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KZ B A1ER

ou A,L',/
M : — u
= 2 &
0<v<n-—1
vF#1L

Lyi={0,....n-1}, Ay =A; € M(N,C), Ay =0, u= (u )
RS ETRERM (A, Ape] = [Ass, A + Ay = 0 o
KZ BARR « rigid 7w o RBEWS (REA) 2 = 2wt 2ty
— 3aDBEAZRD P! ED Fuchs B2 AT1ER
middle convolution & addition ~ 72t 1) — « NS AXA—2— GRS
KZ BA5FER . Sp M «— BWABDARY RILEY / (generalized) Riemann scheme
Ajoo = —(Ajo + At + -+ A1) (i € Ly)

Ly,:=L,U{x}, A;=A4;=0
Aip gy, = Z Ai i ({41, 0k ) C En) (generalized) B#1T5

1<p<qg<k

(A5, Aj)l=0 (IcJorId>JorINJ=0,1,JCL,)
(A7, AL ]=0 = A =rk:scalar (<M : Bty (=0 FRX)




o [A,B] =0 = [ (—#%) BEZEME7HE
a=("r, ) m=( )
= [A:B]={[0:1]1,[0:2]2,[4:3]1}={[0:1],[0: 1]5,[4: 3]}
O[Bi,Bj]:O (i,j:1,..,r) — [BlZ-“ZBT]:{[)\LlI---Z)\r71]m1,'°°}
E&. BRES L OusaEsEkZI={l, |v=1,...,r}
&Y L, |I,|>1and (I, C I, or I, 51, or I, NI, =0)
I DA £5 (7, T TSN ERKTICT =TI=1)

g L, ={L,=1{0,....n—1} OMWKEJEETESHE |

SpM = {[Afl et A T = {117"‘7In_1}}I€£n
Fact. £, ~ {L, DT TINILDIFSNTon F—LDb—F X2 ML} 01434
Lo=@n—3)1 [Il=n—1 (TeL,) 0123
Bl Ls = {0,1,2,3,4), |Ls| = 105 e

7 ={{0,1},{0,1,2,3},{2,3}.{0,1,2,3, 1} }

{14« Ake : Aijel, [Aij + Aijie - Ao, [Aij + Aijic = Aijie] | {24, k,¢,m} = Ls }



Blowing-up of singular points
KZ equation (Pfaffian form) :  du = Qu, Q= Z A;;dlog(z; — x;)

0<i<yi<n

T={l,....,I,_9,L,} €L, : L, ODBKAGHRIEETE
J, J €L :=TU,c; {{v}} with L, = JUJ : T OEERE
J={jossdrts I ={gbs i} (B+ K =n—2)

. p— p— . . T e e ¢ — . /
¥ER (2, = - =1 , and Tjp = =Ty, (k, k' > 0)
A local coordinate : (zj,,...,Zj,, 2/, - - ,a:jI;/) with z;, =0 and z;; =1

{n;,ni}: B&L TRHELEF—L
EE% X = (X17 ce ,Xn—Q) . ;k—t‘-‘fﬁié)%ﬁﬁ@*%% Ln,; — Zlfn; — H XV

I’Lcjl/#Ln
n—2
FE 1 Q- > ArdlogX; 1 X OERDAETIER
1=1
To —xg =y =Y, T — 12 = (X —1)Y, rl_,—‘
Ex. (z,y) = (0,0): 1 |
$1—$0:$:XY, (va):(gay)a Cg)ogliéyleg
T d(x— d(X—1
dx — dj? _I_%) d_yy — dga x_yy) — d}}/ T (X—l)’ {117]2} — {{071}7{07172}}




