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ఆཧ: Jacot et al 2018a. NN ͷ෯͕ di → ∞ ͳΒ΄ͱ
ΜͲ͢΂ͯͷ θ ʹ͍ͭͯ K (x , x ′) ∼ !(x , x ′) ͱͳΔ.

ahttps://arxiv.org/abs/1806.07572

ωοτͷࣄهͳͲ 1. ! (NTK)ͷఆٛ.

Σ(0)(x , x ′) = xT x ′ + β2, (3)

Λ(h)(x , x ′) =

)
Σ(h−1)(x , x) Σ(h−1)(x , x ′)
Σ(h−1)(x ′, x) Σ(h−1)(x ′, x ′)

)
(4)

Σ(h)(x , x ′) = cσE(u,v)∼N(0,Λ(h))[σ(u)σ(v)] + β2 (5)

Σ̇(h)(x , x ′) = cσE(u,v)∼N(0,Λ(h))[σ̇(u)σ̇(v)] (6)

!(x , x ′) = !(L)(x , x ′) =
L+1∑

h=1

(
Σ(h−1)(x , x ′)

L+1∏

h′=h

Σ̇(x , x ′)

)
(7)

1https://oumpy.github.io/blog/2020/04/neural_tangents.html
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Dual activation

E(u,v)∼N(0,Λ(h))[σ(u)σ(v)] (dual activation of σ) ͸ੵ෼Ͱॻ͘ͱ

Ê [σ(u)σ(v)] =

∫

R2
σ(u)σ(v) exp(x11u

2+2x12uv+x22v
2)dudv (8)

E(u,v)∼N(0,Λ(h))[σ(u)σ(v)] = Ê [σ(u)σ(v)]

√
det(x)

π
, Λ(h) = −1

2
x−1.

(9)
• ReLU (rectified linear unit)2: σ(u) = uY (u), Y (u) Heavisideؔ
਺.
• Sigmoid: σ(u) = 1

1+exp(−u)

• GeLU (Gaussian error linear unit): σ(u) = 1
2

(
1 + erf

(
u√
2

))

dual activation Ͱ͖Ε͹ࢉܭ͕ NTK Ͱ͖Δࢉܭ͕

2https://en.wikipedia.org/wiki/Activation_function
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Dual activation ͷํ๏͸͍Ζ͍Ζ͞ڀݚΕ͍ͯΔ.

• ReLU ʹ͍ͭͯ͸۩ମతʹ࣍ͷ͕ࣜ஌ΒΕ͍ͯΔ. Λ Λ)
c21 c1c2r

c1c2r c22

)
, c1, c2 ≥ 0, |r | ≤ 1 ͱ͢Δͱ,

E(u,v)∼N(0,Λ)[σ(u)σ(v)] =
r(π − arccos(r)) +

√
1− r2

2π
· c1c2 (10)

E(u,v)∼N(0,Λ(h))[σ̇(u)σ̇(v)] =
π − arccos(r)

2π
(11)

• Han et al arxiv:2209.04121 ͸Ұൠతͳࢉܭ๏ͱͯ͠
Gauss-Hermite quadrature Λ༻͍Δํ๏Λ༩͍͑ͯΔ΄͔, ଟ߲
ࣜͷ৔߹ͷ dual activation Λ༩͍͑ͯΔ.
• ͦͷଞͷ activationʹର͢Δڀݚ΋ Han et al ͷ࿦จʹ·ͱΊ
ΒΕ͍ͯΔ.
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• activation ͕ ଟ߲ࣜ܎਺ͷઢܗৗඍ෼ํఔࣜͷղͷ࣌ʹ dual
activation Λ͢ࢉܭΔҰൠతΞϧΰϦζϜΛ༩͑ͨɻ

Algorithm 1
(Holonomic Gradient Method, HGM)
Input:σ1(u)ͱ σ2(u)ΛྵԽ͢Δઢܕ ODE %1 ,%2.
Output: Ê [σ1(u)σ2(v)]ͷ஋ (NTKͷͱ͖͸ σ1 = σ2).

1. %1 ͱ %2 ͕ C⟨u, v , ∂u, ∂v ⟩ Ͱੜ੒͢ΔࠨΠσΞϧʹখࢁ-஛ଜ
Th2 [arxiv:1211.6822] Λద༻ͯ͠ Holnomic ΠσΞϧ I1 ∈
D5 = C⟨x11, x12, x22, y1, y2, ∂11, ∂12, ∂22, ∂1, ∂2⟩ ΛಘΔ.

