E(k,n) @ contiguity relation |2 X % LA K
mILER (M KREE)

A-BRIRDGHED = 2 — X,
1. D-JnfE: Dual IZ2WTOTFH* DFEH] (Avi Steiner).
2. f##HT: homology cycle & &€ 1Y —Z&mH (MJE).
3. #igt: “[H¥EF D direct sampler” & contiguity relation.

% SRS | hgm OpenXM | search.

http://www.math.kobe-u.
ac.jp/HOME/taka/2018/
nt-tanbara-2018.pdf

*SCHRClE Takayama 4

1/24


https://arxiv.org/abs/1805.02727
https://arxiv.org/abs/1801.04075
https://www.springer.com/jp/book/9784431558866
http://www.math.kobe-u.ac.jp/OpenXM/Math/hgm/ref-hgm.html
http://www.math.kobe-u.ac.jp/HOME/taka/2018/nt-tanbara-2018.pdf
http://www.math.kobe-u.ac.jp/HOME/taka/2018/nt-tanbara-2018.pdf
http://www.math.kobe-u.ac.jp/HOME/taka/2018/nt-tanbara-2018.pdf

’rl X ry rElIZ L %@J:@ﬁj\?ﬁ‘
1 2 IR L GIFEER AT E T2 rox n 79 iy T
2. R pinj >0 % (i,)) BITDHER LIS
3. ATHL, BRI b ADS—GEME B D r x rp XIS, fESRITA

pr 1 ;
L D DU
ul Z(B: p) u ORI 8

BEZD.
Poisson 53fi 21 exp(—p - 1) IH€9 random variable U @ AU =
& 70 B AT E A
p' 1
P(U=ulAU=5) ="
(U=ul B) ol 203 p)

findex DAF— k12 0. 1 2% — b+ T 384 H 5. XIRTEEHW
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Bl

A V7))V FIGRE T U 7 fREEI & AR

P r7I) 7y Yr/u7xFr7F RV L |
AR 4 7 11
e 32 5 37
& 36 12 48
A BOE T & HEJIEOH T2 0 B A
e \H#EH | 5 4 3 2 1- |3k
5 2 1 1 0 0/ 4
4 8 3 3 0 01|14
3 0 2 1 1 1|5
2 0 0 01 12
1- 0 0 00 1/1
S 10 6 5 2 3|26
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GLECER | 8 p & B 2E 27 L IO
P 1
ut Z(B; p)
WZHE D LA v & AR &

% % 1. Diaconis-Sturmfels 1998. I, : A* TZ £ % affine toric
ideal. Z DK IC% A>T Markov Chain Monte Carlo ¥
(MCMC) %4719 §.

B Z 2. [HEF 2017, direct sampler. A #%&{D contiguity % F\»
T direct sampling 32 1.

iheT
SMCMC 355 B D Xl 4R 9 21213 burn-in % thinning 25262

120220 L v,
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(Al L] FFAEBIRSTD d x n 175 A = (ay). aonin
b e & 29 Dtk Ak E, C0SINy b 29 ZERLTOS ERET . a) = 1 LE.

B8 € NgA = Ngai +--- + Nga, IR LT IERK

u

ACT R S (1)

Au=p,ueN]
B ABEMSER E X3 ol =], u!, p =10, p¥.
P 1
ul Za(B; p)
DY A-EERA AR

fd: p & B 2527 & &I ABBMITAITHE ) LI v 2 42K
k.

Bl: A= (1,1), Za(B; p) = (p1 + p2)?/Bl. “HAITMZ S 7.
hist (rbinom(1000,size=10,prob=1/2));
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’direct sampler 7L X A ([iH47, 2018)‘

Input: 38, p
Output: ¢
1. ¢:=(0,0,...,0) (count vector)
2. € = %, izl,...,n”.
3. [0,1] Z eg:ep: ... : ey (o7
4. [0,1] I2fifi% Fe>—kRELEL t 27— D4R
5.t 0 e DHIRICAS7S ¢ 2 1T, f:=5—a;.
6. 8#0 7% 5 goto 2.

KT LEE cld Ac =™ 2l 7.
#il: A= (1,1) DRFICZZDT.

16 —a; g N %25 =0. |8 =p1+...+ Bd
EHEEFD B THAL input D B
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| AR 5341 & 72 % BT 1]
IR x = p.

Proposition

KROWESER (2), (3) SR 2.

n

;xiazgf’f %) _ 5,2(8;x)

CITH IEBDE—RTTHS.

CITa 3 ADIHIH (KBS dDfER7 bv e s)T

bH5.