T1—Tog =T = X, X =z, 1
(z,y) =(0,1) : 0r Y1 !
C173_55'2:1_y:}/7 Y =y+1, ToI1 Loy 0
T
V=A% +An5 (2l ly -1 < 1) UNE
fiHRE. 1, ] € L (Z?éj) IS LT, ¢ t ZHICEC I DTN EH D% Iz',j Z
9%. COEEx,, —x, (1<i<n—2) HCJ:—JK?HE'ZT“J—X_FfJ“lﬁDl'Z’).
2 (e, =0 (I, 2 L jor I, N I; ; = 0)
i = &j = ZEV(xny_ajnf,) with ¢ e, € {1,-1} (I, =1 ;)
v=1 \EV e Z (L/ ; Iz',j)
=5
($2—$0:y:Y,
—x9g=x = XY,
(.y,2) = (0,0,1): 1 | @ S
O:I:yzl x3— Ty =2—1=14,
ToXL1 Lo L3 T
R \(X,Y,Z):(%,y,z—l)

dX dY d/




(z,,2) = (0,0,0) : Hﬁﬂ

0Oz Y z 1
LoL1TLoT3Ty

(ng,
Yy
<Y:%7
2 = 2,
dX dY dz
(x,y,2) = (0,0,0) : H?%i_w
0Oz Y z 1
LoL1To2X3Ty
rX:57
<Y: Z;ya
\Z_Z’
dX dY dz
Q/:Amoy—i_AyZ?—i_AmyZO?

y

(

T3 — T =2 = 4,
xz_xozy:YZ,
\xl_xO:x:XYZ7

ry_Z:(Y—l)Z,

z—2z= (XY -1)Z,

| < |yl < |2 < 1)

(

\xB_IQ:Z—y:YZ,

(y=(1-Y)Z,
j2-y=X+Y-1)7
z—z=(X-1)Z

(Iz], Iy — 2] < 2] < 1).



Middle convolution with respect to x
INZA—=& ;, € CZHD M D convolution me,, ,, M DEEIE

~ 8”& lliy ~ .
: _ - <
M o g u (0 1 < n)

Ti— T
o<v<n k v
k
0 0 0
Aok =k | Agy -+ Agn+u - Agn | € M((n—1N,c)  (Dettwiler-Reiter <= Katz),
0 0 0
i j
2 A’Lj +A0] _AOJ
A = . e M((n —1)N,c)  (Haraoka)
J — 404 Aij tAoq

1J



0
Li(v) = (v); =3 (u) e Cn=UN  (y e M), i CY cn—DN
0
Lr = sz CN — c=DN () = (v) eC N (e, Tc LY
el
0
K; = 1j(Ker Ag;) = j| Kerdo; | < C DN 10 = {1, ... n—1}
0

K. :=ker flo,oo Hz0 LL, (Ker (Apoo — ,u)) = {( : ) | Agec¥ = ,wu} c ¢n=1)N
K =Ko @IC (direct sum < p#0) = Aj-invariant (I C Ly,)

A = AI\@n_l)N/,@ € M((n—1)N —dimK, C)

. . — ot A;
middle convolution M =mc,, , M: — = Z —— 1

0x; 02, i~ T
. _ rvr<n
MCyy—y © MCy, , =1d (<= 0F 0 07H)

Fact. Ay, =k, [ICLy= Ar=Ap \,+r+p (n=0)



EFEK. ForieL,and I, JCL,

I\{iy (I2J)

md, (1) i {IU iy (I>J)

ielD>JoriglpJ =md; ;(I)=1
Fact. md; ; : { °I#25% } — { °J#a5% }

FIE 2 (i) Forz={IW, ... 1"l cL, andIcT
[Af] = [Arugor + plir—1 U [Angod n—|1]
[121](1) 2 999 Aﬂn—l)] — |_| [A{m 2 %7 c A{(n—l)]
JeLl
A it Apeen e, = [AF -+t AFD ) llker o, (G € L8 = Lo \ {0})
[Arw -+t Ap-nllce = [A78) -+ 0 Al lker(Agm—p) (Aoco=ALo —AL,)

A7 = Amdo e (r) +meo i (1) -

(ii) Ub_o%I)AI(“UbO(I) : AR7Ovy 2 L=A177 (=1

y..oyn—1)




BF. 7= {IW,.. I ZEVWT, UTERELTLLWL (T DTOIEFDIT) .
To:={I|0ecleT}={I%k) .  I(m)}
1. k, < k, & [ke) G (ka)
2.k, <i<j<kpy < IF)\[Fe-1) 5 [0 516G ([(Fo) . )
E#H:. ForieL,and I €7
b(I)eL:=TU|],, {{v}} sothat igbi(I)GIand I\b'(I)eT

{1N (i € (1))

