0 {u|hfu}) = Bo.

oo0O0,00b0o0boo0obog =pUOoOoOo. o

00 11.4 (1) 0000, hy € 5,BU--- Uz, B.
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00k, >1 0000 k00000 hy =z 0000. 00 K € NOOO
hy =min(N) 000000 K eB. O

00 11,5 000000 1120 GB.(F)ODOODOODO.

[00)00 11400,(1) 0000 A0000 0000 ,BU---Uz,B 00000
min(N) 00000000000000000.
000 00,((2)0000000000,{n}uB0K[X)/I0 KOOOOOOOO
000000000000000. 000, |B|0dingK[X]/I0000000.0
0,H000,00000000000000,0 715000000000.000
0oooooo0oooo.
G=GB.(F) felI0O0,t=HT.(F)0OO0O. f0 ¢GO000O0000OOOOO.
H={hy, hy} (m<---<h,)00O0.00,(1)0000000000000
00000 t<t,<---000.00,0000 heHOOO RO000,0000
00000 k0000, t<t<ty,. 00000,k+1000000000¢00
000000000t=ty ¢ eT(H\{}0000,¢<t00000hkeHO
00 Aff. 0000 ¢ <t 00000 11300 t=¢t,, 00000000000
#e€B. 00000000 f00000000000,teH000000000.0
FGLM 000000000000000000,00 (20000000000
0DO0O000. 00000000,

l.ogoboog,obbboggoobboog,bbobouogooobog.

2.0000000000000000000b,000O0OoooLObDbbbbDbD
go.

1. ggobob,0000oobobbbbbobbbo,bbbbbbooodagd
gbooobog.

00 11.6 0 (1 <i<n) 000, ¢ € End(K[X]/I) O
¢; : f mod I — z;f mod [

00000, Hy ={HT.(9) |ge G}, MBy, ={ue T |0DD0D00 me H, 00O
mfu} 0000 MB, O K[X|/I 0 K-000OO, {NF., (z;u,Gy)|ue MB} 00
00000000,¢, 000000,
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00000, ¢ 00000000, NF(z;t,Gy) = ¢:(NF(t,Gy)) 00,0000
0000000 NF(t,G,)00000000000000000000.

OO0 1170000, FGLMOOODOOODO oODOOODOOOODOOODOOOOO
0,000 order 00000000 OODOOO,000 seTOOO0O{teT|t<s}
gobbobbbouoddg,ggooobobboougo. gob,bbboodg obn
gboobogooobogd.

11.2 Modular change of ordering

FGLM O,0000000000000D0 GawssOOOOOODOOODOODO. O
0 GaussOOOOODOOOOOODODOOO,DO000000DC00000DODOO
ooboboboobooobooobooobooboobob.oob,0bobobooo.

011.8 A € GL(n,Q) 0O0DO0. V€ Q"0O00 B=AV 0O0O0,00000
AX=BO X=V0OOOOOOO.O000O0O00 Gauss0OOOOODO,000
A0000O0O0OO0OO00O0,BO00O0O0O0OOO0.0O000,0VOO00O0O0O0O0
00000000000000000000000000000.

11.2.1 Modular 00O O00OO0OOOOOODODOOODODOO

OO000000oo0ooooboob, modular 0OOOOODO, 00000000000
0000000000000 000000000 3132 DOODODOO 11900,
gbboboogobboooobbo,gbbbooobbbooobboooobn
000,000000,00000000000 I=d(F)0000O0ODO.

gooooo 11.9
candidate_by_linear_algebra(F, p, <1, <)
Input : order <;, <

F CZ[X] st. F =GB, (Id(F))

FOOOOD 00oooobobobooog p
Output : FO <0000000O0OOOOODOO nil
G« GB.(Id(¢,(F))) (DO00ODOOODO)

G
for each h € G do {
a:teT(h)D000OO0OOOOO
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a—1(t=h-(h)0000O)
He— Y aNF.(tF)

tET(h)
C—HO XO00OOOOoOoOooo

f 00000 By={f=0|f€C}00 Sy={ar=c,|ceQ}0O0
then G — GU{d > ot}

tET(h)
(d:¢ 0000 LCM)

else return nil

}

return G
o0 1110 0oooon 1190,0000 pdodd GB<(F)DDDD.