2. ΞϧΰϦζϜݶ੍ [Oaku 1997]Λ༻͍ͯ
I2 := (I1 + y1D5 + y2D5) ∩ C⟨x11, x12, x22, ∂11, ∂12, ∂22⟩ͷੜ੒
.Δ͚ͭݟΛݩ

3. I2 Λ Pfaffianܥʹॻ͘.

4. ॳظ஋ͱͯ͠ F ͷ x11 = −1, x12 = 0, x22 = −1·ͨ͸ͦͷप
Γͷ఺Ͱͷ஋Λڃ਺ల։ͳͲΛͯͬ࢖ධՁ͢Δ.

5. PfaffianܥΛ਺஋తʹղ͘
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∫

R2
uY (u)vY (v) exp(x11u

2 + 2x12uv + x22v
2 + y1u + y2v)dudv

• খࢁ-஛ଜ 2012͸͜ͷੵ෼ͷඍ෼ํఔࣜΛٻΊΔํ๏Λ༩͑ͯ
͍Δ.
• Ê [σ1(u)σ2(v)] ͷ (x11, x12, x22) = (−1, 0,−1)पΓͰͷڃ਺ల
։͸

∑
k∈N3

0
ckxk , xk = (x11 + 1)k11xk1212 (x22 + 1)k22 ͱͯ͠

ck =
2k12

k11!k12!k22!

×
∫ ∞

−∞
u2k11+k12σ1(u) exp(−u2)du

×
∫ ∞

−∞
v2k22+k12σ2(v) exp(−v2)dv . (12)

͜ΕΛͯͬ࢖ॳظ஋ΛධՁ͢Δ.
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ʦst-2024ʧΞϧΰϦζϜͷྲྀΕ (ReLUͷ৔߹)

HGM ͸ύϥϝʔλ෇͖ੵ෼ͷ஋Λࢉܭ

• (u∂u − 1) • uY (u) = 0.
• খࢁ-஛ଜ 20123 ΑΓ
∫

R2
uY (u)vY (v) exp(x11u

2 + 2x12uv + x22v
2 + y1u + y2v)dudv

͸

∂1(−y1 − 2(x11∂1 + x12∂2))− 1, (13)

∂2(−y2 − 2(x12∂1 + x22∂2))− 1, (14)

∂12 − 2∂1∂2, (15)

∂11 − ∂2
1 , (16)

∂22 − ∂2
2 , (17)

Λຬͨ͢ (∂ij = ∂/∂xij , ∂i = ∂/∂yi ). ੜ੒͢ΔࠨΠσΞϧΛ I1.
3https://arxiv.org/abs/1211.6822
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• ੵ෼Λ y1 = y2 = 0 ਺ͷຬͨ͢ํఔࣜ͸ؔͨ͠ݶ੍ʹ

I2 = (I1 + y1D + y2D) ∩ C⟨x11, x12, x22, ∂11, ∂12, ∂22⟩

͜͜Ͱ D = C⟨y1, y2, x11, x12, x22, ∂1, ∂2, ∂11, ∂12, ∂22⟩.
• ૉखͷ੍ࢉܭݶ, ͨͱ͑͹

−y1∂1 − 1− 2(x11∂
2
1 + x12∂1∂2)− 1

→ −y1∂1 − 2(x11∂11 + (1/2)x12∂12)− 1− 1, by (12) and (13).

• g(x) = Ê [σ(u)σ(v)](x), σ = ReLU ͕ຬͨ͢ͷ͸

2x11∂11 + x12∂12 + 2,

x12∂12 + 2x22∂22 + 2,

4∂11∂22 − ∂2
12
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F = (1, ∂12)
T • g .

∂x11 • F − P11F = 0, ∂x12 • F − P12F = 0, ∂x22 • F − P22F = 0

P11 =




−1
x11

− 1
2 x12
x11

2x12
x11(x212−x22x11)

1
2 (2x

2
12+3x22x11)

x11(x212−x22x11)



 ,

P12 =

(
0 1
−4

x212−x22x11
−5x12

(x212−x22x11)

)
,

P22 =




−1
x22

− 1
2 x12
x22

2x12
x22(x212−x22x11)

1
2 (2x

2
12+3x22x11)

x22(x212−x22x11)



 .