(3)
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A & 2 BB 2| (3) % (2) ~MRAL Tl %
FZ(Bix) CHB ERDAE 5.

lez(ﬁ_al ):1 (4)
M1 E%225DT,
x;Z(B — aj; x)
/1Z(B;x)
%, M B DIGT index | ZIEIRT BHER L EFL,
o XiZ(B— aj; x)
U= 19 = =5 2 ©

ERdT I EICT S, 22 TIIF{1,2,...,n} IZfliz £ % random
variable TH 5. bELAHA

Y P(=ip) =1
i=1

tloTn35,
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(ARSI L 5 200 3| ek B 0BT, LROEFICHE
index i; Z3EIRL, RIZHEMH B — a;, DILT, LilDWERITHE
index ipb ZiIEIRL, INEFHP 0 RT PV FTHEDIRT.
L 72235 C, index DFl

i17i27"'7ie7 6261

21D MR L
P(I = h|B)P(I = i|f—ai)P(I = i3|B—ay—ay) - - P(I = ig| f—ay—aj,—
&%, 2oz (5) ZRAT 2 L XDAZRS.

Xilz(ﬁ - ai1;X) Xl'zZ(B —di — al'z;X) XI'3Z(5 —dip —di, — ai3;X)
JrZ(Bix) (B —1)Z(B — ai;x) (BL — 2)Z(8 — aiy — ai; x)

xi, Z(B — aj, —aj, — -+ — aj,; X)

]-Z(/B — Qi T Ay T af£—1;X)
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(ARSI & 2% 280 4] SR THE v YL ERTS
FqUE:

51'2 HX’J (©)

IZEEL o,
Z 2T count vector ¢ #EAL X 9. index DI iy, in, ..., 0 WK
LT, ¢k % index k % index DINZHIR T2\ E LT 2. 7 & 2
13 index 7123,

2.2.1,2,1,1,3
&g,

=(3,3,1)

L T Ok Hle x; = x° &7 %. [ count vector ¢ Z15
% index Flli3Axigc Gtoral g 2 7 & 243 index F175,

2.2.1,2,1,1,3

%5131,1,1,2,2,2,3 % 3,1,1,2,2,2, 1 FHF L countvector%

5.2 % index 5”"(3!7) D, %@JQ “)&?60) EENtNG 3,3,1, EENDHS.
tindex 1 2% 3 fifl, index 2 %% 3 fiil, index 3 A% 1 .
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’A—ffﬁ%%@ﬁj\?ﬁ &7 5 M 5‘ ITLEDEZE LD count vector ¢
% direct sampler TIF 5 i 13 (6) D w L5,
Bi=c1+ - +c, ZDT, K& count vector ¢ &4 A HERIZ A
i
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’ % direct sampler @‘I‘i%f‘ ZA(B; p) ZEEDPOEIET 5D
B A DIKE W EEHEIH O fCRIEEDNE T
Theorem
1. A-BEAMR D Pfaffian 137V 7' — K CHREWRE. Zhz
A% EEBMER o DML CHETE % *.
2 N HORSAE LT 5 7 b DFHELRIE O(r2BN) 75 A
contiguity DitHE®E. 22T r ¥ A D normalized volume. %
F B OB ORI 0(1) & T 5.

iR

1. MCMC D EIX O(n' (N + (burn-in @[HI%k))) T.

2. A BRMCld Pfaffian = contiguity. Pfaffian DEHIXFIHE R
DL OEIETH 503, BIEINAD E(k,n) D contiguity PR
= W7 #ED sampler t.

3. burn-in XA %72 D THSIZ N FIL ATHE.

*A=(1,1) TRz FEH. —fRDFEEL tk ds_ahg.Tr

T 1 Ia DERICDFRIEL.

192413 gtt ds.rr
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A dx n fiol. BEIRGT. A DIIRT FILIE a5, a; & 29 24K,

B=(B1,...,Bq) € CY (parameters).
C<X1, “ e 7Xn,a]_7 PR ,an>’ Xj)(J = )<jXI7alaj frd 618”8[)(] — Xjal + 5[]

%z D %£7:1% D, £FEL.

Definition
A-hypergeometric system ¥ 7z 1% GKZ hypergeometric system
(GKZ, 1989), Ha(3), Ma(B) = Dn/Ha(B):

(Ei—Bi)ef = 0, E—Bi=> ayx0—fB, (i=1,...,d)

j=1
{i|1<i<n,u;>0} {il1<j<n,u;<0}

with v € Z" running over all u such that Au=0,u # 0.
Ia 13 0, #EDC[0y,...,0, TERT 24 T 7.
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100 -1 0 0
010 0 -1 0
AFe.2)=1 9 9 1 o -1
111 1 1 1

degree(la) = vol(A).