[0 0 ]trace lifting 0000000, 000000000000000000000,
00000000000000000,0000000000000, G=GB.(F)
000. 00000 p0000000000,00000000,00000000
0 GB.(F)OOOO.O

00 11.11 0000000000000 00,000 d(F)0DD00000oooon
goobobbooboobbboooa,bbbboooudgog. oo, 0bbboobooo
O000,000000 1190 nil000000000000,0000000 Id(F)
gbogobuogbogboobobuoob.boobbog,uogbboda,uooon
gbbbuoodgobboooobbboodobb,uoobn.
11.2.2 00000000 OO0OO0O0O0O0O00O0O0O0O0O0

0000, change of ordering D00 OO, trace liftinge 00000000 O0OOODOO
0000000000000 00000000O0ODODO0O00. FczXjooo.

b 1112 dgdooobogoobobooooboobooooboog.

l.ggoboboooobboboooa.

2. 000000000,00000000 (reducer) 0000,00000000
OO00000 reducer DO O0OO0OO0OODOODOOO.

00 11.13 (compatibile 000 )00 p 0O FOOO compatible 00O,

Gp(Ld(F) N ZIX])(= ¢p(Ld(F) N Ly [X])) = Ld(dp(F))
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oooo.

00 11.14 00 p O (F,<) 0000 strongly compatible 00 p O F OOOO
compatible O
E(Id(F)) = E<(Id(¢y(F))

gooo.

00 11.15 (permissible 000 )00 pO (F,<) 0000 permissible 000 f e F
000 pfhe(f)0DOD.

00 11.16 feQ[X] 0 pO0O0 stable 00 f e Zy,[X]0OD0.

00 11.17 (modular 000 000000)GCId(F)NZX]O FO <0000
p-compatible 00000000000 pO (G,<) 0000 permissible O ¢,(G) O
Id(¢,(F)) 0 <00000000000000DDO.

00 11.18 compatibility 0 order DO OO OOOOO.

00 11.19 G C Z[X],p O (G,<) 0000 permissible 000, f e Z[X]OOO.
gooooo 11120000

NE(6p(f), ¢p(G)) = ¢p(NF ([, G)).
[ODO|NF(f,G) 000 recurrence 0 0O0O0O0O.
fo = [ fi = fior — autig,

000, €Q,t;: aterm, g, € G. 000, p0 (G,<) 0000 permissible O O
0 €Zy. 000 000 i000 f € Zy[X] 0,00 recurrence 0 ¢, 00000
goog.

Op(fi) = Op(fim1) — Op(i)tidp(gn,)-
00 ¢(as) #0000 6,(fie) £0 0,

bp(fi) — Op(fim1) — dp(0i)tidop(gn,)

0 ¢,(¢)0000000000.00 ¢,(a)=0000 ¢,(f) = dy(firr) O

{6p(fi) | i = 0or¢p(;) # 0}
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0000 NF(¢,(f),¢,(G)) 00000000, 00 ¢(f;) =000 :000000
000000000

NE(@p(f), 0p(G)) = ¢p(NF(f,G)) =0

gbbobooodgob. O

00 11.20 G C Id(F)NZ[X] 0O Id(F) O <0O0O0O0O0OO0O0OODOOOOO. OO
p O (G,<) 0000 permissible 00O ¢,(G) C Id(¢,(F)) D00 pO FOOOO
compatible DO 0. 00, ¢,(G) O Id(¢,(F)) DODOO0OOO0O0Op0O (F,<)ODOO
O strongly compatible [0 O O .

[OO0]heId(F)NZ[X]0DO. GO [d(F)0000000000, NF(h,G)=0C
O h=>,cae0000.000a,€Q[X]. 00 pO (G,<) 0000 permissible
O00,a,0 pO0O00 stable O, 00 ¢,(9) € Id(¢q(F)) OO

¢p(h) = Z ¢p(ag)¢p(g)'

geG

000 ¢p(h) € Id(6,(F)). OO ¢,(Id(F) N Z[X]) C Id(6,(F)).
00 ke Id(¢,(F)) O

h = Z afﬁbp(f)

feF
0000.000 a; € GF(p)[X]. 000, ¢p(ay) =a;00 ay 0000 h=Yyeparf
0000 ¢)(h)=h. 0000 ¢,(Id(F)NZ[X]) = Id(¢,(F)).
000 ¢(G) 0 Id(¢,(F)) 000000000000000. 000000000
helde,(F)DODO,heldF)NZX|00000 h=¢,(h). 000,00 11.19
00

NF(E 0p(G)) = op(NF(h,G)) = 0.

