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KZ型方程式
M :

∂u

∂xi
=

∑
0≤ν≤n−1

ν ̸=i

Aiν

xi − xν
u (i ∈ Ln)

Ln := {0, . . . , n−1}, Aij = Aji ∈M(N,C), Aii = 0, u =

( u1...
uN

)
積分可能条件 [Aij , Akℓ] = [Aij , Aik +Ajk] = 0

KZ型方程式 ←↩ rigid フックス型常微分 (原岡) du
dx = A01

x−x1
u+ · · ·+ A0n−1

x−xn−1
u

←↩ 3点の特異点を持つ P1 上の Fuchs型方程式
middle convolutionと addition ⇝ アクセサリー・パラメーターと局所構造
KZ型方程式 : SpM ← 常微分のスペクトル型 / (generalized) Riemann scheme

Ai∞ := −(Ai0 +Ai1 + · · ·+Ain−1) (i ∈ Ln)

L̃n := Ln ∪ {∞}, Ai = A∅ = 0

Ai1···ik :=
∑

1≤p<q≤k

Aipiq ({i1, . . . , ik} ⊂ L̃n) (generalized) 留数行列

[AI , AJ ] = 0
(
I ⊂ J or I ⊃ J or I ∩ J = ∅, I, J ⊂ L̃n

)
[AI , ALn

] = 0 ⇒ ALn
= κ : scalar (⇐M : 既約） (κ = 0 : 斉次)



• [A,B] = 0 ⇒ ∃同時 (一般)固有空間分解 :

A =

(
0
0
0
4

)
, B =

(
1
2
2
3

)
⇒ [A : B] = {[0 : 1]1, [0 : 2]2, [4 : 3]1}= {[0 : 1], [0 : 1]2, [4 : 3]}
• [Bi, Bj ] = 0 (i, j = 1, .., r) ⇒ [B1 : · · · : Br] = {[λ1,1 : · · · : λr,1]m1

, · · · }

定義. 有限集合 Lの可換部分集合族 I = {Iν | ν = 1, . . . , r}
def.⇐⇒ Iν ⊂ L, |Iν | > 1 and ( Iν ⊂ Iν′ or Iν ⊃ Iν′ or Iν ∩ Iν′ = ∅ )
I が極大 def.⇐⇒ ( I, I ′：可換部分集合族で I ⊂ I ′ ⇒ I = I ′ )

定義. Ln := {Ln = {0, . . . , n−1}の極大可換部分集合族 }
SpM :=

{
[AI1 : · · · : AIn−1

] | I = {I1, . . . , In−1}
}
I∈Ln

01 23

0123

01234

0 1 2 3 4

Fact. Ln ≃ {Lnの元でラベルづけられた nチームのトーナメント戦 }
|Ln| = (2n− 3)!! |I| = n− 1 (I ∈ Ln)

例. L5 = {0, 1, 2, 3, 4}, |L5| = 105

I =
{
{0, 1}, {0, 1, 2, 3}, {2, 3}, {0, 1, 2, 3, 4}

}
{
[Aij : Akℓ : Aijkℓ], [Aij : Aijk : Aℓm], [Aij : Aijk : Aijkℓ] | {i, j, k, `,m} = L5

}



Blowing-up of singular points

KZ equation (Pfaffian form) : du = Ωu, Ω =
∑

0≤i<j<n

Aijd log(xi − xj)

I = {I1, . . . , In−2, Ln} ∈ Ln : Ln の極大可換部分集合族
J, J ′ ∈ Ĩ := I ∪

⋃
ν∈Ln

{
{ν}

}
with Ln = J ⊔ J ′ : I の準決勝

J = {j0, . . . , jk}, J ′ = {j′0, . . . , j′k′} (k + k′ = n− 2)

特異点：xj0 = · · · = xjk and xj′0
= · · · = xj′

k′
(k, k′ ≥ 0)

A local coordinate : (xj1 , . . . , xjk , xj′1
, . . . , xj′

k′
) with xj0 = 0 and xj′0

= 1

{ni, n
′
i} : 試合 Ii で対戦したチーム

定義. X = (X1, . . . , Xn−2) : 次で定まる局所座標系 xni − xn′
i
=

∏
Ii⊂Iν ̸=Ln

Xν

定理 1. Ω−
n−2∑
i=1

AIid logXi は X の原点の近傍で正則

Ex. (x, y) = (0, 0) :

x2 − x0 = y = Y,

x1 − x0 = x = XY,

x1 − x2 = (X − 1)Y,

(X,Y ) = (xy , y), 0 x y 1
x0x1x2x3

dx
x = dX

X + dY
Y , dy

y = dY
Y , d(x−y)

x−y = dY
Y +d(X−1)

