OO0, 00
O |00 (room) | 2 3 4
23 /302 OO0 | Rossman | OO
24 /402 00 | Rossman | OO
25 Y203 00 | Rossman | OO
26 /402 00 | Rossman | OO
27 /402 00 | Rossman | OO

00 7/27 200000 B428. 3, 4 0 Z402.



e N
Juootd,otd, gdbootgtd, gdbootgtdbbootd

Differential equations, difference schemes, systems of algebraic
\equations, numerical homotopy method

J

0000 (Nobuki Takayama), 2 00 0O00O.

1. 000000 feedback form OO O (Download (write) short pro-
grams and try to execute it, ....)

2. 0000 (report).

Dododboododboodbd.
http://www.math.kobe-u.ac.jp/cm,
http://www.math.kobe-u.ac.jp/HOME /taka /2007 /tokuron



0000000 (Examples of Differential Equations): 00O (Oscil-
lation)

v/ +y=0, y()ODOO ¢000000000 (unknown function)
y' +y=0, y(1) =1,4/(0) =0

0000000000 (solution for the initial condition is) y = cost

Flo Bt Vew et Fomat e Optons Window
OEREES] [ EE (11 =l

oscCi-n.ml



Jo0oggogd: gogot (Falling baII). JOdgdgdn (initial value
problem)

y/ — < Z/ — _987 y(o> — 07 Z(O) =5

y(t), z(¢t) OO0 (variable) t 00O O0OO0O0O00ODO (unknown functions).
7 0000 (acceleration).

ball2.rr



[D 00000 (heat equation), OO0 OO (initial value problem) }

a(z) 000000 (a(x) is the initial heat distribution). a(x) is
given.

ut = ugpy, u(0,2) = a(x),u(t,0) =u(t,1) =0

w(t,0) = u(¢t,1) = 0 O Dirichlet D000 (boundary condition).

2
ut:%_qé; Umx:%

OoDo0o0ooo0000(u=0,t=4400) 0 v =0,u(0) =u(l)=0
O00. (Stable state of this solution is a solution of the ODE u” = 0
with the boundary condition u(0) = «(1) = 0). 0O (solution) O
vw=0. 00000 00000 (boundary value problem).

heat.rr



O0: 0000000000D00 (stable state of reaction-diffusion
equation in 1 dim) [Leck2/parter]

w'+au(l —u) =0, u(0)=u(l)=0 (1)
00 (condition) u(0) =«(1) =0 00000 (boundary condition).

a0 00000 (parameter). 000DO00DOD0OO00O0O0 e OD0OO0DOO (soO-
lution pattern depends on a).

ut = uggtau(l —w), (00000 =0000) u(t,0) =u(t,1) =0

O000000000(uw=0,t=c0 ) 00000000 (Stable state
of this solution is a solution of the ODE (1) with the boundary
condition).

o JO0OOODO0OO, vw=00000. aeU00000 w=0000000
0. (If a is not large, u = O is the unique solution. If a is large,
there exists non zero solution, t00.)



(D . Lorentz equation (initial value problem) J

0000000003000000 (3 unknown functions) p1(t), pa(¢), p3(t)
O00000o00oo0ooooooog. o,b,ce0000n0ooooonO (a,b, e
are parameters).

p1 = —api + apo,
p> = —p1p3+ bp1 — po,
p3 = pip2 — Cp3

00000 lorentz.rr 00 (p1(¢),po(¢)) 0O0ODDO (plot)0O0DDO.

Lorentz DO UOODOO chaos DO UOOOOODOOODOOOONO.



[D . KdV equation (initial value problem) J

O0000000000000000000000 (Thisequation describes
water surface in canals.)

ut + 6uug + ugzr = 0 (2)

0000000 (soliton equation)d 0 0. DO00OO0DO0OOD0DODOOOOOO
00000 (there exist solutions written in terms of determinants
of a matrix of entries with special functions.) kdv2.rr




[D : 0000 (minimal surface)0 000 (boundary value problem)}

00 (surface)d z=w(x,y) OODOOOOOODOOO.

(3 W 8 w
+ - = 3
Ox \/1—+1U£-%1u§ oy \/1-%1u£-%102 (3)

w(z,y) = tan"I(y/z) DOODO (example of solution). OO0 Heli-
coid D000O0O. ODD0OO0OO0O0O0O0OO0O (dynagraph, Maple, x;0, Xj0)
plot3d(arctan(y/x) ,x=-3..3,y=-5..5)

http://en.wikipedia.org



[D > 0O00agono, Cavity flow (initial value problem) J

AYy = w
1
—hywz + Yrwy + —Aw

Wi

R is a paramter (Raynolds number). A = 8:1;2 —|— 0,2 (Laplaaan)

u =1y, v = —1p, : 000000 (velocity vector)
w : 00 (vorticity)

0000 (boundary condition): u=1,v =0 on AD. u=v =0 on
other walls. (0000 «, w 0000000 O0O0OO0DODOOOO)

http://www.aoni.waseda.jp/ushiro/flowanime/flow.htm, cavity400.gif
(by O ODO)



[D 00O (difference scheme) OO0 j

f(t) : 0000 (unknown function).