000, ¢,(G) O Id(¢p(F)) DODODDODOD. strong compatibility 0 E-(Id(F)) O
E.(G) 0000000000000, O

00000, 6,(G) C Id(é,(F)) O Id(é,(F)) 00000000000 00000D0.
OO0, p 0 compatibility OO ODO000O0OO0OO0O, 00000000 order OO0
000000000000 bo0o0ooouooD. o0,0b0b0000g order DO O
0000000 compatibility 0 OO0 0O0OOOODOOOODO.
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01121 GCZ[X]O <0000 Id(G)0000000000. 00 p0 (G,<)
000 permissible 000 ¢,(G) O Id(¢,(G)) 00000000 p0 (G,<) 000
strongly compatible.

gbogd,uggbobuoobobuoabbuoabbuoobbuoobboobboabn.
gboboob,gdbbobooaabn.

00 11.22 p0O FODOOO compatible d GO <O0O0O0O p-compatible 00O O
O00000000,G0 <0000 d(F)000O0oooooo.

00]j000 feld(F)O <0000 GOO0O 0UDOUODOODODODODDOOODOO
0. f0 goOOOOOOODOODO. OO f£0000,00000DODODOO,
feld(F)\{0}) 0 GOOODOOD f000000 GCD (cont(f)000)0 10
000,00000.000 ¢,(f)#0. 00000 cont(f) 000 pOOODOOOO
O.p0 FOODO compatible 000 ¢,(f) € Id(¢,(F)). 00D ¢,(f) 0 <000,
¢,(G) 000 0000000000 O00O00DO. 000 fOGOOOOOOOOO
$,(G) 0000000 GOOODO0D. 000 ¢,(f) 0 ¢,(G) 00000000
0,¢,(f)=0. 00000. o000000000O0O00OO0O00O0. 0O0O00,000

O0O0O0O00O00n0 p-compatible D O0OOOODO0OO0OOOODOOOODOOOODOO
gobobouooogobob. oob,bbboooooobboboogooobon
gobbo. g, gooboboobo,oggooobobobooao,gog,oboo
OO0O0000000,0000 edimination 00000 0OOO0O0O0O0OOOOODOO
go.

00 11.23 p0 FOOOO compatible 00 0. G € GF(p)[X], G = GB-(I1d(¢,(F))
00§ <---<3,009000G={g,,3,}000.00,0000¢<s00
0,9 € ldF)NZp[X] (1<i<t) 00000 ¢(g:) =7, 00 ¢ O {g1,---, 91}
000000000. 0000, g1,-++,9 0 GB.(Id(F)) 0000 +000000
gg.

000 (0ooooo.)
0000000000,000000000 change of ordering 000000000
0o.

Procedure 11.24
candidate(F, p, <)
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Input : F' C Z[X]
oo p
order <
Output : F' O p-compatible 00D DOOOO0OOOOONO nil
(0D FOOO,nlOOD p000000D0DOOOCOOOOOO))

000000 11.25 (compatibility check 0000000 0O)

grobner_by_change-of-ordering(F, <)
Input : F' C Z[X], order <
Output : Id(F)0 <0000000000 G
Go— FO,00order <o DO0O000D0OOOOO; Gy C Z[X]
again:
p<— (Go, <o) DO OO permissible 0000000
G «— candidate(Gy,p,<)
If G = nil goto again:

else return G

candidate() 00000, p-compatible 00 0000000000000 O0O0O0OO
gboboboogob.bbuogoooboooaag,

o tl guess()
e OO + tlguess() + 0000

e candidate_by_linear_algebra()

gobbob. bdoodog,ub 200000bbooboo,dgogoooboon
goobog.gobobooogooobg.

11.2.3 candidate by linear algebra()

OO0 11.26 OO0OOODO 1190000 CcOOOO0ODOODOO pODOOO stable O,
Enp,={¢p(c)=0]|ceC}0D000O0O0DO.

O0]p0O (F,<y) 000 permissible 00 NF., (¢, F) 0 pO0O0O0O stable. D00
ceC O pOOO0O stable.