X−1 , {I1, I2} =
{
{0, 1}, {0, 1, 2}

}



(x, y) = (0, 1) :

x1−x0 = x = X,

x3−x2 = 1−y = Y,

X = x,

Y = y+1,
0 x y 1
x0x1x2x3

x

y

0

0

1

1

•

•
Ω′ = Ax0

dX
X +Ay1

dY
Y (|x|, |y − 1| ≪ 1)

補題. i, j ∈ L（i ̸= j）に対して，iと j を共に含む I の元で極小なものを Ii,j と
する．このとき xni − xn′

i
（1 ≤ i ≤ n− 2）は C上一次独立で以下が成り立つ．

xi − xj =

n−2∑
ν=1

εν(xnν− xn′
ν
) with


εν = 0 (Iν ⫌ Ii,j or Iν ∩ Ii,j = ∅)
εν ∈ {1,−1} (Iν = Ii,j)

εν ∈ Z (Iν ⫋ Ii,j)

n = 5

(x, y, z) = (0, 0, 1) :
0 x y z 1
x0x1x2x3x4


x2 − x0 = y = Y,

x1 − x0 = x = XY,

x3 − x4 = z − 1 = Z,

(X,Y, Z) = (xy , y, z−1)

Ω′ = Ax0
dX

X
+Axy0

dY

Y
+Az1

dZ

Z
(|x| ≪ |y| ≪ 1, |z − 1| ≪ 1)



(x, y, z) = (0, 0, 0) :

0 x y z 1
x0x1x2x3x4


x3 − x0 = z = Z,

x2 − x0 = y = Y Z,

x1 − x0 = x = XY Z,
X = x

y ,

Y = y
z ,

Z = z,


y − z = (Y − 1)Z,

x− y = (X − 1)Y Z,

x− z = (XY − 1)Z,

Ω′ = Ax0
dX

X
+Axy0

dY

Y
+Axyz0

dZ

Z
(|x| ≪ |y| ≪ |z| ≪ 1)

(x, y, z) = (0, 0, 0) :

0 x y z 1
x0x1x2x3x4


x3 − x0 = z = Z,

x1 − x0 = x = XZ,

x3 − x2 = z − y = Y Z,
X = z

x ,

Y = z−y
z ,

Z = z,


y = (1− Y )Z,

x− y = (X + Y − 1)Z,

x− z = (X − 1)Z,

Ω′ = Ax0
dX

X
+Ayz

dY

Y
+Axyz0

dZ

Z
(|x|, |y − z| ≪ |z| ≪ 1).



Middle convolution with respect to x0

パラメータ µ ∈ CをもつMの convolution m̃cx0,µMの定義は
M̃ :

∂ũ

∂xi
=

∑
0≤ν<n

Ãiν

xi − xν
ũ (0 ≤ i < n)

Ã0k =



k

0 · · · 0 · · · 0

.

.

. · · ·
.
.
. · · ·

.

.

.

k A01 · · · A0k +µ · · · A0n

.

.

. · · ·
.
.
. · · ·

.

.

.

0 · · · 0 · · · 0


∈ M

(
(n − 1)N, C

) (Dettwiler-Reiter ⇐ Katz),

Ãij =



i j

Aij

.
.
.

i Aij +A0j −A0j

.
.
.

j −A0i Aij +A0i

.
.
.

Aij



∈ M
(
(n − 1)N, C

) (Haraoka)



ιj(v) := (v)j := j

 0...
v...
0

 ∈ C(n−1)N (v ∈ CN ), ιj : CN ↪→ C(n−1)N

ιI :=
∑
i∈I

ιi : CN ↪→ C(n−1)N , (v)I := ιI(v) ∈ C(n−1)N (v ∈ CN , I ⊂ L0
n)

K̃j := ιj(KerA0j) = j


0...