/@) =a@®)f) +0b(), f(O)=c
000 a(t), b(t) OO0 ¢t 000 (function)D OO, ¢ OO0 (constant)
000. 0000 a(t) =-1, b(t) =|cos(t)|, c=2000000000
000 f'(t) = —f(t) + |cos(t)|, f(0)=2000.

f(+) OODO ¢+ 000000, DO00000DO0ODO0O0ODOOO0DOODOO00OO0
0o0o0o0o0ooooooo, oooo f(0O)=c0b0000O0DOoooooo
f(t) DODODOODOO,00 O0UO00DODOODODOOD t+0DODODOOO
Juoggoggn.

00 A=At 000000 (small number, short time), D000 h =
0.00001 O0O0O0. 0DD0DD0O0O0O00O0O0O f(t) 0 (f(t+h)—f())/h O
Jogod. 0dog

F4h) = f(£) + hf'(t)



[DDDDDDQ J

J000ooooooooo f(y) oooooog,

f+h) = f(&) + h(a(t) () + b(1)) (4)

000. 000 fO) O h=At0000 f(t+h) O f(&)+h(a(t)F)+
b(t)) 00DDODODOODO000ODDDOO. 000 (4) 0 0000 ARODOO(h
second future)d f 000000 f00D00000ODOOO.

(4)00t=00000,

f(h) = f(0) + h(a(0)f(0) +b(0)) = ¢+ h(a(0)c + b(0))

O000. 00000 t=h 00 f(t) 0000 (approximate value) O O
000. 00@O0t=h0000,

f(h4h) = f(h) 4+ h(a(h) f(h) + b(h)),
t=2h 0000

f(2h + h) = f(2h) + h(a(2h) f(2h) + b(2h))



O00,00t=2h,t=3h 0 f(x) ODOOOODOOOOOODOODOOO
O00. 00000000 (recurrence relation)

fe+1 = fr + h(a(hk) fr, +0(RE)), fo=c (5)

000 f, 000000000000 t=hk0O0 f)OOODOODOODOO
0o,

O0O000 PDE O initial value problem 0000 (An analogous
method can be applied to solve approximate solutions for the initial
value problem of PDE).

Initial value problem O 0O OO (recurrence relation) D00 O0O00O0O.
0O boundary value problem O 7




- D
ODO0000000000000o00ooonooooooooooaon. (Dif-
ference schemes for boundary value problems gives us systems

of algebraic equations) )
-

w(r) OO0 OO0 (unknown function), ¢« 000000 (paramter)0 00
0000000000000 0000 (boundary problem of non-linear
ODE)

ru +u 4+ aru(l —u) =0, w(1/2) =u(1) =0.

0000000 (@oooooooooooog). oooo|(1/2,1]1 0400
00000000 (devide [1/2,1] into 4 segments). O 00O (difference
scheme)0 O QOQOOO,

1 — 2u; + Ui4q
h2

h
i=1,2 3, (6)

(1/2 4 ih) =

UO:O,U4:O,h:2—4

00 300000000, 000000004 (systems of algebraic equa-
tions) O DOOO0O0O0O, 00000DOO0O0000O0O.



OO0000000oooooooogooodHow do we solve such
systems of algebraic equations?




Remark: DOOUOOOOOOO. The method of difference shemes
Is strong , but it has several disadvantages.

0000 (Instability)

y +2y=0, y(0)=1

00 y =-exp(—2t) 00O00O0O00O... The solution should be y =
exp(—2t)...

unstable.rr



[D OD0000 (Software) J

1. C and cgif library, http://www.math.kobe-u.ac.jp/0 yamaguti

2. ( Maple (DOOOOOODO), Mathematica, Matlab )

3. Risa/Asir, http://www.math.kobe-u.ac.jp/Asir

4. PHCpack, http://www.math.uic.edu/0jan/download.html

5. ( Knoppix/Math, http://www.knoppix-math.org )



[DDDDD(TableofContents)[DDDDD,QDDD] j

1. 000,000 (differencescheme)0 0000000000 (systems
of algebraic equations)

2. Newton 0.

3. Numerical homotopy method in one variables.

4. Formal power series. Ideals, Grobner basis and number of
solutions.

5. Mixed volumes and numerical homotopy method.

Oodooooooooooooooon.
07-31, 00O (Research lecture). Solving equations by semidefnite
programming relaxations.



[D 000 (references) }

1. http://www.math.kobe-u.ac.jp/HOME /taka/2007 /tokuron
2. http://www.math.kobe-u.ac.jp/HOME /taka/2005/asir-book-
en.pdf

3. J.C. Strikwerda, Finite difference schemes and partial differ-
ential equations. ISBN: 97808987156750 0 or Smith O [

4, OO, 00, 00000000000.

5. D.Cox, J.Little, D.O'Shea, Ideals, Varieties, and Algorithms —
An Introduction to Commutative Algebraic Geometry and Com-
mutative Algebra, 1991, Springer-Verlag. (0000000000 O0O
0o0ogono)

6. B.Huber and B.Sturmfels, A polyhedral method for solving
sparse polynomial systems. Mathematics of Computation, 1995,
1541—-1555.