Sh,p = {Gt =G ’ Cy € GF(p)}
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0 E,,00000.
E: Z 6tt
teT(h)

ooo.o0o00,

0= @p(NF.,(t,F)) = NF.,(h, ¢,(F)).

teT(h)

000 heldg,(F)OO NF.(h,G)=0.000 GO0O0O0OO0000O0OO0 T(h)C
T(h)OO R=hRO00000.000,000000 A000000000000. 0

0 11.27 n 0000 0000000, E, 000000000 subsystem E, 00
ooooooo.

e £,0n00000000O0.

e ¢,(E)) 0 GF(p) 00OODODODODO.
oooooooooooo.

e £,0 Q00D0O0000,00 pO0000 stable.

e [, 000DODO0O,000 F,000000000O.

00 11.28 000000 119000000 qO0O0O0O,G0O FO<OO0OO
p-compatible 00 OO0 OO0O0O0O0O0OO0O.

00]0 geGOOO

g = Z ¢t

teT(h)
000, {e/c} (c=cn.») 0 E, 00000000 AheGOO0OOO. 000,

0=c Y «/cNF,(t,F)=NF.(g,F).
teT(h)

00 geld(F). 01127000 p0O (G,<) 0000 permissible O ¢,(g9) = ¢p(c)h
00 ¢,(G)0 GOODOOOOOO0ODO. O
gooboodog E,0ogooooo.

1. E,000.
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2. S— E,0000.
3.00 $0 E,00000 80 E,0000,00000E,0000000.

E,0 E,0 GF(p) 0OODOOOOOODO. 0000, EF, 00000000O0OCDOO
g.0bbooggbooboooon.

00 11.29 M, BOOOOO nxn,nx 1 000000,X0,00000000
00 nx100000. det(¢,(M) 400000, MX=B0O0OO.

M, BO,000,00000000000000000.DO00,00000000
oboobooboooboo,bbooboooboobbo0 MX =B0O0O X0OO
OO00o0o0ob0obOoD. obooobobooboDbUD GasssUOOOoOooooOO
OOoooooooooooooooooob. DobooboobobobOon, Hensel
O0,00000000000 modular OODOO. ODOOO Hensel DODOODOO
goooboog.

Ooo0o0ooogd 11.30
solve_linear_equation_by_hensel(M, B, p)
Input : nxn OO0 M,nx100 B
op(det(M))£00000
Output : MX =B 00 n x 1 matrix X
R ¢p(M)71
c— B
0
qg—1
count < 0
do {
(1)t by (Rey(0)
(2) r—ax+qt
¢ (c—Mt)/p
q<—4qp
count < count + 1
(qb;l O [-p/2,p/2] 000000000, (e—=Mt)/p0D00O.)
if count = Predetermined_Constant then {

count «— 0
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X « inttorat(z, q)
if X #nil00 MX = B then return X

}
}

goooono 11.31
inttoat(z, q)
Input : ¢ >z, GCD(z,¢q) =1 00000 =z, ¢
Output : bz =amod ¢ 00 a|,[b| < /400000 a/b000 nil
if x < \/g then return x
fie=aq fo=z,a10,a3 1
14— 1
do {
it | fil < /% then
if |a;| < \/g then return f;/a;
else return nil
Ji—aq¢fin< firn 00 0000
Jiva — fi — qifin
Aijt2 < @ — ¢iQi41
1—1+1

}

00 11.32 (43][13]) 2, ¢ 0 ¢ > 2 > 1, GCD(z,q) = 1 00000000, 0O
00, |al,|b] < \/q/2, GCD(a,b) =1 0000 a,b(b>0) 000000000
ar+cqg=b000000, (a,b,c) 0 (¢2) 000000 Budid 00000000
oo.

00]2z>100 a#b00000. az+eg=b00 £+¢=2 000
|£|_|ib <L
ag' 'aq 2a?

0o

1

202"

000, —¢/a02/q000000000. (000000000. (37, Section 24] O

0.) GCD(a,b) =100 GCD(a,c)=1000,b>00000 (a,c) D00D000

00.000, (a,b,c)0 () 000000 Eudid 0000000000000, 0

T C
=+ =] <
q a
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00 11.33 (1) 0000 Mz=Bmodq OO ¢= (B - Mz)/q.

