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EH: Jacot et al 20187. NN DIED d; — oo 75 I1F L
AETRTD O IZD20WT K(x,x') ~O(x,x') &725.

“https://arxiv.org/abs/1806.07572

Fv hoiiFERE L © (NTK) DESH

Z(O)(X, X/) — xTy +ﬁ2,

(h=1)(x, x )(x
/\(h)(X,X/) <zz(: 11)((X X)) y (h— 1( 7 ))

= (x,x') = Co Euynionm o (u)o(v)] + B

M (x,x') = ¢5 Egyyenonmyo(w)a(v)]

L+1 L+1 .
O(x.x) =01 (x,x) =3 (Z(h‘”(x,x’) [T, ;))
h'=h

h=1

"https://oumpy.github.io/blog/2020/04/neural tangents.html
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[ Dual activation ]

E(uv)~n(oamlo(u)a(v)] (dual activation of o) B TH< &

Elo(u)a(v)] = /R2 o(u)o(v) exp(x11t? +2x2uv+x2v?)dudv (8)

E(u,V)~N(o,/\(h))[U(U o(v _ 1
(9)
e RelU (rectified linear unit)®: o(u) = uY(u), Y (u) Heaviside

e Sigmoid: o(u) = 1+eXP( u)

e GelLU (Gaussian error linear unit): o(u) = (1 + erf (%))

[ dual activation 2EFETENIX NTK 23EHETE 3

*https://en.wikipedia.org/wiki/Activation_function

Jo(v)] = Elo(u )J(v)]\/m RO
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Dual activation D IEIFWAWAHIZFES LTV 5.
318
e ReLU IZDWTIHAKKIZIKORAPSNT VWS, A %

2
c cicor
( X 122>7C1,C220,|r|§1<‘:35<‘:,
C1Cor (o)

Eunonlo(uo(v)] = TN EVIZE (o) 10)

Etwmonmle)o(v)] = T2
e Han et al arxivi2209.04121 1 —f&M25t5HEk e LT
Gauss-Hermite quadrature 2\ % Hik%Z2 52 TW\W5I1E0, £IH
ADEGE D dual activation 252 T\W\W5.
o ZODM®D activation 12X BA%EH Han et al DFRCIZE L O
L5NTWNWD.
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e activation 7% ZIHRLRE DI HE I HFER DD IFIZ dual
activation ZEt8E T2 KA TNV TV AL %5 X 7=,

Algorithm 1
(Holonomic Gradient Method, HGM)
Input:a1(u) & o2(u) 25569 SiREL ODE (1 0.
Output: E[o1(u)o2(v)] DM (NTK D & Eld 01 = 02).
1. 4y & by 28 Clu,v,0,,0,) THET BEAT T IVZ/NLATR
Th2 [arxiv:1211.6822] % &M L T Holnomic 1 77 )V I €
Ds = C(x11, x12, X22, Y1, y2, 011, 012, 022, 01, 02) 2145
2. HIBT LTV X A [Oaku 1997] % FIWNT
b := (h + y1Ds + y2Ds) N C{x11, x12, X22, 011, O12, O22) DK
TtERDITS.
3. b % Pfaffian RI1Z&EK.
4. *)J/ﬁ\ﬂfﬁa L/T F D X11 = —]_,X12 = 0,X22 =-1 if:ti%@%
D D LT ONE % RBURF 72 & 7% > TFHE 5.
5. Pfaffian 5 % BUBERIZ fi# <
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/ uY (u)vY(v)exp(xi1 U2 4 2x10UV + X2V + yiu + y» v)dudv
R2

o /NUMTHT 2012 1X 2 DD DM HifERZ kD 2 FHikx 52T
W35,

o E[o1(u)oa(v)] D (x11,x12,%02) = (—1,0, —1) J& b TOMEE
Eﬁ‘i ZkeNg Cka, Xk = (Xll + 1)k11Xk12(X22 + 1)k22 LT

k12
ki1!kiolkoo!

o
X / u2k“+k1201(u) exp(—uz)du
—o

Ck =

% / V2k22+k12(72(v) eXp(—Vz)dV- (12)

o THIHIEZ Gl S 5.

7/10



[st-2024] 73V XL D4 (ReLU DL

HGM 33T X =X ft & D% FHE

e (ud,—1)euY(u)=0.
o /NMLU-TA 20123 &b

/ uY (u)vY(v)exp(xi1 U2 4 2x10UV + X2V + yiu + y» v)dudv
R2

(=
O1(—y1 — 2(x1101 + x1202)) — (13)
Dh(—y2 — 2(x1201 + x2202)) — 1, (14)
B12 — 2010, (15)
O11 — 0%, (16)
On2 — 03, (17)

*https://arxiv. org/abs/1211 6822
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o M % y1 =y =0 IZHIR U BB DN 72 3 HFERIZ
b = (h + y1D + y»D) N C(x11, x12, X202, 011, 012, 022)

Z 2T D = C{y1, y2, x11, X12, X22, 01, 02, 011, 012, 022).
o RFDOHIPRFH, 7z& 21X

—y181 —-1- 2(X116% + X123162) —1
— —y181 — 2(X11811 + (1/2)X12(912) —1-1, by (12) and (13)

e g(x) = E[o(v)o(v)](x), o0 = ReLU »%i7= 3 Dl

2x11011 + x12012 + 2,
x12012 + 2x22022 + 2,
4011090 — 8%2
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F:(l,alz)TOg.
aX11.I:_lDl].,::oaaX;[z.F_ID].2F:078X22.F_'D22F:0