GL((n — 1)N, C) =, (UbO(I))lgign—l =

1<j<n-1 0 (i gbO(19))) r01534
B. L=1{0,1,2,3,4} 01297
rOy 237
T = {{0,1},{0,1,2,3},{2,3},{0,1,2,3,4} } 01234

b°({0,1}) = {1}, 6°({0,1,2,3}) = {2,3}, bo({2 3}) = {2}, ¥°(Ls) = {4}

010 r:ﬂ ﬁa oL

7 8 910

7: {0,5,6},{5,6},{0,...,6},{1,2,3,4},{1,2},{3,4},{0,...,10},{7,8,9, 10}, {7,8},{9,10}
W {56}, {5},{1,2,3,4}, {1,2}, {1}, {3},{7,8,9,10}, {7,8%, {7}, {9}



10 0 10 0\ )
U=|0 1 o], Vv=U'=10 1 0|, A.—>VAU
0 0 1 0 0 1
) Ao1+p Aoz Aos Aoi+p Aoz Aos
App = 0 0 0 — 0 0 0
0 0 0 0 0 0
3 Ap12+p 0 Aos Ao12+p 0 Aos
Ag12 = 0 Agi2+p Aoz | — 0 Agra+p Ao
0 0 A12 0 0 A12

[Ao1 1 Aore] = {[Aor+p : Api2+p], [0 Agro+pl, [0 Ao}
:A01 . A012: K1 — :A01 + 0 Agio + ,u]|ker Ao1
(Ao Ao12]lc, =101 Aotz + 1] |ker Ags

Ao1 : Aorz]lics = [0 1 Ara]|ker Ags

(Aot Aor2]lice = [0 Ava]|ker (Aga—p)



2 1903 Z={{012}{125{01,23} 5 {{1,2},{1},{3})

110 0 1 0\ )
U=1[1 0 o], Vv=U'=|1 -1 0|, A.—>VAU
0 0 1 0 0 1
3 Ap12+p 0 Aos Ap12+p 0 Aos
Ag12 = 0 Apr2+p Aoz | — 0 Apra+p 0
0 0 Ajg 0 0 Arg
3 Api2—Aor —Ao2 0 A —Apr O
App = — Aoz Apr2—Ao2 0 | = | 0  Ap2 O
0 0 A12 0 0 A12

[Ao12 : A12] = {[Aor2+p @ A1a], [Aoi2+ 1 : Api2], [A12 1 A1o]}
[Ap12 @ A12]le, = Aoz + 1 Ao12]|ker Aoy
[Ap12 : A12]lc, = [Ao12 + 1 Aot2]|ker Ago

Ap12 : Ar2]lics = [A12 © A12]|ker Ags

[Ao12 : A1a]lic.. = [A12 © A1a]|ker (Agm—p)



—Aor —Aog2 —Aos 0 0 0

3 Ap12—Ao1 —Ap2 0 A 0 0
Ajp = —Ao Aoi2—Ap2 0 | = | 0 A —An
0 0 Ajo 0 0 Ao

[A123 + A12] = {[A123 : A12], |0 : A12], [0 : Ap12]}

[121123 : 12112] ‘ICOO

(Aq23 : A1a]lic, = [0 Aoi2]|ker Agy
= [0 : Ap12]|ker Ago

— O . A12]|ker A03

= :A123 : A12]|ker (Aooo—1t)



4.

T

01 2 3 I:{{071}7{0717273}7{273}} i {{1}7{273}7{2}}

1 0 0 ) )
U = , Vv=Uut=l0 0 1|, A, VAU
0 1 -1

. Aoitp Aoz Aoz Ao12+p Ao2+Aoz Aoz
Ag1 = 0 0 0 — 0 0 0

o O =
—_ = O
O = O

0 0 0 0 0 0

) A 0 0 Aos 00
Aos = 0  Apaz—Aop2 —Aos — | 0 Az —Apo
0 —Aoo Aop2z—Aos 0 0  Ap2s

[Ag1 = Ags] = {[Ao1+1 = Ags], [0: Aas], [0 : Agas]}
:12101 : 12123: i, = [Ao1 + 1 A2s]lker Agy