00]j00000000. count=0000000. count=m O00000000. O
000,20 Mt=cmodp OO M(zx+qt) = Mx+q(B—Mz)/qmod gp. 0000
M (z+qt) = Bmod gp. 00, (c=M?)/p = (B=Mz)—qMt)/qp = (B—M (z+qt))/qp
OO0 count=m~+100000.0

00 11.34 000000 11300 MX=B0O0O XOOOODO.

00]00 113300, count =mO00 (1) 0000 Mz = B mod p™. det(M) # 0
OO0 00 p"0000000.00MX=B0000000D0000D0O0O. O
000 X=N/D(DO00O0O,NOOOOOOO)OO0OOOO, Dr=1modp™O00
00 0000 M(rN)=Bmodp®. 000 rN=zmodp™ D, NOOOOO A
O0000ooo,pr>24200 mO000,00 113200 rNOOOO 2000
00000 1131000 N/DODOOOODO. O

Predetermined Constant OO 00000, 0000000 O0O0O0OO0OOOO0O
000000.000000 11300000 ¢ 0 nMAX(||M|le, |Blle) 00000
doooood.oon,00dooodd constant 0000 O0DOOOOOOOO0O.
00,0000000 A0D00O0O0OO0O000,q¢>2420000000000000
O.000,000000000000000000000000. 0000000
0000000 GaussOOOODODO fraction-free 000000, 000000000
O0,000000000000000000000,Gauss0 000, 000000
gooooooooon.

11.3 0OO0O0O0ooog

O000,000000000000000D0O0,000000000 change of or-
dering 00O O00D00O0OO0ODODOOO.O0,0009360000 RUROOOOO
O00000000000,000000000000000. 000, PC (FreeBSD,
300MHz Pentium II, 512MB of memory) D OO 0. OO0 O . garbage collection O
ooooooo.

C(n) The cyclic n-roots system of n variables. (Faugere et al.,1993).
n k+j—1
{f1, -, fn} where f}, = Z H Cjmodn — Okn- (0 is the Kronecker symbol.)
=1 gj=t
The variables and ordering : ¢, = c,_1 = -+ > 1
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K(n)  The Katsura system of n+1 variables.
{w, =" L wuw—i(l=0,---,n—1),>"  u—1}
The variables and ordering : ug = uy > -+« = u,.
Conditions : u_; = u; and u; = 0(|I| > n).

R(n) e7 in Rouillier (1996).
[1/24 Sy (-1 ek (k = 2,0+ 1)}
The variables and ordering : z,, > x,_1 > -+« = 7.

D(3) e8 in Rouillier (1996).
{fo, fi, far o fr}
fo = —420y? — 2802y — 168uy — 140vy — 120sy — 210ty — 105ay + 12600y — 13440
f1 = —840zy — 63022 — 420uz — 360vz — 3155z — 504tz — 280az + 18900z — 20160
fa = —630ty — 504tz — 360tu — 315tv — 280ts — 4202 — 252at + 12600t — 13440
f3 = —5544uy — 4620uz — 3465u% — 3080vu — 2772su — 3960tu — 2520au + 103950u — 110880
fa = —4620vy — 3960vz — 3080vu — 277202 — 252050 — 3465ty — 2310av + 83160v — 88704
fs = —51480sy — 4504552 — 360365u — 32760sv — 3003052 — 40040ts — 27720as + 9009005 — 960960
fo = —45045ay — 400400z — 32760au — 30030av — 27720as — 36036at — 25740a? + 772200a — 823680
f7 = —40040by — 36036bz — 30030bu — 27720bv — 25740bs — 32760bt — 24024ba + 675675b — 720720
The variables and ordering : b>~a > s>=v>=u>=t> 2z > y.

Rose The Rose system.
O1 : ug = uy = agq, O : U3 = Ay > Uy.

Liu The Liu system.
{yz—t)—az+a,z(t—x)—y+at(r—y)—z+a,x(y—=z) —t+a}
The variables and ordering : = >y > 2z = t > a.