KerA0j...
0

 ⊂ C(n−1)N , L0
n := {1, . . . , n−1}

K̃∞ := ker Ã0,∞
µ ̸=0
= ιLn

(
Ker (A0∞ − µ)

)
=

{( v...
v

)
| A0∞v = µv

}
⊂ C(n−1)N

K̃ := K̃∞ +

n⊕
j=1

K̃j (direct sum ⇐ µ ̸= 0) ⇒ ÃI -invariant (I ⊂ Ln)

ĀI := ÃI |C(n−1)N/K̃ ∈M
(
(n− 1)N − dim K̃,C

)
middle convolution M = mcx0,µM :

∂ū

∂xi

=
∑

0≤ν<n

Āiν

xi − xν

ū

mcx0,−µ ◦mcx0,µ = id (⇐ ∂µ ◦ ∂−µ)

Fact. ALn = κ, I ⊂ Ln ⇒ ĀI = ĀL̃n\I + κ +µ (κ = 0)



定義. For i ∈ Ln and I, J ⊂ Ln

mdi,J (I) :=

{
I ∪ {i} (I ⊃ J)

I \ {i} (I ̸⊃ J)
mei,J(I) :=

{
1 (i ∈ I ⊃ J)

0 (i ̸∈ I or I ̸⊂ J)

i ∈ I ⊃ J or i ̸∈ I ̸⊃ J ⇒ mdi,J(I) = I

Fact. mdi,J : {可換族 } → {可換族 }

定理 2. (i) For I = {I(1), . . . , I(n−1)} ∈ Ln and I ∈ I

[ÃI ] = [AI∪{0} + µ]|I|−1 ⊔ [AI\{0}]n−|I|

[ÃI(1) : · · · : ÃI(n−1) ] =
⊔
J∈I

[AJ
I(1) : · · · : AJ

I(n−1) ]

[ÃI(1) : · · · : ÃI(n−1) ]|Kj
= [A

{j}
I(1) : · · · : A

{j}
I(n−1) ]|kerA0j

(j ∈ L0
n = Ln \ {0})

[ÃI(1) : · · · : ÃI(n−1) ]|K∞ = [ALn

I(1) : · · · : ALn

I(n−1) ]|ker(A0∞−µ) (A0∞=AL0
n
−ALn

)

AK
I := Amd0,K(I) +me0,K(I) · µ

(ii) U−1
b0(I)ÃI(i)Ub0(I) : 同時ブロック上三角行列 (i = 1, . . . , n−1)



順序. I = {I(1), . . . , I(n−1)} において，以下を仮定してよい（I の元の順序づけ）.
I0 := {I | 0 ∈ I ∈ I} = {I(k1), . . . , I(km)}

1. kp < kq ⇔ I(kp) ⫋ I(kq)

2. kp < i ≤ j < kp+1 ⇐ I(kp) \ I(kp−1) ⊃ I(i) ⊃ I(j) (I(k0) := ∅)
定義. For i ∈ Ln and I ∈ I

bi(I) ∈ Ĩ := I ∪
⊔

ν∈Ln

{
{ν}

}
so that i ̸∈ bi(I) ⫋ I and I \ bi(I) ∈ Ĩ

GL
(
(n− 1)N,C

)
∋
(
Ub0(I)

)
1≤i≤n−1
1≤j≤n−1

:=

1N

(
i ∈ b0(I(j))

)
0

(
i ̸∈ b0(I(j))

)
01 23

0123

01234

0 1 2 3 4

例. L = {0, 1, 2, 3, 4}
I =

{
{0, 1}, {0, 1, 2, 3}, {2, 3}, {0, 1, 2, 3, 4}

}
b0({0, 1}) = {1}, b0({0, 1, 2, 3}) = {2, 3}, b0({2, 3}) = {2}, b0(L5) = {4}

L = {0, 1, . . . , 10} :
1 2 3 4 0 5 6 7 8 9 10

∞

I : {0, 5, 6}, {5, 6}, {0, . . . , 6}, {1, 2, 3, 4}, {1, 2}, {3, 4}, {0, . . . , 10}, {7, 8, 9, 10}, {7, 8}, {9, 10}
b0 : {5, 6}, {5}, {1, 2, 3, 4}, {1, 2}, {1}, {3}, {7, 8, 9, 10}, {7, 8}, {7}, {9}