Example

Macaulay2 commands to evaluate the volume (the degree) of
A(0134). Here, 05 is Ia.

loadPackage "FourTiTwo"
M=matrix "1,1,1,1; 0,1,3,4"
R=QQ[a. .d]
I=toricGroebner (M,R)
05 = ideal (b"3 - a"2%c, b*c - axd, - a*xc™2 + b"2+d, c~3
degree(I)
o6 = 4

- bxd~2
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’contigyity & Bl
'I@ES f fﬁ HA(B) @ﬁ@tﬁ 6, 8,f = HA(ﬂ — a,-) @ﬁ@& &Z)
f BXO f O % basis vector F & L 7z Pfaffian

0;F = PiF
Z{E% &, P; I contiguity

Pi(B)F(5; x) = F(B — ai;x)

257%. = | WEEO M o it Wi Tl |
#l: A=[[1,1,1],[0,1,2]]. Pfaffian I

B2 _2x
9y — X1 Xo
2 ( 26:(B—1)x1 —A(B2—1)x1xs+(B2—2B1)x2 )

4xp (X1X37X22) 4xo(x1x3 7X22)

load("tk_ds_ahg.rr")$ C=tk_ds_ahg.build_contiguity_O([[1,1,1],[0,1,2]]1)
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B: Z oHER R 5 1]

Contiguity relation/Recurrence relation

8,' ° ZA(B;X) = ZA(ﬁ — a;;x)
(the contiguity relation)
Numerical evaluation of hypergeometric polynomial becomes hard
problem when dim Ker A and the rank of Ha(/3) increase and /3
becomes larger.
Example:

k(B 1 1
F abC}/ kZHHkIHCI Yo A_<En+1 _En+1>
eN

where (a)m, = a(a+1)---(a+m—1) and |k| = ki + -+ + k.
n=4,a=-179—- N, b=—-139— N, ¢ = (37,23,13,31),
y = (31/64,357/800, 51,320, 87,/160)

N ‘ Evaluating series ‘ method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)

100 | 138640s (1 day and about 14.5 h) | 73126s(about 20.3 hours)
200 | More than 2 days 84562s (about 23.5 hours)
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(1. Z OEBEEIE D23 2

N=200
A=([1,0,0,1,0,1,0,1,0,1],[0,1,0,1,0,1,0,1,0,1]1, [0,0,1,-1,0,0,0,0,0,01, [0,0,0,0,1,-1,0,0,0,0], [0,0,0,0,0,0
Beta=[452,412,-37,-23,-13,31]

at ([x1,x2,x3,x4,x5,x6,x7,x8,x9,x10]=[140/411,40/137,25/822,31/411,14/411,17/274,17/822,5/137,10/137,29/8:
oohg_native=0, oohg_curl=1
EV([x3])=[48401824047172895382220332055338065321948101264386648720104327220455411642733594253492395373436!
863656998391689243859475296234352137555517730222159221047221525046528456147511166276227650243450974228077:
305750092193523229313167685161576286201466399466487213469381535663734384193880974741829514261324096233334!
344275350822035203131054916726819435165178778325389866000027699548897905993488167196392728277735383730885
/19442228498425155530438424291258885951160065533306378943684005607207680083449525569604031294035766826584:
206368590575510231394395404443601780545808586417609373178438189812637405870280353563181965119049387640350
941772514489533194749781746840208705674606008876031734288671532476200701856516011956451597268538379935874
320906272014298259515698562808086396098869061102204255115706387649155785914644280004302208683409377394435:
9573932056327206030262721912023810463723569352286063413912998077871191506911]

Time=84562.4

N ‘ Evaluating of series ‘ method of Macaulay type matrix
0 6822s (1.89 hour) 61399s (about 17 hours)

100 | 138640s (1 day and about 14.5 h) | 73126s(about 20.3 hours)

200 | More than 2 days 84562s (about 23.5 hours)

Intel Xeon E5-4650 (2.7GHz) with 256G memory, the computer algebra system
Risa/Asir (20140528).
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V7 FU7 L7 | gttds.rr, tk.ds ahg.rr.

[1822] load("gtt_ds.rr");
[2720] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],
[f1,9/10,11/101,[1,13/10,99/100],[1,1,1]11);

= oe W

N
N

] gtt_ds.direct_sampler([[4,14,3],[10,6,5]]1,[[1,9/10,11/10],[1,13/

RN

N
NONNEFE, O WNNDOWO

N
[l S i ST R S i e B 6 B

O b =

t_ds.direct_sampler([[4,14,3],[10,6,5]1],[[1,9/10,11/10],[1,13/

—
(o]
[Ty S T ™ NN N Ty S oy |

L T e T e Y T e Y e O s Y e B e T e B |
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Ia D7V 7F—HE = MCMC 23 3
A-BAT @ contiguity = [IBFD direct sampler 23{E41 2 .