[Ap1 = Assl|ic, =101 Ao2s]|ker Ago

(A1 Asasl|ic, = [0 1 Ao2s]|ker Ags

[Ao1 : Ags]lic. = [0 1 Ass]lker (Agw—p)



1 DIBE 2 DI 3 DS 4 DIBE

J\A | 01 012 J\A | 012 | 12 J\A | 123 | 12 J\A | o1 | 23
01 | Ol4p | 01244 012 | 01244 | 12 0123 | 123 | 12 01 | O1+p | 23
012 0 | 01244 12 | 01244 | 012 123 | 0 | 12 0123 | 0 23
0123 | 0 12 0123 | 12 12 12 | 0 |o012 23 0 |023
1 | 01+u | 01244 1 | 01244 | 012 1 0 | 012 1 | 014p | 23
2 0 | 01244 2 | 01244 | 012 2 0 | 012 2 0 | 023
3 0 12 3 12 12 3 0 | 12 3 0 | 023
0 0 12 00 12 12 co | 123 | 12 00 0 23
o0 T

_

’—I—‘_‘T—’—‘% - ‘—‘ [ ] mdo y 1l 4 1
S N N N SN [ [ 1 1 [T 1
1

1234056728910 J={3,4} 23405678910
J=1{3,4} : {3,4} — {0,3,4}, {1,2,3,4} — {0,1,2,3,4}, {0,5,6} — {5,6}

00
T —

|
o 1 d 42—‘ 4 ]
— 11 Ll 1 1

123405678910 J=3 120345678910
j=3:{3,4}—10,3,4}, {1,2,3,4} —{0,1,2,3,4}, {0,5,6} = {5,6}, + {0, 3}




b—FX> Mg

| | 3 teams
2patterns:!_‘_\“!_‘_\
Sl o O e B o (o
01 2 1 0 2 2 01 1 207021 o o)

1 type, 2 patterns, 3 (cases of) tournaments, 2 win types

: 1 pattern 4 teams

; 23 = 3 cases

o
2] g 5] [ [P

0123:——12cases 2013 3012 3201
2 types 5 patterns 15 tournaments, 4 win types

5 teams

: 2 patterns - 4 patterns - 8 patterns
rlﬂ_lfllﬂ_‘ P r'%l Em P !_E\I P

1234 :253—15cases 012 3 4 :25—2!:30cases, 012 3 4 :3=60cases
O O O

o o O O] 2

3 types, 14 patterns, 105 tournaments, 9 win types



f—F X2 FERICEAD B IZE D

teams 213 4 5 6 7 8 9 10 n
patterns | 1 |2 | 5| 14| 42| 132 429 1430 4862 | T, = o2y
win types 1] 2 4 9 20 46 106 248 582 Wi

types 1]1 2 3 6 11 23 46 98 Un

tournaments | 1 | 3 | 15 | 105 | 945 | 10395 | 135135 | 2027025 | 34459425 | K, = (2n — 3)!!
n—1
Tp=> Ti-Tor, Th=1,
k=1
1<k<n-—-1
1 . :
Un=§ Z Uk - Up—kg (—I—U% |fn|seven)), U =1,
1<k<n-—1
1 n—1
K, = 5 nCr K- Kn_, Ki=1. (tournaments)
k=1
n teams n+1 teams
| |
o Insertion ::I_‘
| ITT| | < > I e N e
nox ok ok k% x k oF deletion no % % * %k %k >k >k

2n—1 vertical line segments = K,4+1 = 2n—1)K,, = K,, = (2n—3)!l.

(patterns)

(win types)

(types)



.
Tn<—Tk-Tn_k
1<k<n = [«

n te|ams \Wk = Wi -U,_&

| |
k teams (n—k) teams

(
O,”.,AF—l k,”.,7l \P614_7ﬂjk'igk'}(n—k

U, <+ %Uk(Uk; — 1) -+ Uk,
Kn < nCr(3Kk(Kr — 1)) + (3nCr) Kx

k=n—k =

ldentities
Ky = (2n —3)Il = % ; WCho (2 — 1)1 - (20 — 2k — 1)1
_ C (2n—-2)! &~ (k-2 (2(n—k) —2)!
T T (=Dl & (k=D (n—k — 1)l(n — k)!
1 = (1 — Z Unazk) (Z Weii1x ),
k=1 =0