1. 0 1 2 3 I =
{
{0, 1}, {0, 1, 2}, {0, 1, 2, 3}

} b0−→
{
{1}, {2}, {3}

}
U =

1 0 0
0 1 0
0 0 1

 , V = U−1 =

1 0 0
0 1 0
0 0 1

 , Ã∗ → V Ã∗U

Ã01 =

A01+µ A02 A03

0 0 0
0 0 0

→
A01+µ A02 A03

0 0 0
0 0 0


Ã012 =

A012+µ 0 A03

0 A012+µ A03

0 0 A12

→
A012+µ 0 A03

0 A012+µ A03

0 0 A12


[Ã01 : Ã012] = {[A01+µ : A012+µ], [0 : A012+µ], [0 : A12]}

[Ã01 : Ã012]|K1
= [A01 + µ : A012 + µ]|kerA01

[Ã01 : Ã012]|K2 = [0 : A012 + µ]|kerA02

[Ã01 : Ã012]|K3 = [0 : A12]|kerA03

[Ã01 : Ã012]|K∞ = [0 : A12]|ker (A0∞−µ)



2. 1 2 0 3 I =
{
{0, 1, 2}, {1, 2}, {0, 1, 2, 3}

} b0−→
{
{1, 2}, {1}, {3}

}
U =

1 1 0
1 0 0
0 0 1

 , V = U−1 =

0 1 0
1 −1 0
0 0 1

 , Ã∗ → V Ã∗U

Ã012 =

A012+µ 0 A03

0 A012+µ A03

0 0 A12

→
A012+µ 0 A03

0 A012+µ 0
0 0 A12


Ã12 =

A012−A01 −A02 0
−A01 A012−A02 0
0 0 A12

→
A12 −A01 0

0 A012 0
0 0 A12


[Ã012 : Ã12] = {[A012+µ : A12], [A012+µ : A012], [A12 : A12]}

[Ã012 : Ã12]|K1
= [A012 + µ : A012]|kerA01

[Ã012 : Ã12]|K2 = [A012 + µ : A012]|kerA02

[Ã012 : Ã12]|K3 = [A12 : A12]|kerA03

[Ã012 : Ã12]|K∞ = [A12 : A12]|ker (A0∞−µ)



3. 1 2 3 0 I =
{
{0, 1, 2, 3}, {1, 2, 3}, {1, 2}

} b0−→
{
{1, 2, 3}, {1, 2}, {1}

}
U =

1 1 1
1 1 0
1 0 0

 , V = U−1 =

0 0 1
0 1 −1
1 −1 0

 , Ã∗ → V Ã∗U

Ã123 =

−A01 −A02 −A03

−A01 −A02 −A03

−A01 −A02 −A03

→
A123 −A01 −A02 −A01

0 0 0
0 0 0


Ã12 =

A012−A01 −A02 0
−A01 A012−A02 0
0 0 A12

→
A12 0 0

0 A12 −A01

0 0 A012


[Ã123 : Ã12] = {[A123 : A12], [0 : A12], [0 : A012]}

[Ã123 : Ã12]|K1
= [0 : A012]|kerA01

[Ã123 : Ã12]|K2
= [0 : A012]|kerA02

[Ã123 : Ã12]|K3 = [0 : A12]|kerA03

[Ã123 : Ã12]|K∞ = [A123 : A12]|ker (A0∞−µ)



4. 0 1 2 3 I =
{
{0, 1}, {0, 1, 2, 3}, {2, 3}

} b0−→
{
{1}, {2, 3}, {2}

}
U =

1 0 0
0 1 1
0 1 0

 , V = U−1 =

1 0 0
0 0 1
0 1 −1

 , Ã∗ → V Ã∗U

Ã01 =

A01+µ A02 A03

0 0 0
0 0 0

→
A012+µ A02+A03 A02

0 0 0
0 0 0


Ã23 =

A23 0 0
0 A023−A02 −A03

0 −A02 A023−A03

→
A23 0 0

0 A23 −A02

0 0 A023


[Ã01 : Ã23] = {[A01+µ : A23], [0 : A23], [0 : A023]}

[Ã01 : Ã23]|K1
= [A01 + µ : A23]|kerA01

[Ã01 : Ã23]|K2
= [0 : A023]|kerA02

[Ã01 : Ã23]|K3 = [0 : A023]|kerA03

[Ã01 : Ã23]|K∞ = [0 : A23]|ker (A0∞−µ)