FF T (HFRNELET) contiguity relation % {E#141iE, random
vector Z KT B EE 7L Y X LDMEND.

PLbE UM EFECIHRL 2w L.

$JST CREST HIF — i, 7'V 7' —itish, 2011, 7K
9S.Mano, Partitions, Hypergeometric Systems, and Dirichlet Processes in

Statistics, JSS Research Series in Statistics (2018), Springer
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|Dual D-module & 1&| #i D-ideal J DA%

ad : a0 (x)0% > (—8)*an(x)
Y LT (JRBERE), 4 D-IEE D/J % /2 D-INIEE D/ad(J) T2
3. D/ad(J) b ad(D/J) £EX<.

M: holonomic D-module.
DM = ad(Ext}(M, D))

2 2T, Ext (M, D) = H"(Homp(F*, D)), F* {& M 7% Dk
& L TD free resolution. alEtE ooz 2 .

IOaku, Takayama, Minimal free resolutions of homogenized D-modules,
2001
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|Ahg @ dual D-module| FHEIHEILBAT, “dual 23% 72 A-HISfT
2D Z 9" DBEEEI N

loadPackage "Dmodules"
i8 : I=gkz(matrix {{1,1,1},{0,1,2}},{-2,-3});
i9 : N=Ddual I

09 = cokernel |
D_2"2-D_1D_3
x_2D_2+2x_3D_3-2
x_1D_1-x_3D_3+1
x_2D_1D_3+2x_3D_2D_3-D_2 2x_1x_3D_2D_3+x_2x_3D_3"2-x_1D_2 x_2"2x_3D_3

B=1(1,2)T. (1,2)7 ~(2,3)"? hypergeometric b:

b(B) = B2(261 — B2)
Ha(B) & 02 DEIRT 24 77013 b(B) THEERINS.
Udy ~ 3(4 —3) modHa(2,3) %D T
Ma(1,2) 1+ ¥ € Ma(2,3) THEL (/£ DML LTD
contiguity)
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b@ﬂﬁfﬂfﬁbww”

import("names.rr")$
L=[x1*dx1+x2*dx2+x3*dx3-b1,
x2*%dx2+2*x3*dx3-b2,
dx1*dx3-dx2°2]$
V=[b1,b2,x1,x2,x3,db1,db2,dx1,dx2,dx3]$
M=newmat (10,10, [

[0,0,0,0,0, 0,0,1,1,1],
[0,0,0,0,0, 0,0,0,0,-11,
[0,0,0,0,0, 0,0,0,-1,01,
(0,0,0,0,0, 0,0,-1,0,01,
(0,0,1,1,1, 0,0,0,0,01,
(0,0,0,0,-1,0,0,0,0,01,
[0,0,0,-1,0,0,0,0,0,0],
(0,0,-1,0,0,0,0,0,0,01,
(1,1, 0,0,0,0,0,0,0,01,
[1,0, 0,0,0,0,0,0,0,011)%
G=nd_gr (append(L, [dx2]),V,0,M)$
fctr(G[0]);

end$

22/24



’Aﬁﬂ%ﬁbi affine toric variety @ D D-Jl#E| ¥ Fourier

22

FL : Xj — —6,‘,8,' — X

n
Z—a,-jajxj—ﬁ,-, (i: 1,...,d)
j=1
11 X' = 11 X, (Au=0)
{i]1<i<n,u;>0} {j11<j<n,uj<0}
2 Z%HDUZ affine toric ideal 4 DEFEI.
(CY 3t (t7,..., ) e C"

DIRDOEAEDY V(1a). (C*)? ICHIBRL TH R % & affine toric
variety D LD R ZBIHD A7 TR & 2o
tiOy = > ;(3))ixiOx-
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’torus iX%) D—module‘

1. ARG O HFE AL affine toric variety V/(14) O ERF
Bl A-EMR D contiguity relation!! 28 (E < £T/8F
A=Y #RIETHDLEL) OREEIZZFL D (x & 9)).

2. (bC*)4 = C", O, — V(la), V(l4) — C" IcxHind %
D-modules D1fi% @ functor D EARHIHEK.

3. (C*)4 C U c C"**: torus L rank 1 locally constant sheaf

D C" ~Dfi% DPLHR. Mixed Gauss-Manin (Avi Steiner,
2017, 2018).

4. A P normal D}, dual 122 \WTDOFHEDfRDE

**U 1% Zariski open, torus action CAZ
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