C,, : Catalan number

U, : Wedderburn-Etherington number



A12+Ag2  —Ap2 0 A13+Ap3 O —Ap3 Ag3 0 0
—Ap1 Aj2+Ap1 O —+ 0 Ais 0 + 0 Ag3+Ap3 —Aops

0 0 A12 —Ap1 0 Aiz+Ao1 0 —Ap2 Aa3+Ap2
Ap123—Ao01 —Ap2 —Ap3
= —Ao1 Aoi23—Ao2  —Aos (<: Atz + A1z + A1a = Ai23)
—Ap1 —Ap2 Ap123—A03
(AO---k_A01 — Aok \
i B —Ao1 Ao..... — Aok
1---k —

\ R

ICLy,(={l,....n—1}), 1 €l, jeL,\I

Ar(v)s = (Av)s in Vy = 0s(CY) (I CVJ C Ly)
A[(’U)Z’ f— (Ao[’U)i — (A(),L"U)] = (A()]’U)i mod V] (’L c I)
Ar(v); = (Arv); (J&1)

Ar(v)L, = (Arv)L,
[Ar] = [A1]n— 1) U [Aor)jr—1
1211(’0)@' = (Aorv); (v € ker Ag;)



(A01--~k—1 + W Aok -+ AOn—l\

\ o

ICLy (I=1{1,.. k—1}1), i€I, j€L,\I

Aor(v)i = ((Aor + p)v);
AOI( ) ( ) (AI’U)J = (AIU) mod V[

(Aor + p)v + Z Aogpv = AIU+(Z Ao + ,u)

veL,\I
_AOOC
= Arv mod ker(Aopso — 1)
[Aor] = [Ar]n—1-1y + [Aor + 1)



KZBEFREANE b—F X2 DX

n ZED KZ BAHER nF—LDr—FAX2 N
MR AT TR f—F X2 g
SRS EEA f—F X2 FEEBRE S DORBBIESR
KZ BSARERXDART ML f—F X2 FEDEE
middle convolution Z1T5Z# BEF—LZRDDB
MmAHBREBHITIEO L=ALDEE | BF—LE b—F X FDBR
middle convolution BfFF — LD deletion & insertion
middle convolution DEED kernel T basic/top insertion
EsIiICm BECBEERESLHZEE n F—L%Zz mBICTIL—T5F

WJ . QE@ Xo,T1,x2, EE%E%\ Ys,Ya,Ys — 105 1@@1@7(ﬂ?§3%§51ﬁ§']ﬁ§
5

(9u Ail/ Ail/ .
9z = Z a:i—:vyu—l_;xi—yyu (1=0,1,2)

{(3)}u {il}u {5} VAL {Of’z} u{il}ué)) {0,1,2}u5u8
I_______::::::::i """""""" | r'#_\% ‘ ,—'—‘—l—,—L‘ ....... ‘ ‘

1|’> ég 03 2145 012345
{{073}7{ 74}7{275}} {{073}7{174}7{07273}} {{071}7{273}7{0717273}}



|-

BTHICRERZHD Pfaff R
du = Qu, Q=3 Ajdlog f; (QAQ=0)
H; :={x € C>*| fi(x) =0} : BFA (f; € Clz1,...,xn] withn > 1)
filz) = aizr + -+ ajnan + ¢4
H = Uj Hj

Pfaff RO EH#
(1) addition : Q+— Q + X -dlog f
(2) middle convolution : mc,, ,, (Katz, Dettweiler-Reiter, Haraoka)

(3) EEEEH:, KA z— R(z) (HIFRHFL)

i :
(x1,22,23,...) = (Zo1), -1 To(n)s Tntl,...) (0 € Gyp)
(x1,x2,23,...) — (ax1+bra+tc, dritexa+f, x3,...) (a=b=0 HH])
(r1,x2,23,...) — (xl, if, zi’ )

(4) RRMEER (FHEBFENDHIR)

Fact. H +— H

M. BIAGHEADNSHELTEDLSBHDOHNFIENED? BFohfboze@E e X

(KZRDrEE H= S {zeC®|zi—z; =0}

1<i<g<n
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