1 の場合
J\Ã 0̃1 0̃12

01 01+µ 012+µ

012 0 012+µ

0123 0 12

1 01+µ 012+µ

2 0 012+µ

3 0 12

∞ 0 12

2 の場合
J\Ã 0̃12 1̃2

012 012+µ 12

12 012+µ 012

0123 12 12

1 012+µ 012

2 012+µ 012

3 12 12

∞ 12 12

3 の場合
J\Ã 1̃23 1̃2

0123 123 12

123 0 12

12 0 012

1 0 012

2 0 012

3 0 12

∞ 123 12

4 の場合
J\Ã 0̃1 2̃3

01 01+µ 23

0123 0 23

23 0 023

1 01+µ 23

2 0 023

3 0 023

∞ 0 23

1 2 3 4 0 5 6 7 8 9 10

∞

• •← md0,J−−−−−→
J={3,4} 1 2 3 4 0 5 6 7 8 9 10

•

∞

J = {3, 4} : {3, 4} → {0, 3, 4}, {1, 2, 3, 4} → {0, 1, 2, 3, 4}, {0, 5, 6} → {5, 6}

1 2 3 4 0 5 6 7 8 9 10

∞

•
•

← md0,J−−−−→
J={3} 1 2 0 3 4 5 6 7 8 9 10

•

∞

j = 3 : {3, 4}→{0, 3, 4}, {1, 2, 3, 4}→{0, 1, 2, 3, 4}, {0, 5, 6}→{5, 6}, + {0, 3}



トーナメント戦
3 teams

2 patterns :

0 1 2
=

1 0 2
=

2 0 1
6=

1 2 0
,
0 2 1 ◦ ◦

1 type, 2 patterns, 3 (cases of) tournaments, 2 win types

4 teams

0 1 2 3

: 1 pattern

: 4!
23

= 3 cases
◦

0 1 2 3

: 4 patterns

: 4!
2
= 12 cases

◦ ◦ ◦
2 0 1 3 3 0 1 2 3 2 0 1

2 types, 5 patterns, 15 tournaments, 4 win types

5 teams

0 1 2 3 4

: 2 patterns

: 5!
23

= 15 cases,
◦ ◦

0 1 2 3 4

: 4 patterns

: 5!
22

= 30 cases,
◦ ◦ ◦

0 1 2 3 4

: 8 patterns

: 5!
2
= 60 cases

◦ ◦ ◦ ◦
3 types, 14 patterns, 105 tournaments, 9 win types



トーナメント戦に関わる場合の数
teams 2 3 4 5 6 7 8 9 10 n

patterns 1 2 5 14 42 132 429 1430 4862 Tn = (2n−2)!
n!(n−1)!

win types 1 2 4 9 20 46 106 248 582 Wn

types 1 1 2 3 6 11 23 46 98 Un

tournaments 1 3 15 105 945 10395 135135 2027025 34459425 Kn = (2n− 3)!!

Tn =

n−1∑
k=1

Tk · Tn−k, T1 = 1, (patterns)

Wn =
∑

1≤k≤n−1

Wk · Un−k, W1 = 1, (win types)

Un =
1

2

( ∑
1≤k≤n−1

Uk · Un−k

(
+Un

2
if n is even

) )
, U1 = 1, (types)

Kn =
1

2

n−1∑
k=1

nCk ·Kk ·Kn−k, K1 = 1. (tournaments)

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗n

n teams

insertion

deletion ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗n

n+1 teams

2n−1 vertical line segments ⇒ Kn+1 = (2n−1)Kn ⇒ Kn = (2n−3)!!.



n teams

k teams (n−k) teams

0, . . . , k−1 k, . . . , n

1 ≤ k < n ⇒

Tn ← Tk · Tn−k

Wk ⇐Wk · Un−k

k < n− k ⇒

Un ← Uk · Un−k

Kn ← nCk ·Kk ·Kn−k

k = n−k ⇒

Un ← 1
2
Uk(Uk − 1) + Uk,

Kn ← nCk

(
1
2
Kk(Kk − 1)

)
+

(
1
2nCk

)
Kk

Identities

Kn = (2n− 3)!! =
1

2

n−1∑
k=1

nCk · (2k − 1)!! · (2n− 2k − 1)!!

Tn = Cn−1 =
(2n− 2)!

(n− 1)!n!
=

n−k∑
k=1

(2k − 2)!

(k − 1)!k!

(2(n− k)− 2)!

(n− k − 1)!(n− k)!

1 =
(
1−

∞∑
k=1

Unx
k
)( ∞∑

ℓ=0

Wℓ+1x
ℓ
)
,

Cn : Catalan number

Un : Wedderburn-Etherington number



(
A12+A02 −A02 0

−A01 A12+A01 0
0 0 A12

)
+

(
A13+A03 0 −A03

0 A13 0
−A01 0 A13+A01

)
+

(
A23 0 0
0 A23+A03 −A03
0 −A02 A23+A02

)
=

(
A0123−A01 −A02 −A03

−A01 A0123−A02 −A03
−A01 −A02 A0123−A03

)
(⇐ A12 +A13 +A14 = A123)

Ã1···k =



A0···k−A01 · · · −A0k

... · · ·
...