Fate The Fateman system, appeared on NetNews.
{83+ 2r3 + 2¢3 + 2p?, s° + 2r° + 2¢° + 2p°,
="+ (r+q+p)st + (r* + (2¢ + 2p)r + ¢* + 2pg + p*)s® + (r* + ¢ + p*)s®
+(3r* + (2¢ + 2p)r® + (4¢° + 4p°)r + 3¢* + 2pg® + 4p>q + 3p*)s + (4q + 4p)r
+(2¢% + 4pq + 2p*)13 + (4¢° + 4p°)r? + (6¢* + 4pg® + 8p3q + 6p*)r
+pg* + 2p°¢° + 4p*¢® + 6p*q}
The variables and ordering : p > g = r > s.

hC(6) A homogenization of C(6).
(Cs\{c1cacseacscg — 1}) U {ereacseqcses — 19}

The variables and ordering : ¢y > ¢co > ¢c3 = c4 > ¢5 = ¢cg = L.
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11.3.1 Change of ordering

00000000 DRL(COOOUDODODOO)0ODOOUOUOOODOOO, LEX (O
0000)00000000000. 0000000000, TL (tlguess(); 00O
000 10.13), HTL (O O O +tl_guess()+0 0 O ), LA (candidate_by_linear_algebra();
000000 11.9(000000000))000. 01110 DRLOO LEXOOO
oooboooooob. DRLO,DRLOO0ODOOOOD. DDO0O0ODbOODbDOODO

0000000000, tlckeck() (000000 10.14) 000000 .

Table 11.1: Modular change of ordering

O00oooboon,bd maginitude I, 000 00O0OO00OO0OOOOO. TL

K() | K(6)| K(7) |[C6)] C(T) | R(5) R(6)
DRL 0.84 | 84 74 3.1 1616 11 1775
TL 00 00 00 00 00 00 00
HTL 16 1402 [ 1.6 x 10° | 5.6 |[2x10*| 383 | 2.1 x 10°
LA 4.7 158 6813 4 435 9.5 258
tl.check || 2.3 177 [ 1.3x10* | 1.1 2172 3 40
D(3) RoseO; | RoseOs || Liu | Fate | hC(6)
DRL 30 0.19 0.15 0.06 | 0.5 7.2
TL 00 1.7 354 00 4 25
HTL 4.1 x 10* 1.7 36 18 4 25
LA 585 3.3 12 — — —
tl_check LYE) 0.6 13 17 26 24

O ATLO00D00obon,d 1120,0000000000 magnitude 00O 0.

Table 11.2: Maximal magnitude

C'(6) K(5) K(6) RoseO; | RoseOs Liu
TL || > 735380 | > 2407737 | > 57368231 | 69764 | 947321 | > 327330
HTL 1992 44187 422732 37220 70018 21095

oboobobogo, 7rooo0bobooboooboboboooboobobooboon
ooobOo. obo,0 1110 ATLOODOO0 LADOODODOOODO. Oobo,
Buchberger OO O0O0OO Eucid OO0 OOOOOOOO, 0000000000
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Obobooobob, modular OO OOOOOODOOODOOOODLDODOOODOO
gooo.

11.3.2 RUR

RUR O modular 00O OODODO0OOO0ODOODO. DODODOOOODODODOOOO. O
000,00 modular 00O OO separatingelement D OO0 0OO00O. OOO0OOOO,
0000000000000, w0oooO RURODOODODO.

C(6) w — (¢1 + 3ca + 93 + 27¢y + 8les + 243cq)
c(7) w — (1 + 3ca + ez + 27cq + 81 + 243c6 + 729¢7)
K(n) w-—u,
R(5) w — (x1 — 3xy — 223 + 324 + 275)
R(6) w — (x1 — 3wy — 223 + 34 + 205 — 4g)
D(3) w—y
Table 11.3: OO OO (O)
K(6) | K(7) | K(8) || C(6) | C(7) | R(5) | R(6) | D(3)
Total 7.4 69 1209 46 | 1643 | 52 | 8768 | 67
Quick test 0.4 3.2 26 0.5 57 6.5 384 3.1
Normal form 1.1 12 308 1.4 | 762 15 | 2861 | 7.3
Linear equation 4.1 43 775 1.4 | 641 22 | 3841 | 45
Garbage collection | 1.7 10 100 1.2 181 7.8 | 1681 | 11

00O, Quick Test 0 modular O O O w O separating element OO0 00O 0O 0O OO
O0000,Normal Form O, 0000000000000, monomial 000000
O, Linear Equation 0, 0000000000 OOO. O 111 000000,000
00O separating element 0 000000000000, RUROOOODOOOODOO
O00bOO00oOo.00oo0go,RUROO0O0O0O00O bitOO,LEXOODOODOODOO
0000000 (000 K(7)OO 6000 100)000,000000000,0
oooooooooboobooboobooo.
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