F (−1, 0,−1) = (1/4,π/8)T . scipy, solve ivp.
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1 import("nk_restriction.rr");;

2 V=[y1,y2,x11,x12,x22]; DV=poly_dvar(V);

3 P1=poly_dmul(dy1,-y1-2*x11*dy1-2*x12*dy2,V)-1;

4 P2=poly_dmul(dy2,-y2-2*x12*dy1-2*x22*dy2,V)-1;

5 I=[P1,P2,dx11-dy1^2,dx22-dy2^2,dx12-2*dy1*dy2];

6 dp_gr_print(1);

7 Iprime=nk_restriction.restriction_ideal(I,V,DV,[1,1,0,0,0]);

8

9 import("yang.rr");;

10 VV=[x11,x12,x22]; DVV=poly_dvar(VV);

11 yang.define_ring(["partial",VV]);

12 RII=map(dp_ptod,Iprime,DVV);

13 yang.verbose();

14 RG=yang.buchberger(RII);;

15 Std=[1,dx12];

16 Pf=yang.pfaffian(map(dp_ptod,Std,DVV),RG);
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ReLU σ = uY (u)
Rank 2 system. 0.196s (Risa/Asir, AMD EPYC 7552 48-Core, 1.5GHz)

Method Training time Pred time
closed 1.500e-2 1.98e-2
Gauss-Herm 3.352e0 3.306e0
hgm 8.571e0 1.017e1
Monte-Carlo 8.597e1 1.149e2

Kernel error
hgm 2.779e-8

Gauss-Herm 1.034e-3
Monte-Carlo 1.103e-3

Pred error
hgm 2.815e-3

Gauss-Herm 4.164e-2
Monte-Carlo 4.039e-1
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MNISTʹؚ·ΕΔը૾ͷྫ
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MNIST

MNISTखॻ͖จࣈσʔλͷ 0ͱ 1ͷը૾ʹରͯ݁ͨ͠͠ࢉܭՌ.
࿅σʔλ͸܇ 100݅, ςετσʔλ͸ 20݅ Intel(R) Xeon(R) Gold
6426Y (800MHz) and NVIDIA A800 40GB.

Method Eval time Kernel error
closed 2.702e0
Gauss-Herm 1.280e2 6.596e-2
hgm 1.727e2 1.456e-6
Monte-Carlo 2.904e3 1.814e-2
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hgm-ntkͷ࣮૷

• !ͷࢉܭͱ Pfaffianͷ਺஋ղੳʹ޻෉͕ඞཁ
• ༩͑ΒΕͨ N ͷσʔλʹରͯ͠ݸ (xi , xj), i , j = 1, . . . ,N ͷ಺
ੵΛهͯ͠ࢉܭԱ͢Δ
• ·Γ࡞Λྻߦࢄ෼ڞ಺ੵ͔Βద੾ͳ΋ͷΛબΜͰདྷͯͨ͠ࢉܭ
Ա͓ͯ͘͠هͨ
• ୀԽ͍ͯ͠Δ͔,ͦΕʹ͍ۙঢ়ଶͷͱ͖͸͕ྻߦࢄ෼ڞ HGM
Λ͑࢖ͳ͍ͷͰআ͘ (਺஋ੵ෼Ͱظ଴஋Λ͢ࢉܭΔ)
• Λྻߦࢄ෼ڞͨͬ࢒ HGMͷೖྗͱ͢Δ͕, ͞Βʹ ͷ఺ݩ3࣍
ͱͯͨ͠ݟͱ͖ͷڑ཭͕ۙ͗͢ΔͱODE Solver্͕ख͘ಈ͔ͳ
͍ͷͰ͜Ε΋আ͘ (े෼͍ۙ఺ͷ஋Λͦͷ··ظ଴஋ͱͯ͠࠾༻
͢Δ)
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• Χʔωϧ๏͸σʔλͷ݅਺ N ʹରͯ͠ N2ճͷ͕ࢉܭඞཁͳͷ
Ͱߴ଎Խͷ޻෉͕ඞཁ
• ྫ͑͹σʔλͷ࣍ݩΛM,X ΛσʔλΛฒ΂ͨN ×M ͱ͢ྻߦ
Δͱσʔλͷ಺ੵΛऔΔ෦෼͸ྻߦͰ

XXT

ͱ͔͚Δ.
• ͜Ε͸ GPUʹΑ͔ͬͯͳΓߴ଎Խ͕Ͱ͖ΔͷͰMNISTͷ࣮ݧ
Ͱ͸ GPUΛ͍ͯͬ࢖Δ.
• MNISTͷ࣮ݧͰ͸ଞʹ HGMͷೖྗΛ࡞Δ෦෼΋ GPUΛͬ࢖
͍ͯΔ
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·ͱΊ

• Holonomicؔ਺Ͱ͋Ε͹ࢉܭ୅਺ͷΞϧΰϦζϜΛͯͬ࢖
NTKͷ͕ۙࢉܭࣅͰ͖Δ.
• ʹԽؔ਺ʹରͯ͠༗ޮͳख๏ੑ׆Β͔Ͱͳ͍͕Holonomicͳ׈
ͳΓಘΔ.
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