−A01 · · · A0···k−A0k

A1···k
. . .

A1···k


I ⊂ Ln (= {1, . . . , n−1}), i ∈ I, j ∈ Ln \ I

ÃI(v)J = (AIv)J in VJ := ιJ(CN ) (I ⊂ ∀J ⊂ Ln)

ÃI(v)i = (A0Iv)i − (A0iv)I ≡ (A0Iv)i mod VI (i ∈ I)

ÃI(v)j = (AIv)j (j /∈ I)

ÃI(v)Ln = (AIv)Ln

[ÃI ] = [AI ]n−|I| ∪ [A0I ]|I|−1

ÃI(v)i = (A0Iv)i (v ∈ kerA0i)



Ã0···k−1 =



A01···k−1 + µ A0k · · · A0n−1
. . .

... · · ·
...

A01···k−1 + µ A0k · · · A0n−1
A1···k

. . .

A1···k


I ⊂ Ln (I = {1, . . . k−1} ↑), i ∈ I, j ∈ Ln \ I

Ã0I(v)i = ((A0I + µ)v)i

Ã0I(v)j = (A0jv)I + (AIv)j ≡ (AIv)j mod VI

(A0I + µ)v +
∑

ν∈Ln\I

A0νv = AIv+
(n−1∑
ν=1

A0ν + µ
)
v

: −A0∞

≡ AIv mod ker(A0∞ − µ)

[Ã0I ] = [AI ]n−1−|I| + [A0I + µ]|I|



KZ型方程式とトーナメント戦の対応
n変数の KZ型方程式 nチームのトーナメント戦
極大可換留数行列族 トーナメント戦

局所座標系 トーナメント戦と各試合の勝敗結果
KZ型方程式のスペクトル トーナメント戦の全体

middle convolutionを行う変数 優勝チームを決める
極大可換留数行列族の上三角化の基底 優勝チームとトーナメント戦の結果

middle convolution 優勝チームの deletionと insertion

middle convolutionの定義の kernel 上で basic/top insertion

さらにm個の固定特異点がある場合 nチームをm個にグループ分け
例：変数 x0, x1, x2, 固定特異点 y3, y4, y5 ⇒ 105個の極大可換留数行列族

∂u

∂xi
=

∑
0≤ν≤2
ν ̸=i

Aiν

xi − xν
u+

5∑
ν=3

Aiν

xi − yν
u (i = 0, 1, 2)

0 3 1 4 2 5{
{0, 3}, {1, 4}, {2, 5}

}

{
3

0} t {
4

1} t {
5

2}

0 3 2 1 4 5{
{0, 3}, {1, 4}, {0, 2, 3}

}

{
3

0, 2} t {
4

1} t
5

∅

0 1 2 3 4 5{
{0, 1}, {2, 3}, {0, 1, 2, 3}

}

{0,
3

1, 2} t
4

∅ t
5

∅



超平面に特異点をもつ Pfaff系
du = Ωu, Ω =

∑
jAjd log fj (Ω ∧ Ω = 0)

Hj := {x ∈ C∞ | fj(x) = 0} : 超平面 (fj ∈ C[x1, . . . , xn] with n� 1)

fj(x) = aj1x1 + · · ·+ ajnxn + cj

H :=
∪

j Hj

Pfaff系の変換
(1) addition : Ω 7→ Ω+ λ · d log f
(2) middle convolution : mcxi,µ (Katz, Dettweiler-Reiter, Haraoka)

(3) 座標変換，代入 x 7→ R(x) (制限も含む)

例：
(x1, x2, x3, . . .) 7→ (xσ(1), . . . , xσ(n), xn+1, . . .) (σ ∈ Sn)

(x1, x2, x3, . . .) 7→ (ax1+bx2+c, dx1+ex2+f, x3, . . .) (a=b=0も可)

(x1, x2, x3, . . .) 7→ ( 1
x1

, x2
x1

, x3
x1

, . . .)

(4) 境界値写像 (特異超平面への制限)

Fact. H 7→ H̄

問. 自明な方程式から出発してどのようなものが得られるか？　得られたものを解析せよ
(KZ型のときは H =

∑
1≤i<j≤n

{x ∈ C∞ | xi−xj = 0}）



Thank you for your attention!
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