-1 —3%12
_ x11 X11
P]‘l - 2x12 %(2X122+3X22X11) ?
xi1 (x5 —xoox11)  x11(xZ—x22x11)
0 1
P, = -4 —Bxpo ,
2 —xpx1i1 (X —x2x11)
-1 —3x2
_ x22 X22
Pn = 2x10 1 (2x2,+3x22x11)

x2(x%—xp2x11)  x2(xfp—x22x11)

F(-1,0,—1) = (1/4,7/8)7. scipy, solve_ ivp.
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import ("nk_restriction.rr");;
V=[y1,y2,x11,x12,x22]; DV=poly_dvar(V);
Pl=poly_dmul (dyl,-y1-2*x11*dyl-2+x12*xdy2,V)-1;
P2=poly_dmul (dy2,-y2-2*x12*dyl1-2*x22*dy2,V) -1;
I=[P1,P2,dx11-dyl1"2,dx22-dy2"2,dx12-2*dy1*dy2] ;
dp_gr_print(1);

Iprime=nk_restriction.restriction_ideal(I,V,DV,[1,1,0,0,0].

import ("yang.rr");;

VV=[x11,x12,x22]; DVV=poly_dvar (VV);
yang.define_ring(["partial",VV]);
RII=map(dp_ptod,Iprime,DVV);
yang.verbose() ;

RG=yang.buchberger (RII);;

Std=[1,dx12];
Pf=yang.pfaffian(map(dp_ptod,Std,DVV),RG);
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ReLU ¢ = uY (u)

Rank 2 system. 0.196s (Risa/Asir, AMD EPYC 7552 48-Core, 1.5GHz)

Method Training time | Pred time
closed 1.500e-2 1.98e-2
Gauss-Herm 3.352e0 3.306e0
hgm 8.571e0 1.017el
Monte-Carlo 8.597el 1.149e2
Kernel error Pred error
hgm 2.779e-8 hgm 2.815e-3
Gauss-Herm 1.034e-3 Gauss-Herm 4.164e-2
Monte-Carlo 1.103e-3 Monte-Carlo | 4.039e-1

— closed
— hgm(all at once)
— oh

— monte_carlo

-1.00 -0.75 -050 -025 000 025 050 075 1.00

12/10



B ENDSEFRDH

=
-

MNIST ¢

[

Q~Amzxrwv-=S
ONAd®mMILuwe
S~k Mm==nW
[~ mMmaL
O— N TV
Q—-mF e
O~ mMmAI v\
QAN D
QO —-—dAO>rwlo
ONdNeoTnY
ONHYMITVNY
NPT wvwI
S, N>
S—AMXinY
Q—¥MYINLO
O~XM3I 99

~= o
N ® o
N % ¢
hos
N o
~ O
= &
c« 20
S~ S
SIS
~ %
s
-~
D =
~w
SRS

q

49999339404

14 /10



MNIST

MNIST FEZXXFETF—XD0 & 1 DEGIZN U TEEL 2R,
AT — 212 100 #F, 7 A » 57— &1 20 4 Intel(R) Xeon(R) Gold
6426Y (800MHz) and NVIDIA A800 40GB.

Method Eval time | Kernel error
closed 2.702e0

Gauss-Herm | 1.280e2 6.596e-2
hgm 1.727€2 1.456e-6
Monte-Carlo | 2.904e3 1.814e-2
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hgm-ntk D544 ]

o O MEIHA L Pfaffian DEUEAANTIZ TR HEE

o GRONINMBDT—RIZHLUT (x,x)),i,j=1,...,N DN
FEZEHELUTRHET S

o FHELZAMENSEHY LD DEEATRTIHSEHITHIZED £
SR L TEL

o HABATHINIRIEL TWB D, ZHITEWVIREED & XX HGM
ZEZ IO TR (BUEMR D CHIfHMEZEIR T 5)

o BEoT7HAHITHIEZ HGM D AT & § 203, X 512 3IRITD 54
ELUTHRZE DN ITS &5 & ODE Solver 28 EF L B/
WOTINERL (FHEVRDOMEZ Z D F AL UTHRA
T5)
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o H—FNFEIFT—ZDMHH N IZH U T N2 B DEEDBELRD
TEHEAD TRPBE

o HIZIET—XDWITE M X 2T —R%ENARZ N X MITHEF
%L T —RDNEZEES B X758 T

xxT

EMTB.

o ZHNIXGPUIZL > T @ LA TE SDT MNIST DEER
TIZ GPU 2ffio T35,

e MNIST OEERTIZMIZ HGM D AN ZEB D E GPU %2 {#i 5
TWnw5
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E )]

e Holonomic BT H NILFHBERED 7L T XL % ffioT
NTK DEBEIHEATE 5.

o 5D T2\ A Holonomic 7RG MEALEBARIZ X LU THER R FEIC
ANUEE Y-S
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Rectified monomials 17 L0y [44] [44]
Error function erf(t) [43] [5]
ABReLU (Leaky ReLU) —Amin(t,0) + B max(t,0) [50, 51, 42] [50, 51, 42]
Exponential exp(At) [52, 46] (52, 46]
Hermite polynomials he(t) [46] This work
Sinusoidal sin(At + B) [45, 47, 53] This work
Gaussian exp (—At?) [43] This work
GeLU i (1 + erf (ﬁ)) [48] This work
ELU step(t)t + step(—t) (e’ — 1) [48] This work
Normalized Gaussian Unknown [54] This work
RBF V2sin(v2At + ) [45] This work
Gabor exp(—t?) sin(t) This work This work
Monomial e This work This work
Polynomial Z?‘:o a;t! This work This work
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Y (u)sinu @ dual activation 1% z = Ty
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